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We now know that it X is competct and (Y,dv) isa vomplete mehicspace

then Cts (% \/) is a oomp)efe me‘hf)'cs}?au,uui%ﬁe Adew memc. In ﬁday’;
lecture we examine an impom‘un}‘ﬁﬂeomm about complete mepicspaw,

the Banach fixed }oo)'mLﬁMOV‘EM, whnch will be app//'ec/memL lecture 7o prole

the existence ancl uniqueness of- solutions 7o (ordinavy ) diffevential eguatrons.

Def™ A fixed Ipo/m/’ d‘ﬁaﬁmcﬁbm fZX’—B X 1 xe X such that (x)=x.

A fixed point pwblem is the pioblem rr,tﬂ/auovmg the exiskence ancl Jor unigueness
oA o fixecl Pomh%va gjven FxX—=X Many pwblems in mathematies (e9.
root finding , convex opfimisation , or selving ODEs ) can (Phough vaxyying
degreen of chl‘cay\ey) be phrased ao fixed point problems. Hena, general
theovems ebout fixed poink fencl 7o have widespread ny/p//'(a#on.

Example Lit-1 (Newhon's algon’?%m) Suppore 3‘-)7?—5 R is differentiable
and we wish Yo find a solution a «f g (a) = O. Newrton's methoc
is to iterate, beginning with any A€ IR, the formule

9 (=)
o () -

Xinp = An —

!
{
1 /T I
/ Aniz o Ln

9 (=)
Obsene thot a fixed poim‘rmg 5’(1) = X — ( /3 '(x) is
PVECF/effj a voot of 9 wheve jl(o‘):f"o Sinc

a = @k—a(&)/jl(a) — 3(Q) =0



Exampe LI-2 et \/ be avector spae; 9 “V—V a funchion (p@vha}os
non-lineqv’) ancl suppore we are given we \V and wish to Jolre
the equation 9(v)=w for v. This i ec{ui\fa)emHv finding
o fixed Po;’nf A F(v)=V+9v)—w.

(/U’flﬂ bother Vephm/))‘ng Jowlo)ems an ﬁ‘xec),oo}nf/gwlo)ems 7 Well, becaure
»finc\ing a fixed point of afunchion f X — X is (at lecnf conceptuailly)
havial J'vw} iterate £ Mﬁ'nﬂe{y many times ! Choose a0e X and sef

x, = F(xo), 1= Flx )= £ (Xe), .., Xnw = f(2).

Tnthe “Uimit” (whatover that means ) we have X = lim och(xo)/ and.

n— o9

provided £ is wntinuows we find that x™is e fixed point
F) = £ Jim £7G) = Jim §77 () = [im £7(x) =2

Thisis an ;’nﬁvma/argumenh but i+ an be macle g ermws ]omv)'cfec( the
Q
sequente (£ () )v=o converges = one way o ensuve this s 1 asrume

jC is a conhachion (5o the reguence is (a,uchy) and that X is complele

(v0 that Cauchy sequena convevyes ) The fuct that x™ ix a fixed point
follows by precirely #he cibove argumeMIL onwe we know if exish .

Def " Lel (X, d) bea mehic space . A fanction £+ X— X is called
a conbachion if theve oxisH e /O;/) such thol

d(fx) 701’)$ 7\0(("/1’) \(7/7(/76[6 X.

Clearly a conbrachon is confinuows. ( we call £ a )- wm%cﬁ’on)



ﬁom his PhD ﬂ’hwis./No pressure.

/

Theorem LlI4—1 [Banach fixedpll- 7‘%201/8"") Suppmf (Xd) is o (,omp)ef-e
metic space and £ X— X is o conhmckion. Ten £ has
aunque fixed Poiyn'. for any x € X 1he requene (f7x e

wnvevges fo this fixed Po/ml.

Rocf L&k A he the contvaction Factor of £ an above. TF £(p)=p» f(a)=9 then

d(pa) = d(Ffp,fq) < A dlpa)

whidhisa conhadiction unless d(P,q)co. Hem&a]@xec\ po'mjr, iF’v\LexiSﬁ)
is unigue. H remains fo prove existenct . Given xe X sef Q= £ ()
Nok that d(Fx, £29) < Ad( £x, fy) < At (2y) and by induction
also C‘(y{x) F’Ey\ < ?\h"cl(IM) fov k= ). We have for m> i
Cl(O\m) Qn> < C‘(Qm, Qw\—l) --- 4 d(arw-z/qnf-\) {‘Cl(aw+|/an>
= d(F o %) bt A (7 £ )+ d (£ £ )
< N (P, x) + 4+ AT (Fxr, =)+ X d [ Fx,x)
= [;\m-\+ --- 4 )\V\]c‘ (‘FJ(/JC)
= (T ) d (f1,x)
S /)\VL(Z::D }L ) Cl(Ff/f)

= >\K- ﬁ : d(Px/JC) (5;'145( O()\Cl)



Sinte A< | we may make e RHS avlaiJr\rav‘llg small ‘Oﬂ mahl’ﬂg n JU\ﬁ&[cl‘emHy
large, ancl so it follows that (an)n=o is Cauchy. Sine X is complele
this COLMC[/lj Sequene tonvevgesd, scey‘fo e X, thod 15

¥ = liman= lim F"().

Buf by Lemma L&-4 we have

fG*) = lim FUF7 (D) = lim §77 () = =*

o X¥isa fixed ,’Jc:»)lfﬂl 1]

While Example LI4y-1, LIG-2 hint atsome of the puololems f/l/laﬁmay he
P%mxed on fixed ponk puoblems, it moLy be st some wovilz fo show the
function gisa conpaction (for example Example LI4=2 cgn be woecl 1o
prove the fmp/fci/' Func fion Theorem , the hypoﬂo%é% for which cpeafe the
circum stancer for thal Pavv’icu/wy o be acontraction). Here is an exevcite
thot walls 3011%'/01,{9}\ te linearcase -

Exevcite LIL{"I Le{' /} ¢ /V/n ([R) &W\O[ (e+3 [RV\HIRT\ bo 9<Y3’—‘-A\/
Define >R =R by F(v)=V ~AV+ w, where vo
is a fixed vechor. Fove thot if there exists A €(0,1) with

Zjv—_\\\é‘\) —A‘J \$>\ for each Istsn

ﬂ/}eV\ A V =w ha o ume{l/le J’OIuﬁ‘on \/) {Ml'ng the
Banach fixed poiV\’rWeovvem apphed ‘o jC C RN —> RN
(Hint: choose your memi'c on /phw/rely) .



E xevcite L\4-2 SMPPOH (X,Cl) fsawmpac]'mejrwks’t)ace) am’lffor e (O/’> lef

Chiy (6, X) = Tl (X %)

be the subspae of A-conhaction mappings, with the
subspace fopology (an wamal Chs (X, X hau the compact-open
'/"OFOIOWJ. Rove thot the function

Fix + Chy (X, X) —> X

Senc{inﬂ a o hachon mappfmg fo ik unique ]foed pom/‘

's continuouns.



Example LI14=3 Appfl‘caﬁom of the Banach firecl ,oom% theorem include

(1) The Preavd heovem on existenw of sol®s 4o ODEs (ree Leckure 19).

(2) Theve is a pvouf of- the Implicit Function Theovem ( fundamental #o
highev calculus aka dz’fﬁemmh‘a/geomew ) via The fixed poim’ Theorem

(Se,e, 76" examp /2 http://www.math.jhu.edu/~jmb/note/invfnthm.pdf ) . Thfs fo llows the

iclea outirned in Exa Vnp)e L14-2.

(2) The Bellman equaﬁbn is a functional ec(uaﬁom (/~e-an equation
nwhidh The = sTom means equali@ of funchions, asr inoc DE )
whicl is foundational in optimal control, dynamic progyzumming

and ve inforcement l[eavining . The functions involved ave value functions

UGs) assiquing to each possible state s (scwy of an agemf/o/a,y/'nﬂ an
/”rmrigame) its uHIH—g_ Suchavalue functon defevmine the agent's
behaviour You may be familiar with one cpplitation from DeeplMind :

V. Muih, K.KaVthuoglu}D. Silver @ Plcudfhg Atai with deep
veinforcement le.owvn'mg” av Xiv:1312.5602 (,mbh;slxmc(
in Natture in 201 5>‘

The paper stavh by explaining fhe Bellman equation, how fo converge
o anopfimal Polfcﬂ by iFevortion (move onthat in o moment ) and how
fhot s touslow, so inskead they use o (deep) neural netwovk cv o
substitule . The theovetfical convevgenw is baned onthe Banach fixed pt-Thm :

* S.Russell, P.Novvig “ Actificral infelligenc - a moderm appwach-ﬂfvc( ed. $17.2.3
* R.S.Sutton, A.C..Barto ”Re}n\[orcemeni'leavmngﬂ 7<£{—. [



‘D/lucollowfwg is Exevcite | 7=6c® Stuartd Rugsell’s AL book

Exevcise LI4-3 Consideran agent aching in anenvivonment n ordev fo aichieve
Sorme o@ech‘m, The degree ot-atfainment of which is mecurec

bv scalar rewards. Atang giventime (which is drrcrete) the
agent can be inone af a number of-gtates S, and if

Wej are in stale g€ S Then they choose fom o finite Jet-of
achions A(S)_ This ackion is an infevaction with the environment,
whith causen the agemH-o hansitionto stake ' withh waqb}l{iy
denofed P(8"|a,s). Ateachtime skep the agent receives a
vewoirdl R(s) dlepending ontheir state ) with R(S)€IR. e
assume e ret § R(s) ] se S}S IR is bounded, and that given
Fixed a, s The waakfmﬁ Pls!|ass) is nonzew only for«ﬁn}Lelj mony 5 !

re.ﬂ. 5’ =/ H(S)={|e¥‘r, w‘gwf} forall 5, and
1 i s'=stl, a=vight

P(‘S’(QJS>= 1 f s'=s-1, a=\eft
O  aothevwise

and say R (S) = m:'n{looo,es } Move m'ghf’-f-o win / Note fhe/ﬂwbala///}ﬁ‘c
arpectis theve because somedimen you ty and £/l | re. we could fake

instecid
Yo i 5’=Hvl) o\=vf3M'
\ ! SN
P(s’ |as) = /2 it &'=5, a=vight
( , / ) 1 iF '=5-1, a=leff
O otheviviie |

The disvounted rewanrd afafequeme 07£J/L61fe/) S = (—YD);oso Is

R(s,7) = Zf% TER(s)  (whyis thifuike? )

where 0< ¥< | is a fixecl c(/’fwomfﬁtc/vr.



MORASS "~ Please avoid

The optimal conhol proklem (or reinforcament leauning problem, or dyncamic

pwgvamming problem , or cybevweh‘c feedbadk problem, - ) is Fo determine
how the agenk should behave so thod- il sequenc of stutes $o,81,- - - maximmzr
The expected discounted rewavd. Heve bg”beha\/fou; we mean the clhoic of
ackion oe A(s) glven a cuwent state s. Let A = Uses A(s) and define ac
poliay fv he qwm/)/e,fe_ sebof juch choiwn, ie. a funchon TS —> A suchthat
T (s) e AE) forall se S

Given a sfaw’v'nj state s, o policy T, and The “hansition medel ” ( meaning all The
waaloillﬁe/) P(s!| C\.S)> we oblain a FVObabi(i@ dishibution over sfafe Jequenan
s, witi P(2) being the pwbabilily an agentinifially in stete 5, following 7T,

ancl subject to the hansition moclel, expevienws S an i sequenu of ytaten.

The expected cliscounted vewetrd 1n s case Is

U™(s) = E(R(ms)) = 2 MR,

X
Theoptimal policy s beginm‘na in stohe < is the one tnat maxinmizen U (3)
over all T, and iffawns ouk this is indepemdemfa-/ ¢, cal it T*. The bue
(/H-‘,IH\J of astote s is then (J s (5)j which wedenste U(S) . This all veems

uwsaﬁsfyina © how wiould You even find such a 7[: ? Recall Smag be infinile.

Now here's the biilliant hick | To getavound Hie movase in the box , we can define
the value function U(S) anthe solution (among funcions Us S —>IR ) of an
equation (the Bellman equotion )

U(s) = R(s) + T wmax ZJP(S'\Q,S>U(S')
acAlE) s'e§ —

/ O"lU NON 2N ﬁ)f‘fimkly ynony A ).
Finite



The idea s thed i U S =R is o splution o Hw Bellman equation Then
the optimal policy of the agenk is devived flom it via

TE(s) = avgmax Z P(s! [a,s)U(s’).

ae A(S) s'eS

Sofo selve The optimal contvol probler we need om(tj solve the Bellman
equodtion. Butthis Is olviowly afixed pofnt problem /

(1) Let X be the Je’rq,D boundedﬁ/\ncﬁons U: 0 —> R cand
puove thal  d(U,U') = supd [UGs) =0'(s)] [se€ S} makes X

a oovvaple‘re mehic spoce .

(i) Rove that f ' X — X clefined loj

jf(u)(;) = R(s)+ 7T wmax ZP(S'\Q/S>U(S')

acAl) s'e§

is o conhrackion with contvaction factor 7 -

Conclude that by the Banach fixed pomt theorem  har a unique fixed point
(henu the Bellman eq™ how acunigue so/™) and that given any initial value
function Us the reqUience U; = £ Us) cnverge fo that so/, and henw

T*(s) = avgmax Z P(s! la,s)g(s’)
L ae Als) s’eS
“convevguﬂ Yo an opﬁma//bo/[(j an L —> 0.

The set <r€ Pblicim doe hof hape C(V\U VPOV)DYIO([O)Q 1‘0{)01@97 an /4 Is dichele .

We can however consider waabi)ffﬁc policien Clhc('H/lQV‘E"Oj morke renre of 1his.



