0,
Lecjfuve |6+ The Stone-Weierstrass Hheovem updated 16[(0[20

The subject of fodlay s ecture is Weershass’s approximation theovem and ifs
qevevalisation, fhe Stone - Weievshass theovem, uhich tell w in paviiculor th af

any ontinuous function on [4,67 (verp. §7) may be qppmximai‘ed avbihtinly
well by o Polywomial (rerp. a?‘vngonomefw‘c /DO/W?DWI/‘Q/)/ which s fo say Yhot
Fo\jhomia\s give a dewse subspace of Ch([av),R) (rep. CH(J"R)).

Recall = We have associatecla space o) funchons Ch(4L,Y) b any pa;’rd‘# %o,ooloyfcal
spaces X, Y (_See Lecture I'?-) with a //'sfm?ywc//obope/ﬁ'%:

— if F:2xX=Y iscondinuom, sois Z— Ch (XY defined by 2 —> Fl=z,-)

— it Xiis loally compect Hamsdorff  CHs(Z2xX, V)= Ck(z,Chk(XY))
(see Theovem LI12-4 cnd Ex. LI2- 13).

— i Xis wmpa& and (Y,dy) is umetic spac Yhen Cs(%,Y) is e me Pic space
with-the sup metvic, andmoreoverif Vs complefeso too 13 Cis (%, )
(see Lectuve 13, speu'ﬁ‘ca“j Theovem L13-2 and Covollaw L13-6 ).

We hawe applied this theow To prove The existenw cr?goluﬁom Jo ODEs (Lecture S ),
und we observec] Mafﬁ;rpofymomfal ODEs the solutions could e qppmximaf@d by
Po\:jnomiods (see Remavk L15=2) Tust o our ab"(l'f‘j o compute effectively with

reol numbers is Pvech'cafed on R =R, 0ul/alo////y Fo wovk with funchon spaws

Ch (X, R is ofdent Pvﬂdicafecl on z'demﬁ'fgmg a closs o “sinple )']Cumcﬁsz

Ac Ch(%R) with. A = Ch (X, R).

T X= [ﬁ;b] and A is all Pohjmomml 'Fumcﬁom) is wouks -



©,

Theowm LIG-0 (Weiershass, 1825) Let fe Chs([av], /R).Thenﬂnevefsafequem&
aﬁpol\dmomm\s P (%) which convergen wniformly fo £(x) ov (a,b7].

Weneed ¢ *Fe[/u m(aveclfenﬁ be fore we are Veady foyﬁqe Im/oo}ﬂ ( the pwd# we will
qive is not Weievshags's oviginalovie # is due fo Bevnstein, see K.Davidson

omncl /-\-Domlg ' ((Rea/a//lalgxf_( with veal applicafions " 2002)

Fxercie L16-0  Rove that I'€ )F" (X;dx) — (Y, dY) is confinuowy and X is (,OWIPC!C)’
Then £ is unfovmly continuoun | that is

\fe>0 3 57 0Vx, e X ((dul(re)<§ = dy(Fo, i, )<e )

Def" Givena function £+ [0:1]— IR he nth Beynstein ,PO((/MD/WfQ/ Ba(£) is
. k n n-k
Ba(+) = 2 }(:)(h)xh(i-x) |
k=o0

To avoid wnfwion we aclopt the convention of wvH—in(j Fas £(2) 4o

d)’shy\?u(ﬂ/\ﬂ/m inpu‘} vaviable 012 AF —Fuoyy\ e X in Bn(£). Cleavly
B () s linear, so Bn(F+9) = Bn(F)+Bn(3) and R ()= ) Bulf)

‘FDT any scalov Ve R

Remark  The (/VIO][‘;Vaﬁ‘DY’ for wm’ide Vl'ﬂg '/%e Beunsﬁf/‘ﬂ lﬂo/yV)oVVH\a/J‘ (omel 7EMJVV1

[)vobalm'li)y 7‘7/;@0::7_ We wll nof use the Follow)’ng icdeos inthe Pl/ocrp
(in order fo keep the notes self—contained ) . Covsider the raqncom vaviable
zZ. giving the number of succeasen in n hiails, where eaclh Pral succeeds

with waabi/i)j x € [0,1). Then since f is uniformly LonHnuou

s - FE[Z]) = I E[S(5)]

e\cpecf-ed value B U“_)Qq)



Levwno LI6-"% (e have for n= |

Bn (1) =1, Bn(2) =%, B“(gl)z—"‘—:—anr%x

fbo_o_'ﬁ Webmomfalﬁ/\eovem (ai(/‘fy) Bh(’) = GC"‘(IIJ())V\,___ ) Nofe Hre
{O’lowmﬂ 'NC[QV'H»LJ UE Poleleiqls in X,j j[or n> |

'ax( el \z)Ih " k) = 2( ) =nlary)'

but wmputing diffevently , an >, (Tk) 53?(1‘1) 3v\—l@ e olotain
n—1
Zk— h)k xh R = n (x+y)

mu|HPly)'V19 both cides loy 1‘/\ g1ven

2o ()R = )T (5.)

mkm‘iluh'r\g y= | =2 quren B.(2)==x. Erfhemmal’nmg l‘olem‘ﬂy) we
diffeventiate (2:1) again with reped-to X, obluining

2e00 iF N =1
> — n—Rk n- w- 2L
S () ke YT () T (02 ()
again W\U\\Jﬁplﬂfﬂg both sides Blj %\ ﬂiV‘Q/J

thb xh\\jn ‘@____ n(:u—y) + DL (11-9) (3'1)

Smlaj}{ﬁﬁ'nﬂ Y= |- x SiU‘E/J +he fovmu(a 7CDW Bn(Z2%). D



®

Procf of Theorem L16-0 Futue pvoue#’he [Cf;b7; [0/ 1| cane . et continuows
fe ):o,l] — R be given. We claim Bw (f) — JL\cu/‘H'\ VQ)P—QCF'}U d oo .
Sina s confinuow i- is, by Ex. L1670, uw’fmm/j continuows. Given
£20lef §20 besuch that

|x-yl<§ = [FOI - A | <& ¥xyelo]
Stnce [0,1] s wvv\pacl' fﬁ bot/mo/ed, say }f‘(x)/éM fovall xe [0,1].

Claim Forany 29e (1] [F- £l9)] < ziw("é‘_y)z)r g,

Pl of claim i |x=9|< S then ‘F(X)’F(ﬂ)IC €1, 50 thir 15 clear.
Othevuie iF (x-41 7§ Hhen (52)72 | so

[p()—E() ) €« 2M< 2% )+ &5 ]

Now obsewe hat for a constant % € [01] | we have an ec(ualﬁy af polynomials in =,
B»\({l—qa(xo)) = RBn($) — F(%) Bh(l) = Bnl(f) — F(x0).

Hene for ae [Oﬂ) uwiting e\/c\[ﬂ for the evalwation i o Polﬁhowﬁa\ of a,

| eV, Bu(£) — (=) \ =] el Bn(§f-F(xD) l
iV\SPECHOV\U'E chYYVIlA\Ct’{:U“ Bn o)

cleally if f(2)=9(2) brall 2 € (0] )

Yhen Bn(£)(a) £ Bn () a e [o)1]

< eV, B (£~ F00)
ot 1s by s Claim > € eV Bn( 2M(EFTE) T L)

— 23{:_1 e\, Bn( (2'—7(°)Z> + 5/2




M
= —252 €\/&[ Bn(z2"27(o% -\—7(02)] + ‘C'/L
20 eV [ Bn(22) = 2580 (2) + 22 Bn (1) ] + &/
— 2 o n — LN DN Ap s} ”]d' 2
— 2&_’: eV n%\xlqu }L\x—zazoerXoZ]* E/z_

= i—? }]“(a—cx")-i-(ot—xe,)lji' {/1

Now subsﬁ’hﬁng a= Xo, we havre

( Bn“l)(“’) —F(XO) < 2/2 1 2?[\;_ La(%fzt)l)
< %t %’K’L} = %2 +z'\j§in

™
But fhis is twie for all o€ [01], 50 deo( Bn(F), £) € Fa t 5352

If we fake N Z M/S'LE, ﬂ/\e\/\‘fora/) n=> /\J) we hawve N/2<§2VL Sg/z and so
doo(Bm(H)nC)é L+, <¢ whiChlovoue/)H/Iaf Bn(F)— £ in
(Ch (o], /R),C[OO) . This completes the quﬂc)f Hw [0)1] cone.

for the 9enera\ cove , obrewe that 95  [0)1)— [a,b] 95(96) = (b-a)xt+ @&
is o homeomoyphism, and if £+ [+ ] — 1R is wonfinwoms then §= Foé
is continuouwn and. with Bn(£) = B l‘j)ocﬁ_]

dm(BMPLP)=Jwﬂ|8dHQN—Hﬂ‘(xe&m]}
= supS | Bl ($3) — 3(¢7x) | scelanr] ]
= Jup{ | Ba(9)(9) —9(9) | | 76[01']}
= deo( Bn(9),3).

Hene Bn(F) — 1[\ n (s ([anl ”2) ancl moreovelrr Bw (£) 1 c\ea/ly
A PDl\\jY\bmiak‘ J



Exeicve U6-I Let X be compact, (Y,dy ) ametic spa . Civen asulpsef
A< CH(XY) the following conditions on feCls (%, \/) ave equim/enf

() feA
(i) Theveis atequenw (Q”):\zo in A wnvelfgmg .umiﬁ)vmly to f
(i) F moy be unfform/y alppzxoxfmcff@a’ bye/emenﬁ of A/
thatis, given € > O fheve existr a€ A such that
[ F()—a(x) )< & forall xe X.

Def™ A suboset A of abpolvﬂica( space X is denre iF A =X,

Nexd we tuvnto a gememlfmh‘om AL the Welevshass aPpVoxl’maﬁ'Or\ Heorem which
will appluj +o cwtﬂ compa& X< \R'\/ 1he vae— l/l/eiersfmu ﬁleoﬁm . But
fival we need to talk bm‘eﬂg aboutr CH(X,R) as an algebm_ Recall

fhat the addition cond mulkiplication give continuows maps

+- RxR—R, +: RxR—RK

and henw given f,9 €Cli(XIR)  (here X?sampraaz) we have wntinuows mayps

Fxg :
j('j : X—LXXX_HHXR——_)R JCE—)gC(x)g(:c)

=3
2 xx X —— RXR—— x> f(x) + 9(x)

ftg: X

Heve we ave wing the dragonal A=) =(>2), and the pu/oc(:,u:lL £ x G (s Ex.L12—2> )
Moveover for fixed A€ IR fhe map

> R x > N f(x)




@

< combinnoun. Let @ RXCH(XR) — Ch(*R) be (A £)r— A Jor any
ce R the wonstont funchion is continuows -

>{*}——C—%]R. x> C

X

Usmllg we denote This funchion ogain bﬂ c Nokitisalc,1).

Exevciie LI6-2  Check that A= Ch (X, R) with the gbove shuctures is a commutative
algebra (over IR) for any spaa X, which isfo say thal

. (Ch (%R), +, a) isom lP—vedDeraLe. (7-1)
() F(gh) =(£3)h forall £,9,n €A

(i) LeA s 1f =F1=F forall FEA (namely 1(x)=1)
iy f(3+h) = F9+ Ffh frall £,9,heA.
(iv) (g+w)f = gf+hf fovall fi9 heA.

(v) (AF)g=F(29) = A-£g fcall £9eA, AR
(vi) 9 = 9f forall figeA

(Nok: occumenws o brackets above clo not meon evaluation ). A subsef
A< ChGR) is o subdlgebra if 1 e A, andwhenever £,9 €A
wehave F+9EA, f9e A and )Feﬁforany A€ R . For example,
the wnstaint funchons give a Juba/yebm @ CH(XIR) isomophic fo R)

and moveover evey mbalge\om contains the onstemt functions.

Def™ An [R-algebvan A s avvector spewcs ovey IR equipped with an edditional
O]Devaﬁon - AXA — A (V"‘“lh‘P“‘Caﬁ"U”> which sah'sfien axiows
(i) —(v) above. The algebra is commutative iitsatisfier (vi).
A homomovphism ¥+ A— B of R-algebran isan R~lineav map which
sahisfer $(1a)=1g and PFI) = PIF)L(9) hrall fgeA.




@

Def" A funclion f: R"— R i polynomial if theve exists afunchon N — R
(where /I\/={0,I,._,}) with the /pyo/pel/)‘yj%a]" I NeN™| F(N):FO} is fnile
and forall xe R™ (wiite N for (Ny-yNa))

N
f) = 2 F(N) )" T (x) (4.1)
NeN™
wheve T *R"—= R ave the PWJ’@C/?bn maps T (2200 ) = X e denole
by Toly (R, IR) e sef szfao[ymmia/ﬁmcﬁom R"— R.

Lemma LI6-| Evew po(ynomfa/ function f: R"— IR s wortinuows ; and %/j(/ﬁj /R)
is the smallesf Juba)gebm of CH(R"R) tontaining o, .-, Tn . e
say that ?o(j(kv’, R) is 90V)emf€cl an an algebm\ulj the ref { Ty..., 7, }

Pocf The Po(gnomial fanction £ & (#1) moy be wriffen as

f = Z F(N) T/N"" 7(-an
NeN™

wheve the /ch{uch (e9. %M =71, )J scalav mul%'/o/rmﬁom andl sums
are all the algebra O/:em#bm in CH(R", R ) cwdefined above. Sma the
sef of confinuows funchions is closed u nder these opeverions (omd the T are
@nfinuows ), £ mual be confinuous - Moreover if o mba(gebm A< Ch(RYR)
wontains T Xy Zn | if muat contain f, and the subsel 75ly (R” IR) s
chosec under addifion, muliplicafon and scalar multiplicaton (and contains
1) wif-isa ubalgebra, implying the second claim - [J

Def™ An em[oedc{inﬂ is con l‘f\jecﬁue confinuows maop J' XY suchthot the
incuwcl continuow map X ——%J (X) is e homeomovphizm (WV\BW) (x)
ha the subspac topology ). Wesay j is a homeomoyphisim onto ify image -
nghlj spealeing we idemﬁfy X an a sulaspawo‘f Y via ] .



Example LI6- | iven a subs}mc@ X< 7 e inclwion X—Y ir an embeddmg.

Mﬂ Qiiven an embedcﬁﬂﬂ J' : X——afR_'\ ngeﬁne +he Subfpauz PO[&(X,J', TR)
o CFs (X, R) 1o be the image of

inc (—)°J'
Zly (R RY < Ch (R, R) —— Chs (X, R)

that is, The fefaf confinuows maps which are Sreamchions”4o X of /aoly nomia |
funchions on R”, wheve Creshiction” means Puecompon’ﬁon with | . Tf the
eml)edc[mj is clear from the wnlext we wrile Pofy (%, R) for }%/y(X,J'/ R) .

Exevcire L1673 Flove Polj (%), /R) is the J’/’Ha”w*wba@ebm O}ﬂ Ct (%, 'R) Lom'ztfmfnj
tne funchions {0, .- Tae ) |

Example L16-2  Let X ={(xy)eR™ | Xl*‘j1= 173) and let j, = X — R*
be the inclumion.- Lel Jz be the wmponk

J'/ 2 RQ 2
X — R"—— R

cos@ —-s/nCQ)
where R@ s mu’#/)//‘faﬁon by (sm@ ws® J. Since R& is o

homeomoyphism this js again an embedc/mj, Then

(7F, OJ?. )(Xd) = 2050 — ysinQ
(7o ge J(xy) = xsin@ + y ws0

Sine O is fixed these ave polynomial functions of x,Y cnd 5o
Ply( X, 5o, R) S Poly (X_Ji,R).Sine j, = R-s°Ja
Thu same avgument shows Poly (X, /0 R ) =Poly( X =, R)



However infjenem' Po[y (X,j) }R) do_u d@Pewd OVU-.‘

Example L16-3 | ef J'/Jz c(0,1) —> R be Jl(oc) =x, J.(x) = x% Thes are
boﬂ’l embedc{mg:, but the ﬁlV}CﬁDh 363 : (O,I)ﬂ R lien 1
7"(5((01')) jlj }R) but not in po[y([(), 1), Jz, R ) )

Def™  We say a subalgebra A< Ch(Xx,R) sepaates points ¥ whenever =,y€ X
ave clishinct pointt theve exists f € A with £ F(9).

Lemma LIb-2 If j:X— R" s am embeddimﬂ 'J’hen*}%ejubalgelom
Poly (X, ], RYs Ch (X, R) Jepavafe/) /Doin/J :

Roc® T x,y€ X are dlishnc, then for some 1< (<n wehowe T (jx) =+ T ()9),
and o ¢ °J‘ e Aoly( X, ), R) will do. [

Example LI6-4  Consicler the embeclcling

jo Ronz == R",  j(0)=(w0,sin0)

wheve R/21z is ﬁeqwh‘enﬁa{ R by the velation A~ if A-me21z

(e Tborial 4 ). We claim that A= Fely(R/27z, |, R) is #he smalles? subalgebor
o Ch(Rl2nz, fR> containing he sef { cos(n®),sin (n®) Jpez | By Ex. L16-3

A isthe smallest subalgeh wnfzu'ninj 080, 510, so the claim follows fom

o5 (n®) = Re(e"®) =Re( [ w0 mm(p]") e A
sin(n@) = Im/)[ﬁmcg) ‘—’/IW\([DOJ@ 7"&1/’&7@]“) e A

u/n’na the binomial formula (his doer n> O, but +his sufficen ) .



Def™ (with S™= Ranz and | anabue, we call TPly (§75R) = Rly( s%), R)
he set of tigonomelvic polyyowiials .

Lemmod LI6=2 The elemenk of Z]‘Poly ( st R) are PVECI'JE[E’ the funchons

N
F(6) = a0t 2 (ans(n0) #bnsin(®) ) ()
n=|

for sorme o, Ay, an, by, b EIR | anel N2 1. This collechion of
functions thevefore sep avates points of Rizrz .

Rocf C/ea;/ly these expvearions give fanchons in Poly(Rl21z, § )R)/ o iFsuffiwn
fo prove Ffunctions of-Ahis form compwe o subolgeba of 4 (R/zuz, R) Fr
this it is enough o obsewe that fhese functions ave closed under mulfiplication:

Jl‘ﬂ(Wlf)(_,oj(nk) = é[sin((mi—m)f)%—ﬂn ((m—n)(_‘)]
Sin(mE)sin(nt) = L[ cos((m-#) = cos((min)t) ]
s (mt) ws(nt] = i[ws((w\’”)f) feos ((mtn)t) ]

The c(aimaloou}gepam#ng po/'nk s now immediate from Lewmma, 1L16-2 . [J

Theovem L16-3 [ Stone- Weiershrass) Let X be o ompact Hausdorff spau omcl
A< Ch(XR) o subalgebia which JeParmLe/J )Doim'z.77/)en
we have A = Cts (X, R).

Corollow LI6-4  Given X< R™ compact we have  Poly(x, RY = Ch(%, R,

Pocf  Timmediale fom the theorem and Lemma LI6-2-[]



Covollawy L16=5 The Higonomehic polynomials ave dense in Ch(s%IR), e

TRy (S5 R) = CH(STR).
oo Again, immediate from fhe theovem and. Lemma L16-3 - []
OFf coune with X asin Example LI6-2 there is c. homeomoyphlsm X=st (wheve
fov the woment ST means (R/ZFZ) and hene c homeombyhism CH(STR)=Ch (X, R)

whieh idenkfien TToly (35R) with o dense subsel A<CHE(OGR) .

BE')LDV'C )DLOUI‘HSj 'ﬂ’le J‘hme—We IKQTSMJS ﬂ’)@OVGM we. meed Some Pye/[m['/)g,ey I/MMHT-

Lewma LIb-6 IF Xis /oca”_tj compac/— HCtMJC(O/# the ﬁ,mcﬁon_r

CE(XR)xCh(X,RY— CH(X,R), (F.9) — £+9g
Ch (%R)x Ch (X, R) — Ch (%, R), (f,9)— £9
R x Ch(X,RY) —> ch (X,R), (A, F) F—= AL

ove confinuduwd (Ve say Cts (X, RY is aq‘opolog;fcal (R-algebin, t emphonise 1his |

In quﬁ\cular CH(%R) is afopological abelian 3wup under addition.

Puool Considev the map (2 denvles cninterchange X x Yo = XXX, >

A x1xL
Xx Ch(X,R)xCh (%,R) — XxX xCh (X,R) xCh (X,R)

‘\( [x b x|

RxR < X x Chs (3, R) x X xCh (%R )

+ Y RTEY xR

R <




which isconhnuows sine Xis loaally compack Hawdorf cind hena @V, r
is continpoma - Cowz%ponc(/‘ng fo this Is Fhe continudwo map

Ch(X,R)xCh (X, R)— Ch(XR) (f9)r>f+9.
The ofher ¢laims ave handled sim'//a/ly. a

Lerma L1677 Let X be locally compact Hawsdor and A S CB (% R) a
subalgelva. Then A € CH (%, R) iy alio a subalgebra .

Roop  Clearly L €A, 5o we have fo show A is closed undev the operaiions +, + and
scalow mulh’plfcaﬁ‘on. Suppose f,9€A but F+9¢ A Thenthere is
Ue ch(xR) open with £+9€U and UNA= ‘]5 But then by
Lewma L[6-6

Q =—~{(q,b)ec+x(x,n2)2 ‘ at+be U}

is opem,andmmakj%evfﬁamﬁ"nd ,D €(H(XR) open with
(f5)e (xD<Q.Sine £,9eA wehae CNA+¢ and DNA+ P,
say £ CNA and g'eDNA. Tnen £+ 9'€ A and

(f,9)eCxDeQ = $'+3'e U

which wnbadics UNA=¢. Hena £+9 G/Z.S/mi/aa/gwmhow
fge A and Me A forany AeR. [

Exevciie LI6-3  Give an alfevnative FUDU‘]Q of e Lemmma in the cove wheve
Xis wmpacf uﬂing the d oo metnc.




M Let X beaﬁjoo/ogfca) space and fe C)J(X, lR).Wﬂ@V) /JC/ e Cfr (X, ’R)

is the OOWIPOJ/}LQ

I
X —— R —R, < — [FE) ]

Ciiven 7[/3 € CH (X R) wedefne

Vw{n{f,y} :X—HIR) X —> VV)/'n{f(x))g(XJ}
max{ﬂ?}‘xﬂ ”3) xf——Mwax{H?Q,?(ﬂ}_

These functions qre continuows sina

minf£9% = 2(£+9—1F-3])
moxf £,97 = s(£+9 #1£-31 )

Exercive L16-4 Fove that iF X ¢ /ocal(y compack Hausdor then

-]+ ch(x,RYy—> CE(X,R)
min, max . Ch(,R)x CH(X,R) — Ch (X,R)

ave all confinuow functions.

The most difficult pon/f- o] puving Stone -Weievshaus is pwving Hhad e closed
subolgeloa A € Cis(XR) has the piopevty that [AlS A, 1e-if- £ €A
fhenalo | F1EA. TOPWUE his we will ure that 1= coanbe appwxfmmfec(
by Potymomu‘m/s (Jo we use Weiershass fo pwve Jtone — Weievshows).



Lemma L16-8 et X be aoompad'dpau). anc AE Ch [X,IR) ce closed

Jubalgelom. Tf f,fj cA Then |f1, mm{ﬂa}) max{ f 9} € A,

P Tt c(eavlj suffiws 1o provethat IFle A. Given £€Ch (X R ) we kenow
F is bouncled, sinae X iscompact. Say |fx)|s M fovall xe X Then

the function | £ | moy be writlen an

F -
X —— [-M, 1]

> R

Let pre Ch([-M,M], R) be arequence b Po@noml‘als convevginf}
fo |-l (#hisexist by Theovem LI6-0) The funchion

(Yo F
Ck([-M,M],R) — Ch(XR)

is OO)’IHVH/IOM by Lemm& LIZ'IJ CfV]G‘ sinw PV\H (/l l/l/‘ezl/lCUV’Q
Fv\of — |F| ow n =00 . Butif forsome fixec v we have
pn= Got @bt -+ art ™ for consfank a€ IR hen

oo f = act AfFoo Fapsh

is an element of A . Henu (Pm ° )&)f\io s @ sequenc in AJ ond
sine A is closed the limik (] also l'esin A - [T

We ave now prepaved for the pwoof of the Stone-Weiershass fheovem . Our pwot- will
use the Weiershoss theorem fo pwove the move gemem’ vesult. All the pwc/ﬁr 4
Shne-Weiershass T am awave of hinge ultimately on mpo/ymomm/ appuorimafion
of- =1 somefimen done “by hand" wong a Toylor sevies b [I-€ . Thix how ih own

wmplexiﬁw) and seems fo me no eanier ﬁ/nanJ'l,wf proving the Weiershass theorem .



Rool of Theovem LI6-3 Lot A € Ch (X, R) be a Jubalge[om which sepam/w

poinfs. Thenlby Lemma, LI6-7, A isalwa subalgebre, ond 1’7Lc/€avly
separaten poinb sine / <A, sowe may assume Fom the beginng thok
Ais closed and our 306{} is o show A= Ch (X, R).

Let fe CE(% R be given : we have fo show FeA. Given€ >0 we will

onciuuz (jéA suchthat dee(£,9) < €. his shows FEA=A . To Puoduaz

9 we fuke dishinct points s, teX (iF X emphy or X = 1% theve is

wo%inﬂ fo plove, as Cty ( {¥) R)= IR and any subalgebm contciing the oomj'anb)
We claim heve exists £5,6 € A agreeing withe  on {6,t) that is

£e (3) = F(s), foo(t) = F(8)

(
|
[
|
[
(
l

L] T
o S £ b

Sinw Asepamw) poinks there exish heA suchthat h(s)F h(E). Then
W\ecanJ’ml' appuopuintkely “massage" h to pweluw Fs € with the denired PwP€V)7 E

()= £(¢)
for = f(B) + h(S]—\n(b)[ h — ‘/\(ﬂ]

Moveover sinee A is asubalgebra it is clear that £5, b € A Now we conshuck
9 from the collection {ch,t _7[54: ¢ € A (e wnshuction involves for ecxch 5, £
chovsing a b, but we don't care, any 5t €A ogrezing with £ on [4€}
will do ).



The idea is fo use the F5,t o conspmct fhe requived approximation g fo f. Now,
fs,t appwximates f only near 74 E} (a0 favan we know ) but

D;,ezlfr,&—f/’x > R

s confinows, 5o The {olloz,u,',,ﬁ et (wheve £t appvox.’ma]re/) ]CJ‘*%"‘QV‘JT[UB s open

Use= Dt ((~o0,2)) = { xe X | $(x)-£< fr,t ()< (-“(x)m}

(
|
[
I
|

— N\ —

fhe ret Us, & i3 the wnion of these fuo open fntevuals

We want 4o Hw‘hhﬂ ﬁgeﬂ)erﬁom e £t by switching to adifferent pair (5% ')
onwwe leave Us, £, anc we canure max, min to do the ;w{}zhmﬂ. But we have

fo be careful  inthe wntext of-the alove prcture, say fii ¢! < £-€ on Us ¢, then
min{ £t fore! } is not con opproximation to L on Us, t0OUs\t" . The prcla 15 fv fix one
of the pomh) say 5, and compute insteac fV'/"?[rff,é, ff/f’} whrchis an
appvoximaﬁon‘h) f near s, and is atleant bounded ahove by £+ & on Us,e U Us "
By wompactness Finitely such min’s can awangethis fo be the cone on all # X

(shll with s fixed ), so we'll hawve an appvox/maﬁc)ﬂ hs o near s which

it aFleont < £+ & evewwheve. Buf then we can Joke max s of thege hs's

fo impose a lower bound as well.

0K, so eV'OMg]ﬂ Pv*eamlole/ letls Pezrfown #he conshuction.



for each s € X, we compactneas of X4 find H,..., % (depending on s ) such +hat
Us ity .-, Us b cover X and ek

l’WS L= min{f;)h 3 ey jfs)gr }

By Lewmo L16-€  (and henw ultimakely by our polynomial approximaivn 1o [-1)
we have hs € A~ Moveover hs(s)=F() and if xeX then x e Us 47 for

yomej and henw
hs (x) = 1Cr,+J' (7‘) < £+ ¢
Also fov 2 in the open seb Vs = Ust, 0---N Usite wee have

hs (%) = win{ fs 47 () | 1€i<srf > F(=)- €

The open seks {\/5 }sex wver ></ cincl we may Yake afinite subrorer
Vs, -y Vs, Then ﬂ L= max{ hs,, .- lﬂsh} is by the same argmmenjr

an elementaf A, and if sce X then

9(=) = W\ax{ s (%), hsa (X)} < F=2x)+ €
while there exish léjsh with JCC—\/fj and Jo
q(x) = \’\{]’(1> 7> f(x)— &

This shaws that doo(Q)F) < & and wmplf}w %epww? [



The wonspuction of the appwximating pelynomials Bn(F) in Weiershass s theoveim
wan explicit (atmoughthe N we howve fo take s4 n=2 N evures doo (Bn(fl, F)< €
clepends on d which we may nok be able o ecwily calaulate ) The Stone —Weiershass
Theovem is less conshuctive , since it is nof neceffalff{y clear how o pick the Finile
subcovew involved, or howo choose the h e A . However the other M@Vﬂdrewh can
be made conshuctive, inthe wow outlined 193 the foﬁowl'nj exeyclie

Exerciie LIb-3 Let X & R* be wmpacjr, FX— R vontinuows , \ek
A= Po[y (%, IR) ancl Juppore [FCI <™ Horalh xe X.

(7) Compule B (1-1) o [, 1], anexplained ot the
end o the puoof of Theovem LI6-0.

(i) Set s=(0,0) and t,=(0, ), b2 =(92) Then
h(44) =Y is o polynomial which seporsles botit e paiv

(5, 6) and (5,t2), and we may define (ot =f(s), ﬁs‘ﬁ(h);FO':FHzD

JCs,L-,(Xf‘J) = 0B - [d-ﬁj(ﬁ~ )
fore(oy) = ¥ —i[x-2](y=2)

Compule wing (i) asequence wﬂpolvnomial—ﬁ/\mﬁom
(,onvevcding% VV‘fV‘{ f’r,ﬁ/ WCJ)&}.

Def™ A f-opoloaicaf spad (s separable if iFeontains o countalole clewe subselt

Exevcite LIb=6 Pove that if X< R"™ js wmpac;L Phen Ch(XIR) s Jepamble/
ond henw second—wountable (+nis means thak there it o lbanis ]f
for Hnew‘opolow with ]3 o countaible ret).



Exevcire L1677 Reqll fom Ex. LIZ-[l gt iF X is [oca[(ﬂ compact HaurdovFL
and Y, € Y5 is asubspacw then there is gn embedding

Ch(%, Y,y —— Ci (%, Y2)

given loj Pm#-wmpw’h’unwifhm inclunton. 1 — Va2 . We (c\e\/\h'ﬁj
Ch ( Ya\/l> wiﬂxxasulfospa&o% Ch (Y1) vie s mop. Pove

() Tf X s wmpact and Y, €Y, isopen, Ch (X,Y)) € Clr (%Y. ) 1s open .
() TEY €Y, iscloed, Chs ([, M) & Chs (%, Ya) is closed.

(e sy afuncfivn £ R"— R™ Poljnomiai if each of the Lomporites

R — SR — 5 R <cem

is Foljmomial, and we wilke 730\3 ( R IR™ ) cCk(R" R™ ) fov the ret of
Potgwom?a\ funchons. IPJ X— R v an embeddmg then on above we define

?Oly(X)J'/ [RMB = { ]COJ EC{}(X)]RM) l F s Poly\nomial }

Exevdte L1678 Rove that Poly( %), Pm> is dense n Cl (X, ]Qm)} =
Xis compact HCMSC\O(H and J X — IR™ is an ewxloeddinj-

Exerciie L1609  Rove that for any space X and USX opeu, A< X depse thak
VO A is adenre subset of U, with ik subspace topology .

Exevciie L[6-10 Puove thatif X< R" is (,ompad*amd yYe R™ i open then the set of
pelynomial funchions is dense in CH (X, YD, wheve we call F:X =Y
Pol:jl/nomic{/ if X—7— R™ is the veshretion P a polymoml‘a’ Ffunchivn .




Theovem (Urysohm !ewwwot) Let X be g novmal spac, AR d/‘{/‘oin}cfofed jubsefs
ot X. Thenthere e xists a wontinuowomap f: X — [0/ such that
£(2)=0 forall ae A and £(b)= [ forall bEE.

Exercise LI6-] Asmmmgﬂﬂe Ufjsohn lemma, puove that if X, ave Lompact
Hamsdorﬁf Spa@n and o XY — IR is confinuows then
for evew €7 O theve e continuows functons (for some )
fi e €CHOURY, Gy INECH (Y R) sudathal
doo( h, Z;fﬂja ) <& where given fX—R
and 9:Y = R we wrike £9 for Hu funchion (F9)(x1) = e gy).

Note There is for X /Dca([y wmpac/-l'(amdofﬁ—o c. homeomoyohism

Ch (X, YxZ)=CH(KY)xCh (X 2).

Tt is not e ol Ch(V*2,X) = CHe (Y, X)) x Ch(2) X)) (what would o natural
mop m(ah‘ncj LHS ancl RHS even he? T+ coesn't make sense ) But £ X, Y are Ioca/_(y

compact Hausdorff we hewe the continuouo map
X %Y % Ch (GRYx Ch(Y,R) = (Xxch(xR)) < (Vr ch(MR))

l eV, x @ Vy

RxR —— R

associated fo which is a confnuouns map (1t wijechive i either X+¢ or Y *9?5)

T Ch(X,RYXCR(Y,RY — Cir(X>*Y, R)

The = xercise says - the Juba\@e\om «jememfeol by the image o 2 isdenre, if
botin X, are compact (uis s not the some on sawing Im(F) is dense .



)

Exercie LIb-12  Sof S*= R/ omz and T =8 x Sq; withe angulavr wordinaten
(O, ¥). Give an aPonpm*ak clags Uf‘}vigowovmeh/\‘c Pokynomial_c
i CH (T, R) and pwove ot jouue’r op Polmjmow\iah’ ir dense .
(‘/omma\j assume the vajsol/m lemwma, but gou con also qive o\c\rvved-])wc/fi)

Exercize L16-13 | et X be loca\hj (,oYV\Pac*' Hausdorff) sof Vi= X D{oo}
(heve 00 denclen avntﬁhin% , ® =0 will do (aH’l/\umgh it (voks muh})

onel clefine a Fopology on 7 as follows = the opensubrets of Y
@fcon‘}“amihg o qre PVE’cir€|j the open subset of X} and.
the open subsefr of Voon‘)ufm'ng o0 ave of the form K u{eo]
where K< X s wmpad - The spac Y is called the
one-poin\— wm!ﬁach'ﬁ‘cajrfor\ g X~

(i) Rove 7V is wmpacPHausdoffﬁ and X — Y is onhinuouo
(i) Povethat the one—poinf tompactification o R
is liomeomovphic to ST (1ee Ex.LI2-12).

The next exercire given the ﬁememlim#m of Stone—Weiershass fo focally wml;aa[ rpaws .
e say A< Ct (X, R) isg nonunital mbalqebm i whenever f*jCA we have
7C.}_9 {lg) Nfe A frall he R (bubnot neCmely 1LeA). ¢ X Iocq”y wmpacjr

ngdb{ﬁf we say 70 X — R vanishes ahnﬁmn‘y it

Ye>OoJFKeX oomFad- \'/1&((( (f&) |< € ) ’
We write Cro(X,RY € Cl (%R ) fiv the subspaw of funchions vanishing at inﬁ'nﬂy.
Exevciie LI(;’IL}* Suppore X is loca\lj tom pact Hausdorff and et A is a nonunite]

subalgebra o Cts, (% R which separater poinks and has Fhe Pwpeﬂy‘f%af
fov evew x€ X there exish £6A with F2) FO- Then A = Cho(X,IR).




Solutiows Jo selectec| exevcises

[ L16-0|  Suppore §is confinuoun but not uniformly ; so thatforsvme €70

no matter how small we make &, say § = v, there exishr o
pair Xu, Yn with Ax (20,90 ) & Y but dy (fxn, fyn) Z £
Sine X is (equemﬁ‘ql(j oompa(:f (Un)hci, han o le\/ergeyuL
subsequene Yng | with say Jne—>Y a2 k— X . We claim

X — Y also , stna

dX (Iwn)‘j) < dx(D(mk)Ejhks‘\‘Clx(V"‘k,ﬂ)
< I, + dx(Ym ,¥)

s given €/>0 let K be st nZ T e 1< aud cx (9n1,y) < e/
for B2 K then dx(qhn_/fj) < ?'[/7,”1" 271 =<' Butthen s

jC ir comfinuows X — F‘j and )C‘jv,;{’—) 703 co k—300 ancl
hena (again wing afrangle inequality , or thed-dy ir continucus )
we howe dY(#J”/z/ FVW«) — 0 an k— 00 . ButThis conhadick
the lowew boured dy(Fn, Fom)2 £ O

f L&J-.X — R be o embeddmg. The incluae map

R:cCh(R,RY— T (,R)  RHY=F¢j (23.1)

is confinuous by Lermman Li2 =1 since R s locally compack Hausdovf - By
definifion Polg(x,j, IR) = R( Po'j(lR'", IR)), ancl by Lemma LI16 -,
ﬁ(y(lR",/R) is the smalleok subalgebin of Chs (IR, R) wntzininy [T, T }
We know L’j Ex.16-2 fhat both CH(RYR), CH (X R) ove commutative
ﬂ)\-algelom/_l (in fuck by Lemmon LIE-6 They ave fopological IR—algelomw).
We clain Ris o homomoyphism ﬂff’fopolo? ical R-algebreu, that 1,



Claim = [ef J: X —Y be o tonhinuows funchon- Then

R+ Ch(Y,RYy— Ch(%,R)  R(F)={o

Us a homomoyphisvm of fR—OigeloYa/L Iffusther X, Y ave /oca((y tompack
and HausdovH, Risa. homomoushism dﬁ%opo[oyfcql R—-clgebran.

Polclaim: ° R(FI)=RIFIRE) forall fi9e Ch(R,R):

{R(F)IE) = { (89 e 1) = (£9)(3&))
= £(jx)) - 9(j))
= (£o3)0) (92j)(x)
= JR(ARG) V(<)
- RW=1 RO@=0-j)&=10(xy=1=1).

R(F+9)=R(F)+R(9)

R(F+9)(x) = { (Fr9)=j 5(x) = (Fr3)(j))
= LG+ 90 (x)) = (£o))0) +(9°4)(x)
= {R(ﬁ)+/€/9)}(x)

+ R(AF) = AR(F)

R(OAB)Y = (AF=j)(x) =(OF)(je))
= A£G = X RN = (A RF))(x).

The daim about wnb\nmi}j follows fwm Lewme, L2~ -



Refuvnmg ) (22.)), we See 1"140%1‘74;“5 payh\culov /{ s a hDVV’OMDV}OWJM (/_‘4
‘fDPlegica( /R—algebrcw_

Claim Tf §-.A — B isa homomowhism o R-algebizio, then PIA)is
a subalge v of B.

RosBof cloim We hare 13 = f(1a)e F(AY, and i Yy € X (A), sey
r= f(F), 4 =Y(9) fhen

sty = FF)r () = flFr9) € PIA)
1y = Y(F)F(2) = P(Fg) e P (A)

so (A ) s asubalgebre, . [J

Hena in pavkcalar Zoly (X% ), IR YS CE(GR) i q subalgelbra - Tt wontuins
(o), ., Tlaey . To show it s smallest with ths /370/)er/:7 Jet B< Ch (X,R)

be ¢ subalqehmwn)ummg L o), Tk OJ'}_ Then for any (formal) polyndm;‘a/
F € R[%y- xn], sauy

-2 Fu z,N’---xi\l'L Fv €R
NenN®™

The functon
. A M M
F(Zej) = > Fu(Tey) oo (Ta05)
NeN™

belongs yo B, hecawe it is s blained fomthe T2 by a finite number
mulfiplicahons, scalar multiplizafone and additfe ps (and for N =2 urevre 1€8)

But we have glwo the element



F(T) = Z Fo 7[(’\1’~ TN e )O(V(/RV\/ R)

»oeNT
and sine R s Momomovy)hism of algelorao

AN

ROF()) = R( Zpepm o 1l TS
- Z&GJN“ R( Fo 1l TN
= S hem Fu R(T7 T I™)
= Dmenn iy R(T)" - R(T)
= F(z7-5),

We hawe shown R (F(T)) €B for any polynomial F, which shoos
Poly (%), R) € B anclaimed.

|U6“”| Civen X, Y oown()ad Hausdor- let

A= { Z':Llf;?c

We neectoshow A = Ch (X+Y, 'R)'M/deucf XV is compack

Hausdoff so loy Stone - Weierstoss if-juffices b show A is msubakgebm
and Yhal it separvoles poinh- Ltisearyto see that A ts asubalgebva.
Suppore (K2,9)), (%92 Y ce dishinct poinh of X*V soethev X £ 72

o j’;:{:i‘h—- Letws teatthe coave X, 5= X2 (the sthev cove being identral ).
A oompacH’(ausdorFﬁ spac 1s noymal, so by Urysehn there is f: X—R
wonfinuow withe £(x)) =0, F(x2)y =1 Thenwith §=71 on 7, fgecA
and (£9)(x,9,) = £(x;)=0, (F3) (%2, Y2) = £(x2)=], aw veqwmd.

Fyo e CBOGR), Gyerrsn €CHIYR) ]



