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| ecture |7 Inteqration pdalet 2o}

As vecalled in Lecture 12, the woune is shuctured intwo paviy. The {%’m#/aau//J
organised undev the slogan “spawas a stuge fov things " emphowisecl the

following concepts:

mehic spac, fopelogical space, symmey quoups, continuily,

conshucting wew spaws fromold onea, compachneds, Hewsdorf? spacen

The secondl part, “spacas a stage for mofion . han beenorganised avounc|

The wncepf gﬁ a funcfion space . Wi th Preard's theovem in Lecture 19 we

301‘@ jl"mP/e of the funclamental vole such spaws play in the study o dymamfd
But something ismissing. Recall fiom Lectuve |6 fnat by fhe Stone - Weiershass

theovem the hﬂ‘gomomefw‘c po(ymommlf aveclense in C(§™ IR). Butthrs
result is not conshuctive (al*houaln,j-ee E x. ue»s) n the sense that i-cloen

not pwvide , given f:$Y—R continuow, an algoriﬂom for calculah’ng the
weHicients an,bn o cos(n®), sin(n®) in an ap/owxfmaﬁﬂg polymomfa' for 7[

Compave his +o the s ifuation for o vector V' ine vechor space V with
bewrs {LAL).-—/ um}, There is a unique expression d‘(? \V/ 0 Z,w—_\, acwe for
a; € R, anc the woefficients ave "vead off" by the lineav funchionals
uX e\ whichrend v o U (V) =ac. There funchionals fell un

“how much" e v is in the direchion u, -

We know CHs (S5 R) is an IR~ vector spac, anclit is not clifficulf o

show Fhat {ws(nca)} S/'n(h@)}nz\ uilt isa (/'/)em/j /'mdepenc(enf

sekin this vecbr_rpau (eee Ex. L16-2 cnel LIT-1below]) . So itis natuyal

o ank is tisa baais for the (infinite~cimensional ) vector space Chy (3% IR)?
One might 4hen thinh a dual banis ws(“@\xwmd pwoduce the desived coeflicient aw .




However, this is fav too viaive = the M\cjonomefm‘c polywovnfals do net span Ch(Jd} R)

and even iFthey did, inthe infinite -dimensional case we do nok haveo duol basrs.

Too bad [ We seem o lack some loauic wnceph/ta/ Pramewovla fov ouo://zmg wwsMCh‘mly i
infinile —climengional vechor spaces of this Rincl. Te appme‘aLefrumewoﬂz/ whose
study will occupy ug for #he vemarncler of the semester, is HilberFspac  ancl the
Hilbev space sthucture on Cts (51, IR) (ov rather a suitoble veplac@ment denoked L2(5%))
is devivec] fom the mjregml .

Tntoday's lectuve we develop integuails in the context of function spawn, whicl

will lead un to L* spaws, whose shucture we will axiomifise nexk lecture woing
the notion of a HilberF spaq.

Exercse LI7-1 With 5 R/ZTZ plove the f@i’{wi{m@) J)n(ﬂ@)} - {1}
’ h’neaﬂg mdepemdeﬂjr m ch($§" CIR) (sothe expresivns in
a{"’ (7-0) of Lecturve |6 amumiqme)_ In Pa/w‘fcular this s hows
that Chs (8% R) is infinile—climensional.

cos (®)

Exevcie L17-2 Rove € 5 C%(Si/ 'P\) is not i the linear Span ot the

lineav/\j mdepenclem set ronsideved jn the previows exercile.

Def” An inlegral pair (X, §) s anonemply wmpact Howecorff spaa X
hzﬂeﬂnerw;f’hquﬁmchon j Ct (% R) — R which is h'hear

and satisfies for all £ CH(X,R)

| Twheve OC7/OmeOm37[Uf
(1) If F7 0O tnen I3C7/O) and all xe X f(x) 770

(i) if £72O then f)ﬁ O ‘{—omdon IF)C O.



Lemma LI7T-0 Fora< b the Riemann Mfegml /[a,b? ceh([ab],R) — IR
7{\/\% an /'nfec]m[ PCHT ([a/'o7} I[albj )

@0_1”— For la'neam'fnj ree T-Tao Z(IAMC(I&S('J T" Theoverm 11.4.1 (a), (L), Londifion (v)
is ivwvwech'akﬂam f/l/tedeﬁ'm//h()wf-

For (i{) suppole f[Q,b-] )C =0 ancl that £(x) > O. Then f—|( ( ZF(x2), 00))
Ps an open weiglﬂ bovhoodl of Xo, which contains o clored fm%ewai/ s

Xoe [c,d]c £ ((2F0x),m) ) € [a,b] (c+d)

Thew P= {):q)c} [c,d], (d, l"]} is apavh’ﬁ’on ancl The funckion

0 xe [ac)
j(l) zg L) e fod]
0) x e (d, b

(s Pieoz-uu»'fe constont o it venpectfo P henw sina f 29 wehave
j[a,fo]JC = _J_[a,ta]JC 7 P'C'j’[a,\a] 9 = (d-c)5f(x) >0
which is awonbadichivn . Hene f= 0, paving (i1).

Lemma LIT-1 TF (% f} (s an J'mLegm| ponv then for 4:,9 e Ch(x,R)

() f<gimplies [£< [9 C£< 9 meons F(x) £30) frallxe X |
() 1§11 JIF
(‘10 IC'}T(XJ\R)%’P\ IS (AVHF’E)VmL.j (JOI’)HV]UOUI.



Po (i) If f<9 then 9—F70 o Jg-[f =[J(-F)>o0.
(i) Let Dedn- besucntnatr AJF = O Thew A < [Fls
[Tl =AfF - 28 (18l
(i) Tmmecliate from
[ Tp-Ta (= 10G-9) = [If-3] < fdulfia) = V- dwlfo)

wheve \/:fj—- ]

Exercie LIT-3  Give a continuons [near f not equal fo the f[n.\:] ol Levima L17-0
for wiich (fqrﬂ, f) Is also an /ni‘egm/pafr.

Recall that by the adjunction Pvapev{y (Theovem LI12=4) for X, lgca([j compack
Hausdorff we have ¢ bijection (infact, oo homeomorphisim Ex. L12-13 )

’\_‘EX,\/,Z

Ch(XxY, 2) — s (%, ch(Y,2)). (4.1)

F > { x> F(x) ]

We can wse this to define fhe M ot in’re@rql pcirs- However, vn on:fer%opwvefha/‘
thedefinifion is inclependent of the ordev of X, Y wewill howe 1o use Ex. LIE=I1 which
in twn depends on Uryrohn's femma (which we have mof/abouew). T will provicle cc

Pmafi of this lemmo. at the end of +he remestev, but for the imoment T w/’/!J'uw}-

tontinue fp f/ctj exPh‘ciHy which verulfs clepencl on it. Tnawny cowe, the inclependenc

is aliwo a conrequence of Fubini's theovem when X) Y ave of the form ?)‘WJVL
in Lemma LI7-0.



Def™ A ﬁapo/ogz'(al R-vector space is avector space \/ Fogether with e ﬁapologﬂ
on the undevlying sefof V. such that the shuckural maps

\/x\/%\/) RXV—‘>\/

(v,w) — Vvtw (A, V) VAV

ave all continuoun. A 4@,90(03;'(@) vector space is in pavﬁ‘cular a %po(og rcal guoup -

EXe\rCUE L|7—L} PWV‘Q -H/la} fF X K [Uﬁa\\ij wmpad’ HO\L‘SC[O(Fﬁ OlV\C[ \/ s ahPO[OS].CQl Vec-'-ur
Space Fhol Cis ( X,V ) wifh the I’OW'PG‘CI-_OP”‘ fopelogy and the Foimfwire

oPemﬁom (cron p-©,@ A Lechuve lé> s ctopological R-vector space.
( Hint '-J'wxf wpy he Pwo’f o-ﬂ Lemwmar le—é) .

Lemmo LI7-1h Let (X, fx), (\//f‘/) be infegm',ba"‘ﬂ-ﬂ/?e“ ( X*Y, fx*\/) i)

an integval pair, called f%e/owdud integred paiv where Jxev is

defined 50 antv make the diagrum below commute :

J,xf‘/

Ck(XYR) ——— - - - - — -5 R
Yyym | = /[J'x (r1)
Ch (X, Ch(%,R)) J" Ch (X, R)

ye—

Assuming fhe Urysohn lemmo. Jfl/\eqfollawrng diagram also commutkes

Iy

be Y X=Xy Ch ( Xx\/) ]RB > R
vs ﬂurmew\mP N
(o m) 1= (09) (-)e3 In (r. 2)
Ch (Y% X, IR) Jy
'\f\/,x,\(k LS
Ch (Y, Ch(X%RY) > CEs (VR)

S»k"_



PUOU\Q The spaw X* Y is (,ompadld\ausdovﬁl(ng Lemma LIO-2, | emmeo LU=
Let wn fint unpack the definition of fx%‘/ Given F+ X=Y — IR

Ch ( X*Y, IR ) F
[ y
Ch( X, Ch(Y,R)) ¥(F) % —> F(x,-)
[\ﬁ°0>
Chs (%R) Lo ¥(F) xijF(x,\j)dy
[ &
R L Jyee ) [ ], FOendyox

By Exercire LI7T-4 afl s paces involvec are %opoloa)"(al cechorspaws . The map

Yy, v, R islinear sine

Your (F @) = (Fra)y)
= F(xy) TG (%Y)
= YX,Y,\R(F’)( )(y) Jr\fx\/\R C)(x (V)
= [ v, R(F)E) + ¥y, (G ()
:[{%Y,Y,na(l:) +fx,\/,[R(G)}(x)](y)

which pwres Yo v (FFa)="txv,r(F) t¥xv,r(C) Similavly

one checlks that ¥y, iR(—A):) =N\ ¥xV, R (F). T%emalo fy"(’) is also

linear, since [ Jy° (F+9)]0) = Sy (#63+309) = [, (fs0) # Jy (902))

and f)'ym'(avlj NeOF)=AN[5f. Soon o wompodife of lingav maps, Jxwy is linear



H vemains o check the axioms for an integral paiv:

({) T F =2 O then for xxe X the funchion F(x-): ¥V > IR Vlon~Vl€L:/]Ot+7'W/
So SN fy s an mfegml pair fy F(z-) 20. Henw x1— jy REED
is amowfvwfjah‘\re funckion, which han now—nef‘/aﬁw mire_gm( Jxny F.

(i) Suppore F>O and Sy F = 0. Tat means that the function
F, o X— R defined (Dﬂ K (x) ':fy F(x,=) how [x Fy =0.
By i axioms fou fx we dedue Fy = O . Bukthen for xce X
[y Fl2,=)= O yelds F(x=)=0 andhena F=O.

Assuming Urysohn , we have fo show the fwo ways avound (1.2) gre equal

o confinuown [Thear maps

Chx+Y, R) ——> R

By Lemme L17-2 below it suffiwn o show ﬂ/)e(j agrez on o clense subel A o
CH(X*Y,R). Butas o consequena@ of Jfone-Weiershass (Ex. L6 ~11) we
know a convenient clense subsel; namely the set of all frnite sums 5P proclucts
o dundhions £:X— R and 3:‘/—3@, 1e.

A= {545: | freChxr), 9ccb(4R) |

Sina the fuo wagrawund (I=2)ave near, toshow they agrex on /A

i+ suffien fo show )fl/leg agree on o 5ngle Jﬁg with £+ X— IR, 97 —IR.
Butfhen both waxs avund are eanily cheched 10 send F = 9 fo The pweluct
(fx)‘:)‘(fﬂ ) sowe ave done . [



@

Lewma L17-2 IF £,9 :X— Y are wntinuoms mops of topolugical spaws,
witih ¥ Hausdoiff | and A € X s clense then fla=3la

implies f = 9.

Pocd  (Consider the oomﬁnuou/)map (4(‘32(11"))

X 2 XX s Yy

sine Y is HOLusdoKfﬁ ﬂ/\iclt‘agonal A= {(%‘ﬁ) lye ) V%Y i« C(U/PC{}
anclik preimage undev the above map { xe X k F() = g(x)} s
theve fore closed in Y. Henw if A< X isdense and Fla =914 then
A< x| #(x) =900 and thevefore x| Fx)=910)% =X.

The outwwie of Lemma LIT~1is es;emﬁ‘al(g Fubinils theovem: we may interchanye
Yhe ovder of integrals, sovoughly speaking  (voughly beawuse oy, “dy”
howe ot enlkered our notation )

L fx FOsdxdy = 57@/ Flry) = JX y\/ F(ny)dydx

E>cople LI7 - | @mb:'nfnﬂ Lemma LIT-0, LI7 = 1% we have an integral paoiv

( J_—qt/[m]x. - X [Qm/bh7, f[Qu"'"] f[a:,\aij ffqv\'\/m] )

for any collection of intevvals.

We leaimed in Lecture 7 a few othev ways of conshuching spacn : disjoint
unions and quotients (anct pushouds, which weve a combinadion of the fuo ).

T+ s natural Fo extend Hhese opelrations fo fn’regml pairs.



E xevcire LIT-5 (i) Pove that if V, V' e fopolegical [R-vector spaw o s >\

with the produck fopology ancl the wsual eperztions.

(i) Let X, be loca[(g rompack MewsdorfE and V' o +opo(o@|‘c0bl
R-vector space - Flove that the bijection

Ch(XwY, \/) . Ch(x,\/)%chw,\/)

F (F‘x, Fl\/)

of ExLT-6 is a [inear homeomovphisn (thalri, an ispmoyphisim
JﬁJroPolog[(a\ vector SPC{(!Z/)>. Hemgjoucwe wing Ex. LI7-4 ancl (1).
(22 olso Ex. LII-T and Lemma LIo-5). (Hint: you might like to

fral prove (X wy)xze(Xx2)u(yrz). )

Lemma L\7-3  Let (% Ix), (1, Jy ) be mfegm’pam‘ Then (XLY, [xuvy )

s anintegral pair where Jxuy is clefinec so onfo make

e clfagmm below ommute -

YXJY
Ch(XuY,R) —-—----—> R
Ex.\7-§ | = /[-f—
Ct (x,R)xCh(¥,R) > R xR
x Uy

Pook  The space X LY is compact Hausdorff by Lemme LI0-S, Lewma. LII-§"
The map is confinuows and linear an a composite of Lontinuow linear maps
(wing E x. LIT-5 ). Theaxioms of an [n%egmlpairam immecliate 51
XY =R fhen FZOiff. Flx> O and Fly7 0 . ]



Lewma LT Let (X, Jx) be an integral pairand ~ an equivalene velation
on X such that X/~ is FHausdovfl. Then (¥ ~, J’X,M ) isan

integval pair whee fx/~ is the wimposile (p is the quohentmop )

(ep Ix

Ct(¥~,R) Ch (X R) > R

Roof Thewmpoai’rc is Lonfilnuowo and lineav (and X is compact bg Lemmar L1O fl)Q
If £2 0 fhen £2p% O and hene [y f = Jx ()70 Tf £ 720

and O :fx/«:]c =fx(lé°/°) then 7£°/O:~O anc hepa £= 0.0

Example LI7-2 We clefine ( ) l/ Lt ) = ( e zn]/’“/ f[o,l‘{t—] ) ) where 0 27T,

Noke thatow Exercise LIT=3 shows, o spaw can be equipped with many

integrals, and for Instance waing the clefinition L[o/1] [~ would
incluw a diffevent in’regml on &% We chogre [22T [ ss that

fsﬂ_ 1 = 27,

OF coune we ave freatp we o di Hevent model of Si/ say 'R/?—”K/Z, but while
there spaws ave homepmoyohic if we want fo “mnove" J52 4o bedefinecl on
Rl27Z we haweto SM which homeomovphirm  f §'— Riznz we

mean and then we would obtainan integral pair from

(o g (Y
Ck(Ranz, RY —— Ch(s R)—>R.

/]nywag, the pont is that while we can swikch awand behween Rlanz, fO/UT]/N)
YO)‘]/N) {(1,‘1) )?m"flc\} on S_PCI_(!Z/)_ we mwmt be moye ccw‘efml an )'nfequql'paﬂq .




Exavnple L17-3 Let X bea finike CW —complex with pv&)emmﬁon
Xo, X ooy Knat, Yn =X For > | choore alhomeomouphism

’\P, . f-l/ l-‘\‘) — DJ (Tl/le\]‘—d\'.vk) This ts ot e usual
J R iemann '\MQS\ralOV\
e divk |

ancl we make (D)’/ jnj) an in*egral pair wing Vj and /}o){]\)"
We make Xo=11,..,r} an inteqrz| poivr withe (cf. ExLI2-T)

CH(Xo,R) YR, fr— =i, f(¢)

Ten by incluction anc Lemmoas LI7-3, LIT=4 we obtain o
continuous linear map I s (X, 8 ) ison infegral patr. Thrs
will c{epemclonmecl/loicwf prm@mf‘ah‘owancl ot the “6‘, butwe

can at leant choore = td camomfca\l\uj.

J

Exevtlie LIT-6 et & be c finileunoriented 8raph and X(G) e associaked
CW-complex (Ex.L7-4). Compute fXCQ) 1.

Lemma L17-5 TF (X, §) isanintegral pair then di(£9) = le"j |
C\eﬁvw) a (me{y{c on C (X;\R)‘

Roo? (M) Sine 1F-9]70 wehave df(f,‘ﬁ) 7 0.
(M2) T 4 (£,9)=0 fhenby axiom (it) of aninkegeal pair [F=91=0
and hene §=3.
(F’l?>> Cleavltﬁ d[p s stijwe%”O
(M4) Since [F=g1+ 9= 7 [€ =] by fratianyle mequality m IR
we howe by Lemmor L\7=\ (i) Hhat I|P—g\ + 5\3_\,\[ > Jﬁ\,ﬂ_\,\l
ond henc the iongle mequc«\‘\\mj holds.



Wavning The we e ‘]‘Dpo]ofj\j on CH OGRY mduwd oy d]S i ot mecosavily the
ompatet -opein Jopology ! Tn povkicular dj and deo need notbe
Lipschite equivalent. Asue will see next lecture the mehic space
(Ch(&RY, d ) is not wmplele (<f. Gowollawy L13-6, Ex.L(3-9)
Tt's vompletion is o mehvic space L* (%, R) whichis am\'mpuﬁuvxl’

and genuinely new oloJ'ecFJ o be studiecl nextlectuve.

Remarl The potion of “infegral pair " is based on an appach by Bourbak< 4o he
Lebesque inteqrad in the booR "Integrabion”. By the Riesz mpmenhh’om
theorem evew ivnfeglrai pair (X, I inour sense avisen fiom o unique veqular
Bovel meuure ., with [F =[Fdu (theRHS being the inkegired defined
by the measure) . So onc you have acquired meonuve theouy evewthing we

say abouf infegval paivi £k maﬁ,(mllj ,’vﬂnﬂmhv‘ovy (see also E. M. Stein,
R. Shakavchi “Funchonal amlysi& L. 157 fov the details ).

Remark  Let \/ be a topological R-vecor space . By ExLIN =l Vis Haurdov P
TFomdomle if Poinh in\/ aveclored (this hypotinesis s semetimen
added b the def" of topolegical vector spaws , see e-9. Rudin
“Pancional analysis" p-7 ).

Exevcise LI7T-7  Let X be wmpacf—Hamdo/Ff sothat C:=Ch(XR) is a Jrvpologfcal
vector spaw (whichis Hows clovH- "’}/ Levavmon L\3 -1) . Rovethod C
is finite- cdlimensional it ond only if X% afinike rebof poink

(ou may use the Urysohn lemma ).

e

Exevciie LI7-8  [et X be compeict Haurclorfl. Pove C (XGR) s locally oolm()acl‘
T and DV\W it Xt o fv’m’lﬁ sei—a'f)— PD]"’\'}T (ﬂeaz/lmv'nly with tlu disarele haP.)




SO[WHDV]S JrD se]ecfeo\ exevcises

L1711 S‘APPore Ao t anl(q"\ 05 (nB) + bnsin (n0) ) =0 as funchouns.
Then cirffevewh‘aﬁnfj Uie(ds

Z,:, (—nan sin(nO) + nB“wJ(nO)) = 0.

N
Zﬂ:,(~m2amw5(n(9> —n*basin(n8))=0O

Se{'HV\g O =0 n ok Yhese eq uotions gr elels

Zﬂil V\\On= O
ZN V\Qam: O

n=|\

S n3ba=0

Co“ah'nﬂ evely ;ewmd equuﬁuv\ 3tu%"]’1ne ma’rv?x eqN

l 2 - - N b,
3
l3 Z’5 N . _ O
! ! o lo
|2 - N N

thch (S
2 2 x 2
o2 N s -0
D y
e N-
- (N¥) N |
\_’f—w



RuF B is o Vandewmovde mahix whore detevminant is nonzewo, so we wunclude
by =0 for|<ceN. Sivvn(aulj a =0 for |S£CE f\j/ and then alio qo = O . 7]



