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LecTLure ’5 " P/’carc/ /5 f%eorem

The same Rinc of “solution by itevafion” thaf we saw in Newfon's methocl and
Banach's fixed point theorem can be usecl fo solve orclinawy diftevenfia/
ec[uaﬁ'DM ; This methocl s msually referrec/ 7 as /pr'carc/ /’/emﬁ’an . The feCl/lVNZ‘(ue
adual(ﬁ preclafes Banach's frxedl point theorem (7or referenwn sex p- 181 of
W. Cheney “Analysis for appliecl mathematics ") bmfmowac/ays it /s u;ua/ly puovec/

co a vonsequence of hat theorem

Recall that in Example Lili=2 we rephvased the problem of fincing a solufion
of an equation 9(v) =w (9:V—=V, Vavechorspa, we V fixed ) as the

problem of- fincling o fixed pointaf F(v)=~—=9(v)rw . Suppose now

we want fo solve con ODE , which is an equation in om un Rnown oowﬁnmow)ly

drfteventiable function ¥ of asingle veal vaviakle :

L =ho<1,% (.0

where W :R*™— IR is continuown, and CLF YRR s x> (=, ¥()),

This is an equation of funckions (s0, an equation in Cis (R,R) ) butits
Puo]oa\cﬂ\u] mowe familiar as an infinile fawﬁl/y crﬁ eq wedions in IR, 1-e.

jD,(") = (fl(zl jo[x)) (1.2)

In any cove, the quenation is = what ss fhe function F whose fixecl points
are PVEU\fﬂltj e JD)M’HOV)S 072 Hrs ODE? Fn/]ai‘ I's

Fr)=¥ «= &KF—he<u$>=0
FSDOux/ j(‘f) is this expression , cnd w = 0 .



Butif Lis asolution and F(F) =T then
d d
ﬂac(b") =,§jo = /’L°<l,3">

JC(UOJ = C +fh(9(,f(1))o’x_ (2.1)

This gives s aveaaonalole gues for Jf/ although we neecl fo fix C, whichmeans
imposing gn inihal conclition, Sy F(2s) = Yo, on our ODE.

Theorem L15—1 (Pieard) LeF h: U —>IR be confinyoun for some open set (/< R*
wontain ing (%0,Yo ) omd suppore theve exish e wnstank X > O wilh

(e, 9) =h(x,92) | < oL 1y = Ys |

forall (<, 9,0 42)€ U Then theve exish ¢ >0 such that

the inital value Pwlo/em
P ()= h(x, )0(1)) : F(x0)=Yo (2.2)

r .
how aunique solufion on [x-8, %+ ] g o soludion, we mean
a corfinuowaly differentighle

Sunchion ¥ T — R wlcﬂa‘r}?
(2-2) Wk, T= an—J,zara\b

vedfor field
()= (1, (o)




M Lel $20, b>0 be suchthat ITxT< U wheve I = [70—5)70”&]
and T= [Yo—b,yo+b ] Since Wiscontinuows cind I*T is oompad/
W) exT i bounded , say h(zD[=M forall (x1y)eT*T. 83 \s]/winlm\nfj
$ wemay atume X $< 1 and ME< 0. We look for solutions Jo the
inttal value pwblem in the space

Ch(L,T)=Ch([%38 2147, [yo—b,wﬂ)

which bj Coro”cug LI3-6isa complete mepic space (since T is aclored
jub,spaca of R, and therefore complele b-L/ Ex.L13-9). 0f vouve ure
need solutions which ave not junt continuows but diffeventiable, but
tis will worR out, an we will ¢ee - Define ﬁa//awmg (2.1) the mayp

foch(L,T)— Cs(1,7)
)= = yo+f h(t, Y10 dt

Now J is confinuows , so hed T > 5 contnuows on L and henw
Riemam v'n’regjm\ole on T. Bythe fundamental Theovem o calculun
x> jztk°<"7f> is diffeventiable om L withdevivahive he<L ¥ >
The funchion §( )T —R is Yhevefore (wnﬁnmocwlg) di Feventicible -

jcl(jo) - |f'\"<') I >

for any confinuoun ¥ Tremainsto chece that £ (PI(I) €T, and 4o show

that £ is awnbvadtion with respect fo the ceo metic. Suppase for o moment

fhat we have done both of these things. Then the Banach £7 xed point
theovemn (LI4—1) fells un that £ har a.unique fixed point.



Note that sine F($) alwaUs haa ccconfinuoun devivative , afix ed Pom%
\‘SY)ece/)SOn/i’ﬂ cortinuouly cliffeventiale. Anc

Y=fy) = F=y, +£o h(t, $(t))dt
= Y =he<,¥> on I, and P(*)=Ys
= T i a solution of the inthal value PWb}QW‘ on L.

The veveve implication (<=) inthe \aof&kp is by The second fundamental theovem
of calculun (fwo antidevivatives differ by avonstent). This completes the procf, ona
we howve checked thetuo aforementioned ilems

JC(Y)(I) S J  forthis we need (fbr:c>9<o>

| [Theyw)a | < [ hiwse [«
< Lcj: M df (sing |h(%9) €M on IXJ’)
= M(l—a(o) < M§ < b
and simila/lg for X < Ao . This shows ]C[jo)eij[Z/j')

£isawnbachon  de(fY, -F“f’) = SU\P{ | (=) —£(¥)(=) | ’ xe I}

= supf | [ St)at — [ nthptat | [xex }

< swpf [ [ nth ) —htnyw) |4 | xeT |



Burfor 661) 30(4‘)/“/'(7") ave both in J, so by )fry/)oﬂ)e/)f;

[W(t, $0) = h(LH0) | = o[ - |

H8V|LQ,

Jp( “\(JC) f“')) ‘h(f/)u(f)) IOH' < o(_J;z 1 () _\'(/U_) ‘CH'

=]

< X |x—x°] : Supg | P(H—HT) l ]tel)

<ol de(FY)

Then it follows that deo (£Y, £ ) < 4 deo (BY) e choe § such
that & § < L, Hhis shows - 15 o conbaction. ]

Moveover the fixed point theovem fells w how fo frnd o solution by i/—emh'on/
namely, choose any cwrdinuow funchion for T—>T ( o= Yo is asafebet)
andthen foke the limit of Yo, £, £ Zﬁﬂoj - #nfo/ U /;‘cwrol/ng%o

N. Cheneﬂ (cited above, see P 181 ) This method Is “mrely usred direcHly in
thenumevical solufion of inifial value problems because the shep - by-step
methocls of numevical infegration ave supevior ”, hut nonetheless this limif

s quavanteed to wonverge (eventually).

Remavh L1511 e hawe not giventhe \Sﬁxomye/\)*/oarﬂ'b/esiafememf of
Prcard's theovem (s Cheneyls book ). Thetheovem is
ecnily exlended 1o systems of fint orcler ODEs and
ﬂlel/ﬂby in the waual way fo b_’gheV/OVC)EV ODEs. Howewr,
PDE:s ave awmple#ely a{l“ﬁgewmﬂi'vvg .




Example LIT-1 Lekh R=—R be h(*y)=1Y, so the diffeventia| eV i

g =7

Then /WX/\‘JI) —h(%4.) , =[9-Y2 ] s0 421 will dv. Take e iniHal condifion
$)=1, and a ﬂoesr‘av}mg /Domf of our itevation f, = 1. Then

f = flf)=1 +£ YHdF = 1+

5, = F(5) =1+ [ BHdF = 1+ [t+44] = Loxr ix?

One puoves by tnduction ot fo = Z\.:u ﬁxc. Note we cre free Jo choore
I=[-§48]1,T= [1-b,1%b] avbﬂmvﬂy Pwvidepl §< | (sothatwe may choote
oL <'/g ) anc §< Vi rb (52 jwt take blarge, andany §<1 will clo ) So

on T ure fnd that lim, i = 5 e unique solution .

Thisexample shows how the mquiremenf o« §<Lis a bif..- cheesy. (We can
extend our solution bj first finding a solufion PCon [~ ', '] and then
applying the same method fo fe TVF $'=P with $( V) =P (1)
Wewil gel o uniquie solution ¥ o iy second ploblem on [0,1], and oy
unTguenas it agrees w i jom on The OV‘&/I&P- We can vepeat this in both
Adivechonsfo show That there s Guniq ue o™ (namely e™) onallef R.

y IVP # 2
Howewvey if qou look at Hhe delails
you will seathrrs exlensionrelied on
the PO‘VH‘ ulav nedure o h(wy)=y.
In jemem( i s [P ]*R—= IR we
s » canalwowys extend Yo all o [ab]




Theve is wmeﬂ/lmg 7uhte remavkable about thise xample : the iferation onsiucts o
sequenw of polynovial funchions converging to the uniquesolution. Ttis clear Hhat
s wovks move geweml)y, to show thot solutions of Polymomial ODEs may

be witlen an the uniform limit ﬂg'polywomiot/s cH h-U—Ris pblynomm’
Ffunchion andwe tuke Jo = Yo Then evew fynction F( %) wonshuckd bj

the itevation will be a Polymom)a)) because the mfe@ml A a Pb)ymomfai ¥ o

Puljmomial. We alzreaclﬂ know that convergeny in CH(T, 7) means uniform wnvergenu.

Remark LIS-2 (Yhy should we cave aboul funchon spacen , say CB (X, R)Y

Beginning in Lecture |2 we have moade the point that continuows maps X — R can
reprrent configuations - physical syskems , with these onfiqurations consistent
with physical law Fupically beng asubsel A < Ch (X, R) consishing of s6/Vs
o some cliffevenhal e({uc«ﬁow. We ceri'al'nly care aboal the set A But why are

we forced 1o cave aboul e set of- all cordinuous maps, and forther, why must

we cave about the fopology on this set?

Consider fhe expression € = n’LV’;L:, ( I+ _",CYL We can \new the n‘ghf’hawdu‘c/e an

o kind of algorithm which conshucts theveal number & beginning with infeges ,
wheve the opevadions allowed in 1he conspuction ave the winal avithmehic operations
(heve used ave additiow, division ancl ifevated mulfiplica tion ako ex}bonemﬁ‘aﬁ& n)
together with the (imil. By definifion N plus there operations “generate” (R
Moveover if we apply a. confintous funcion F:R—R fo e, it hansforms the
a\gov{f’l’lmﬁar wmfvuch‘ng e o an a(gow’fhm for aomﬁ/zACﬁhj F(e), puvidecl £
ibelf is computed by some algovithm :

ftey = F( lim (143)") = lim F((144)")

. 2n
for example, e = h}“’” (1t %) presents e an o hmit of redional numbess.

—) 0O



Ttis he topology on IR which pwvides the ambrent shucture thot gives
limits, and thus such algovithms, meaning. Incidentully , such considerafions
ave cleuﬁlopecl at lengtiin Turing 's paper : A M- Tusing, “ o computalole numbers,
with an application fo the Enfscheiclungsproblem 71936, whichismore
fomoun for :‘rﬁwaluc:’ng wheatare now callec) Univewsal Tuw’ng Machinea.

Rehmm’nj o differential equarions and ouv set rfjolw'iom A< Ch (X, R),
with say YeA expm/)/edm a uni form limif F=limnseo Fu ot /Jolymomfa/
Funckions F. € Ch(X, IR) (nof themselves selutions ) we see f%afpoljnami‘a/
funchions play o vole analogous o infege v or vational numbew, anthe “simple )

funchions which genevate via mifs (and thun the hpology on CH(X,R))
other functions of interenf. Moreover the ”algow’ﬁom” V=1IMmysw Jn for

wms/wnch'nj ¥ may be pansformecl Fo an algovithm for oomﬁ/mcﬁnj
c,uomﬁ'h'e/) that ave a cshhinuows funchion of 17,” for example it X = [a, b

= [Im = [im
v/;ql") "ZL [a,k) Vl-’o"joh h— oo (a,b] fh
and /[q,b] A ecwi/y compulted s/nee F s /golymumz‘a/. He ve we hawe
wsed that f[a,la] (=) i conknuow, ree Exeveive L15-3.

Tn condlusion : +o compute with solutions ¥ we use conshuctkions of such solutrons
Y= iMyso0 Fa an himik of “approximale solubons” . taken from a clasr of

l’J‘/’fVl/D/e” ﬁmchbw: (e.g. Po/ynomfa/})‘ It s f%e %0201093 on C}J(X, [R) w}’l/ch
provides the ambient shucture that gives such conshuachons mecwiny.

This all poink fo o natural quegtion, whichwe will acldvers in Lecture 16

Question: which funchions ¥e Cﬁ([“/bj,”Q) moy be wiitten an
o unifoenn limit of po(ynom/a/s 7

/\ Meaning, a limit in (C‘h ([av], R ); 0[90)



*

Exercise US-1 This exevciie walles Houﬂmmgh the exlension «f the Theoven
fo systems P fint-order ODEs, e

HOENNCE TS NO) B ACOFPE,
B = W(mf09, ) R(x) =g

7. (%) = ha(2 % 09, & (x)) (%) =y
Let h:U—>R" he continuous wheve U< Rx R*= IR hH:‘s open,
then a solubion o the above TV P on aninfevval T€ R containing
Xo is ofunchion ¥ L — R (whoe wmponenh ave the P (x))
whichis confinuowsly diffeventiable (meaning each fi(x) s yo )
withthe pvoperly Mal ar funchions (whewe P (=) = (F/(x),.., ¥ D)

Pl= el YY) Plr)= o= (5 .y

SMPPOJQ X >0 exish witle

[ hCoy) —h(x,9:) 1< &g -vall V)9 e U

with =1 |Rn_%(R jiUﬂY\ %y 'Y || = E?:\ ]‘ﬁ" -Also assume
Hhat (xo,90 ) € U. Pove that theve exists &> O such that +e TVP

han v unigue solution on [2e-8, 2514 7 ( Nole« by Ex.L3-10
jou canchoose o meic on /RY\ which JUI;{T \‘jOUl)



©

Cxevcise L15-2 Poue wing the previows exertise that Ha TVP DDI':—ji Y (0) =0,
¥'(0) =1 han ac unigue solution on [~&, § ] forsome d, and

use Picard ilevation v 9give a powersenes expansion of the Sof”.
(fov the J'EUJVICI/DCU/)L you will need 10 know the appropriate £)

Exercive LIS-3 Puove that the funchion

Ch([ab),R) —> R
;F ‘ af[&,b—].)t

is onfinuows , wheve f dencles the Riemann /'nfe@ml (sec Tutonal &
ancl T-Tao's book. “/\na’gsr":“ for a mmino’er), and Ch([ab],IR) hon
e compact-open fopohngtj . (Hinl: we Lemma LE-L4 and vecall the
infevachon of uniform wnvergene ancl integvals, hom say Taols book.,
Theoem 1.6 of Vol. 2.).

Remavl  For Pcard's heorem we need &> O such that

[ h(9) = o) [ € <1y =92 ] (o)

borall (%91, (%€ U- Suppose q%m;‘mplr(z%j Hat whewewer (x,9))€U

anc (496U with 4,7 Y, then (9 €U forall Y=Y <Yz Then
F 2oy e e U and Moy G0 | < & fovall (03)€ L Fhen

given. (%9), (%906 U with Y.7Y, we have

h(%92) —h (o)
Y = Yy

h
’a’ag(x,c) some C €& [\‘j,)tﬁj

anclhone  (101) holds for Tl given oL . This is the mott Lommon source of.
fhe bound (161 necessowy fov Frcard's Theovem.



