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We have now defined Q7LDP0103(j on C1s (X, V) for any pair afjpacu X,
which has special PI/O/JQI/HQA if Xis |oca“g oomIDOLC} Hausdo . Bul it
remains unclear how o thinR about the banic open el S(K, V) mtnis
'}Dpolofjtj Inthis lecture we wil| specfc{hsa Yo the cave wheve X ir wmpac/’
and Y is mehisable, and, by using comedicon Y (any one will do) we can gef
o belfer havdle on the compact-open fopology.

Exevcise LI3-1 With X, Y a\/‘oijrvavg]) we hawre

() IF Ke K’amoompacH’hen S(klu)= S(K,U))

(i) IF UV arecpen then S(k,U) s S(K,U').

(i) IF K,K' are compack sek  S(KUK,L) = S(K V) NS(K)L).
() TF U,U" are openthen S(K, UNU") = S(KUINS(KL') .

EJ(CLVV\ple LI3- | wl{/b\ X= 'R/ yle ‘H/]Q open fe]L S( [a,b]/ (Q)d)) 1S

Ck (R,R)
S ((ob), [‘vc\])
AT T

SR 4TS A ) ], L)

We can shuink This open mef(jlnbovhooc( of fin C (IR, \R)

by either shvnking (c,d) 4o (cldh) C(C,d) (which would
for example exclude the function g indicated above ) or
we can exPanc( [o/b] - [a AN



This picure raises he quention : if <+ q in Ch (%) can we separate
9 by open meicjkbo;hwds ? That i, is Ct (%,Y) Hausdorff 7 we know
CE( ’L*})\/) =Y a spaw@s <o i s Ceuﬁ(inly necisaw that V15 Hansdorff .

Lemma L13-1 TE Y is Hausdodff then CIs (%Y ) is Hausdorff.

@‘_ﬁ SMPPDJQ ‘F,j:X—’yam confinuown and f[:c)qu(:c),ﬁ,)em lef
U3 f(x), V' 29(=) heopen with VNV + & Then K= 1z} < X
iswmpac‘r and S(1%3,0), S({x},V) awe clr‘sjomk open jubyefs
A chY) with £eSH,0), ge S(Ix}, V). 0O

Example LI3-2 Again with X=7=R, we can shrink fﬂ|b]+oafoinf {q}}
%3e¥opemsmb:eh S(1e}, v) o Cx(R)R) sufficiently five
Jo sepavzx}e po'm):r

Exeveite 113-2 (i) Let X be o Lompack Hawsdo rFf Spaw ancl ™~ an ec(ul'va(el/)uL
relationon X's.b. X/~ is Hausdorf (it is cutomadically
P act). Lo}/w X —> X/~ be the 7MDﬁGM/LmaP.We mop

(-)e

Ch(¥n,Y) — Ch(X,Y)

is confinuow, by Lemma L2 =1 Rove tnak-Hnis map is o homeomoyphiom
onto image , Cts (X/~, Y) may be viewed an alsubspaw of Ch (7).



Ce)

(i) fove tat for any spaces X, with X£¢ Yha funclion Y —= Cx (%,Y)
sending yev/ fo Cy: X—=Y with ¢y)=Y forall xe X is confinuows,
and incluces ac homeomovphism onfo itsimage
(10 we may Niew 7 ar aubspace of- CI (% 7)).

Queskion: Whenis CI(X,Y) mehisable ?

In light of Yhe previoup Exevdise, a newosaw condition (assuming X+ ¢ is thah
Y is mehisable . Let uy consider the simplwﬂw)e, whichis X Hinite and direrebe.
and Y=1R, sothat by Exercise L12-5, ue have a homeomoyohism

Ch({, ), R) = R
JC —_ <—F(l)j..}€("l))

where IR hen The W)Mal‘/'o)oology. We know at leant three imewics which
incluwe this ﬁPlegg 5 name\ﬂ d\) C\1/ d oo y which 3“/13 viceTo imeics on
Cts ({43, R) which lihewise determine s Fopology . These ave

di(£9) = 2.0 [ #)=5(0) |

d. (£3) = {ZV;L. mma(i)lz}ﬁ

de (£,9) = sup{ [$()=9(0) |},
Replacing (R, 1) by any metic space (¥, dv) and [F(:)=9(0) [ by
dv (FY,3()Y similarly provides free medvics on CH ({113, 7)

induu‘nﬂ the oompac’r-opemh)]oo/ogg.ﬁne real 1ssye is how 1o 9ewemll'w.
tnese mehics from X=11--n foan avhitran) compact spaw -



Na’mmlhj it Xisinfinite we would lf\zahveplatg_ S EU f avid de fine
& mehic d on CH (X, V) for X compach ancl 7/ having The Jopelogy

incuced bg amec 0'\/) woing

A (£9) = | dy(5,90)) du
2 i
. dl(‘FﬂB: {fx d\/(?(l)’%h)) d/vt}

doo (£,9) = sup { dy($63,909) | xex )

The “definitions” of i, cls require that we have a theow of mhgmﬁon
on The spacq X, Say the Riemann in’re@md T X =1a9,k] ormore

genevally cc compact subsef o R", or more generally the ebesgue
in*egmlj when X is given o meanurve m. However the tird definitron

always wovks:

Exercise L13-3 If (Y, dy) is amehic spawe Puoveﬂf\a} e mehic dy:Y*Y— R
Is uchmm\lj wnhnunows when Y=Y is Sr)'venﬂne ondud mebic
(W Ex. Li3-& for the de-Fin]HOw)_

Def™  Cuven asubaset A€ Xofa fopological spaw X, the closure A f A
and the intevior A° of A ave defned bj

A = ﬂ{CSX | C isclored and C?_H}
AO — U{USX l Uisopenamd U—C—H}.

So A isthe smallest closed sef tontaining A/ and A° s the /atqu)'
open set wontained in A



Exeviie L34 (1) x€A if and only if evewj open neia\nloovlaoocl P ot
contzins cn element o A _
(1) Inawmehic span (%,d) we have Be(x) € 19X | dlwy)s g_}.
(i) IFQC"X—A\/ is conhuows Then ja(/_%) s f(h) .
(V) If ASBthen A <B

Theorem LI3-2 Suppose X is compact and 7 is mebisable. Then for any

metic dy inclucing #he fopology on 7/ theve is en aswciated metic
doo (£,9) = sup{ dy($63,909) [=ex )
on Ct (X, Y ) whose Fopology is the compact -opentopology.

Rool  Fintwe must show deo 1s wrell~defined . The funchion

<£,9 dy
X — VxY — R

x — (£, 9()) —— dy(£(x),9())

is continuown and X is compact, so ifs image is compact in R (Pop.L9-2)
ancl henw bounded , sothe Supremum exists and deo is e |l-defined. We

have o show it is c mehuc and that it incluws fhe compactopentfopology.

doo (s aumehic (M) Cleady deo (£,9)7O.

(Ml) If Cloo['F!ﬂ):O fhen wning (M1) for \/) ‘F(x)=3(x)
for all xeX 0 £=9.

(M3) de(f,9) = supidy (FO),9(x)) |xe X |
= Su\p{ dy(g9(x), £(x)) | e 7(}
= C(OO(S)P\



(M”‘) Weweed%show dm(-ﬁ,h)é doo(wf,‘ﬂ*dw(%'”).@u\-ﬁ)mce X)

Ay (£63), W) < dv (£, 9069) + dv (30, h(%) )
< dm (£/ﬂ3 T dOO(S)I/')

which pwouves e de sired neguality.

“Jdoo 1 the compact-epentopology  Let Tx,v denote the cwmpactopen fopology.

To show JTde € Ix,v tHsufbies o puove Be(F)e Tx,\/ forall £ ECh(%Y)

cand € > O Sina £ is confinuoun, £(X) iscompact, and henaw }[BE/g (¥ f}jef(x)}
han e finite subcover { Bess (), -, Bea (f2n )}, Define

|<L. i = JC’\BE/;<FX£>) Ug = 85/2(70)(5).

Fe) =F( £ B (Fx:))

S FOPBeyy (Px:))

< 85/3 (FJ((>

IP

TyeY | d(y,fx)< % §
< By () = Ue.
Hene £€ iz S(€U) S Ch(5Y) . T remainstoshoos [ S(KeU:) < Belf)

(sthee then we will howe s hown that §iven feQ eJge thattnere is an open ref
Q' in Ty with fe Q' Q| which shows Q €Tx,y fivany &€ Tdoo )



Sm’apme 3 € [); S(Kt\/ub‘) 50 that j(h’)gug ﬁ/a“ ¢ We will show

d, (36, F:)) < °%%

'(orc{{l xe X, Then the supremum o (9; ,a) mwt be < 5% awvd henwe < €,

o g€ Bs (). But st +he Eé/g(ﬁ?i) vover FOX) thereisjome ¢ s-t. Fox € 55/3 [7";((-)
that is, cly(fX, Fro)< 2/3) and hene € K¢ . Butthen by hypotheorr

9(x)e U, = Bep (fxe) andso

dy (91/ 70’() < ny(jx/ 7C3(<') * dY( 7£15/ ’(‘x)
< £, + &3
= 5%/

o claimed. This puoves Jdeo € Tx,v.

Fov #he inclusion Txv € Tc\do we hewe o showw S(K0) € Tde {)rawﬂ Ke X
compact and. U= Y open. If fe S(K0) fhen F(K)is compad-amd

soby Lemma. LI3-Uf below Hreve is £> O with dy( £(k), y) > € forall

ke K and Y ¢ U. We clgim Be (7C) < S(k,v) T 3982 (£) then

dy(Fk) gk )< € forall ke K, and henw 9ke U, 5o 9(K)S U anck

hi's pvoweﬂf’he claim, ancl moreover shows that S(k0)eTdoo.

Hena Jxy = Jdw andl the pucf is complefe . []

Covo“auj L13-3 For X wmpamL and Y mehisqble the mehic +0P0/09§/ on
Ch(X,Y) 2smc/e/}enc/€mfm2f4ne choicc oB meprc on Y




Def™ Let (Y, d) bea Vwe)rvl‘cspauz, A< asubred Then fov yey wedefine

d(y,A) == inf{ d(y,a) |aeA s

Lewma L13-3 The function d(—, A): Y — R ircontinupuws.

M Ciiven 7(/3@\/ we have for ae A
d(x A) < d(>a) < d(>y) +d(ya)

Hene d(’f/ A) — CI(T/‘./) < m'({ d((ﬁ,q)]q&/l‘} = d(%/A')
so d(gA)—d(y,A) = d(0Yy) andhene ‘ d(x,A) —d(y~) ] < d(xy),
(swap e vole of %,y ) Tt now follows eOvJ‘)lv Hat d(- A) 3 wnbnnows- TJ

Levama L1344 Tf (Y, dy) is qomehic spaw, K wmpact and U open with
K< U thenthere exishk £7 0 such tot-for all ke K and
x¢ U wehave dy (= k) > €.

froof  The function d(=,U) ]  K—=IR is conbnuowy and by He Exbreme
value theovem theve exists /%C—K with

d(Re,US) = inf{ d(k,U°) | ke K},

Te nymber € = s d(ho) Uc) > O c{owf/hej'ob []



Exevcise LI3-9 [of X,Y [ae,Jropolocdicod spaes with T mehisalble, cnd lef
dy be cemebic mducfng mefopoloay onY. Fov CQXLomPCLc/P
€>0 and fe k= (XY) define

Bc(ﬁ'i,) = i 3ech(x,\/) l JuP{dy(F:(,gq)lxe C}<s}

Rove thof
(i) The sets B (F,£) form a_bouls for atopology on
Ck (%, Y), and that

(i) Twis fopology is the wmpad/open ‘bpolognj_

Fointwise and Un{{%vw\ convevoenw

When X is compact and Y is mehisable we know that CHs (3, ) is medisalble,
with metvic deo. Whatcloes if mean for a sequenc of funchions (4. ):SD +o

conve e o £ in this mepic

Rei\ et X be feJr/ (7; dY) a metvic spacw, (fh):zo aJequenw Uﬂﬁmcﬁ‘om
fa X =Y, and £: X =Y afunchon. Then

. U\nﬁio s pomhme wnvevaevﬁrh ‘ﬁ Tﬁfoveveb\‘j xe X ﬂve;equemg
(fu () Inso onvergesto F£() in V. Thatis,

\/xeX\'/2>oﬂN€/N(n>/ N= dv(f.x, fx)< € )

< (f)eZe i uniformly oovwwgewHoﬁ if

VE?O_’_JNG/N VJ(GX(”ZN = G’y/Fn:t/ p1)< 8)



Sina Mhl%vm z/onver(jema S equim!ewfﬁv

Ye>o0INeN (nz N => sup{dy(fax,fx) |xeX }< E)

it is cleay thatif X s compeck andl (Y, dy) is a mepic spaw, Then a requena
of vontinuows functions # X — 7/ wnve@wﬁ a wontinupun fanckion

3(= X — >’ in The metnc ,SPCLUL (C‘b(xj\/), CJOO) iF and OVJ)JL/ /',[ (fw)hczu
converges Fo fumffoym)y o the above sense. So atleant when X is compack, the
ompad-opentopology capturen the notion of uniform Lonvergens .

Example L13-2 _ﬂ/lejcqueme (7(%‘ [O”]'__))R)n:l given bﬂ jph (x)="*/n wnvevgen
mm{orml fo the constunt function FG)=0, since
Sup{ J\Cn (1) , ’XC o, ’—] } = {/h Wl’llcl’\ we can make avb/ fmwy gmall-

Uniform convergev Tmplies pointwise conveente, butthe revewe i falie .

Example L13-4 Consider the function (=) = e:l) with 8mloh

e

(Ve con woncenbale this bump onto a_compact subset [~ ]S R
L{Lj memposmg w;ﬂ/\ the (,om%m/lol/wmap ( /h/ J’% R ;emdmg
x—> (|—n )cl) and exdending by zew oufside f (-n,m) o define

a sequence of continuows functions (n7 | aninteger )

5

Jo 1] —R fn(x)={€><?<wx ekl

othevwisre



Cleal/\j W‘@‘/‘IC‘JU\Q‘FD}’ e,O\.Cl’\ —Iéli l (7,8 //.i’Vll’{_ /}‘mh——)oofn (x) = go (x>
meaining Oifx+0 and 1 H x=0. Sotheve is pointwire convergente
J. = do. However #his convergence is not uniform. We can show ?his

directy, but it is also an immediafe wnrequene of the next theovem.

A uniform limit 0-/ confinuowd fynctions is continuows :

Theovem L13-5 Let X bea %opo/ogim/sPace and (Y, dv) a mee spa.
If £:X— Y is the unifoum limit ofa requence (72 X—=Y )ozs

each member af which is continuows then £ is also contiruo uns.

foR  Let V' be open; and let x € £~V be given , with say Be(fxo) €V
Then by umhcoymiv’y there exish N >0 sudnthat for N2 N and x€ X

dy(ﬁ.?@?x} < cc:/3‘

Se} j ‘=£\17(0 . SiVlUL Jf;\; K oovrhnuows) ‘H’IEJE’,{' aff\;-‘ 88/3 (ff ) N open,
and il x lies inHhnis open jetthen

dv(fx, f2o ) < dy(fx, fox)+dv(fox,y) + dy(j}xo)

< &3 + &3 +¢/3 = ¢

Henw %o € j(N_'Bt/g (j) = JC_IBS(LIo] S JC’I\/ So jLF(ViJoPen. )



Sine for X vompact and (Y,dy) a mehic spaw convergence in CH(X,Y)
means uniform wnvergence , ancl unrfovmn limids o-f continpuoms mapr core
conhnuoun, This Jaggw}? that o )0”3 an (auchg Jequenws in Y tonverge,
CCWLL\n_tj sequenws in Ch (X, ) Oughmha fo convevge .

Recall that o sequente (a"')ho:_o in ame)vfcspaaz (A,d) s Caunchy if for evey
€ >0 theve exisk N >0 suchthat forall n,m> N we have d{om,am)< ¢ .
Anfj vonvergent sequena Is Cauchy (Ex. L9-3), bulthe convewne is not frue:

(=]

for example ( /n )n:| is o (cwtchj cequena in (O/l> which dven viot Lonvery.L .

Exercire LI3 -6 Ang Cauchy sequente in (A,d) is boundecl (cv asubsef) .

Exevcire L13-7 A”y Cauchﬂ sequence whith contains awnvelfqemhwbwyuem&
is iself con vwgew}.

Det™ A mebic spawe (A,d) is womplefe if evewy Cauchy sequence jn A wnvergeo.

Example L2-5 R with ifs woual mebic is complete ( by definition, the way
we have seH’lninj& up, in Tulovial S )

Exercise L13-& Let (A, di) ..., (/“ﬂ,dh)be medvic spacen and with A =7T;:, A
define d: A*A—R by d( (aa);v;,) (bi),:\z,) =2 .d(asbe)
Prove that

(i) (A,Cl) is ameM(J/Dace
(i) The topology on A induwd by dis the /DI/UC[MC/L
fopolegy on —ﬂ',v:\, A (giving each A; Tt mepic ﬁpo/oyy )
(i) Tfeach (A dc) is complefe sois (A,d).



Sine (0,1) is homeomoyphic fo R, buf (R, 1-1) s wmplete while
((o), I ) is ot, this shows compleleness is not ampo/ogz\ca/pwpev@~

Ttis genuinely a onpevjrg of the mehic (o0 excaptin some exceephional
civcumstanw, lihe Fopological guups, we only tulk about ompleleneos of ametic).

Exevcise L13-9 (l) Pove That i fuo mepics c, ds on A are L/'Pschifz erzuu'mlem/‘
(1ee Tutorial 3> Then (A,dl) is complele if and onlg i (A)dl)

is complefe.
(i) Pove thot if (A,d) iscomplele and B< A is cloted then

(B,d) is also complete.

Inpavhcular Ex.LI3=8 plus LI3-S gives that (R"d,), (R ds) and
(R", deo) qre all oompleLe) cu%he% ave Lipscl/)ifg ec(u[va}ew)‘ (Tutforal 2 Qlo).

Lemma L13-6 Any c,ompac# mehic space (A,d) is comp)efe.

o TIf (anYneo is Canchy Fhen b}} oompaalneﬂ if oonﬁ;n'n;a(,onverqew]-
subsequena, and by Ex. L13-7 the original sequenwe converges . 17

Cowllaw L13-6 If X is compact and (Y, dy)isa wmplele meic space, Then
The metvic space (Ch(x7) deo )is alro complefe.

M Let ('R\):io be Cauchj in Cis (X,V)} with Mped' to deo. Then
for each xe X the Sequence (anBZo:u [ Cauchtj in 7/ and we define
f(i) 4o bethe limit. Then £+ X — Y s a Junction . T wecanshow
that the sequenc ('Fh)(v)\ci—c tonvevge) o [ um’formlv Hhen bj Theovem LI3-J"
fmw# be continnowo, and it is ¥hen immediate that fn — £ with Vmped‘

Fo deo, ancl the Puocrf is complefe .



Civen €7 0O choose N 5.4 for mynz N and xe X we have

cly(fm x, fa x)< s/

('ﬂ/xfjw\e mcuj elo sine [ﬁ)::a_o S (C(l/td’lj w.v. b.doo 3 Forahg ﬁxec’)((- X
wonvergene fn (x) = £(x) means we can find m(x) Z N ruch thak

d\/(fm(r)'x) 763‘) < 8/2

and then for any n7 N we have fovall xze X

GI\/(ﬂnt/ fx)é dy[ﬁ,x/ fm(;)x) 7LC{\//pm[1)} Fx)

< /> + &, < €.

Henw Hu—> fmnifo/m ]ﬂ and 1he /awaf is wmp/eyle [

Example LI13-6 If X s compact then Cis (X, R) is comp)e}e (bg de faull
whenwe saysachathingy we mean it with vespect o thre
doo mepic on Chs (%, R) associakc o |- ow R )

Exevciie LI3-10 Suppore X ir compact and 7 is meMsable, with Clx‘y, d\% beinvo)

L{Psclai*z equimlemfmeMcs mduming ﬂne‘f‘opologg, Poave that
the two asrociated meivics d'o A% an Cts (X, V) ave

also Lipschitz equivalent.

The /‘mlbo//'ame of complefenens of function spates can ha Vd{y be overstated ,
sina it allowsw #o copshuct exact solutions of differential eguations by
fuking a limit of approximale solutions, as we will ree inthe nexttwo lectures.




Solutions o selected exervcises

[L3-3] We have

d(zy) < d(x2)+d(=,3)
L d(ay) —d(=,9) < dlx2)

Exchanging the wle of x,2 gields d(zy) —d(xy)=d (2)2) =d(72] s

| dixs) —d(z,9)| = d(xz) )

Hence

| dly—d(y,s) | = |dlx) = dix,92)
+ o (xrg) —d(99:) |
< | dl ey =A%) |
+(ol(><.,\jz)~d(7u‘/z)(
by ®
< d(¥e,92) + A%, d1)

which proves dy * Y& — R is unh[ovmlj continuous, where we give
VN Ahe onom& mehvic £ Ex. LI2-8.



