@,
| ecture 1§ - Banach space apdabed 1510120

Lanstlecture we definecl an integval paiv ( X, Jx ) fo be a compack Hoauwsdof spac
fogether with o conhinuown [inear maip S Chr (x, Ry — R satisfying some
positiviiy puopestien, ond we defined e« metvc df on Ch(¥%R). This begins fo

fulfll an cnalogy skefched in Lecture 13. By Ex.LIT=7 fhe vector space Ch(%R)
(s finite~dimensional ife. X is finile, in whichcone itis homeomoyhic fo IR™ where
| X| =wn. Tn e finik—dimensional case, the following mehics on CH (% R)

o (£9) = oxex | £ =36 |
da (F/‘ﬂ = { erx [’HX) '3(*) ‘2 } &

: (1-1)
Ao(fi9) = { Taex] F9-9017} 7

do (£,9) = sup{ | #0:) 90| [xex]

cwe all Lipsch itz equivalent (see Tutonial 2) and hente determine thesame fopology,
Wl’lich s 'H’IQ (A/)lAOlI J‘DPDlijlj o ‘R.H = C'h (X) IR) . Nole H'\a\' ({])'-y“}) > ) s cn
\'Megml Paiv’/ where 2+ IR" R sends (xy--,2) s Zn. The same fovrmulan

make renre for any mfegm\ poiv (X, J’xj where 7‘1423 recd

O\\ (1‘3,33 = fx l ]C N | ‘ | Chere mebics depend on j’x
2 2 butwe donotindicate
da (, 9) = { fx| F-gl 3 ’(l/u‘s)n1/Mevmirdﬂ>_n‘Ok
: (1-2)

l 1
C\P(Fx‘j) = { jx\P’fi‘P'ﬁ & P71 oy veed

number,

do (£,9) = sup{ [£0)-30)) |xexT

Question = iF Xis infinite are Hese mehics Lipschitz a{ul'nfa/enf 2



Suvpn‘smﬂlg the answer is No. The concephual veanon is thal votevey infegva ble funckion
is confinuowny  (this dristinction is of coune invisible fov X finile, wheve evew funchon X —= R

is confinuown and thevefore alio in feg rable ). This obsevvation explatos why the mfinike —climeviional

case (hevewe mean CH (X R) infinile~climensional ) is much vicher.

At least one of these mebics we undentand : (CH (% R), doo ) 17 complete and ifs
asrociated fopology 13 the compack-open fopology. For 1€p< oo The mebnc spaw
(Ch(X,R), d\\:) is nof mw)favi{j comlale\{ it Xis infinile, and so it is nabual
o inhodue the |LP-space  (cletails below )

LE(X,R) = mebicspace completion o£ ( Ch(X,R),dp).

There spaws are the baorcob)‘echo}a functional cmalysts,, and they cany (in
addition o ac mehic) The vicher shuctuve of a. Banach spac For p=2 The
spaw L2( X RY heow an even vicher shucdurve: itic oo Hilberk spacw . Thepe

are The canoneal excaumples of Hilbev#spaw) ond (the wwmplex anailogues #)
These spac give the foundational mathematkical theony #7uamfum mechauniee.

Exevcise LIE-0  Rove thal evew in}egml pair ({/,...,m}) f) is of the form

[§ =252 fx)

for some positive conshants K- A €IR . The wweaponding o,
metic we have encounteped in Exgmple L -0. Pwve that

the mehnis {dF}FM) doo o (1-2) ave all L.'pfchi*'z equiv‘aleml“
ancl defevmine the standard fopelogy on R™ (5o there is nothing
new obtained in the finik case by considenng ottier integrals ).



The plan now is to check that dF is clmeMic, and inhoduw the notion of wmpletion
o amebvic space in orclev b clefine fhe L—F-JPC!UJ/). Fov this if is veuy wnvenientfo
inhoduce The nofion of a normed space . For the ﬁ)(lowmg matevial the veferenas are

* Hewitt, Shomberg ((ﬁea’andabjﬁﬂchma(ynf " Chol (also P $3)
+ Rudin “Funclonal amalljsl'g " chl,
* Cheney “Anclysis for applred mathematice” Ch. 1.

By & Feld o scalars [T we will either-mean F=IR or [F= C . Tn bothcaen

wee have the function =1 TF— IR (hich is the abivluke value if F =R and

is Me modus |aeribl = S ca*+b2 if F=C. we make R, C bofhh into bFologrcal
vings with the usual opevadions, wheve ar atopological spae € = R ™ undevthne
bij“ech‘on a+ib <« (a/b). Then [F camies e shucture of ¢ h)/ao}og;’cal nng anel
-1~ F — R is continuous. Tn whatfollows, I s a feld 2scalan.

Dt A norm on avector spac \ over IF is a function lI-1I:'\V/ —> (R such thak

(N)  ([VII20 foralveV, and (INII= O if andonly £ v=0.
(N2) (| Av Il = |A] IVl fvall AelF and ve V.

(N3) |l viw(l < (Iv]l + Jlw ] for all v, we \ (vaang'e 'mec{ualih)

The paiv (v, //'//) is called a novmed space over F

Exevcice LI&-1 If (v, “'”) is a normed space then (\/) C’) s mebic spaqy where

dv,w) = ||v-wll.



We call the mmebhic of the previown exevcire the induwd (ov asrociated ) mehic.

Civen anormecl space (Y, 1-11) the associoted fopology on V s the mehvic Topology.
Becaveful = it may he that V already had o topology, but theveis no guartnies
that a genen'e fopelogy T on avector space \/ s compatible wifh a genevic movm |-l
in the sense thal™ I equals The fopology asiociated o )=

Example L1§-1 (1) (IR;H) is a novmed spae ovev [R)

(i) (C, \’l) s aamormed spac over C .

Exevcite LIE-2  Let X he compack Hausdorf. Bove that l-lle dlefined by

£ lle = sup} [#69] |xeX]

definen o novmed spaw (Ch(XR), “—“W) with associated

metnc deo. Asan specr'a[ came e shiain noymed spaw

(R 1-Nw) ) N(av-yan)ll = sup{ oy,

We will soon neecl the complex analogue o the funchion spau Ch(X,R), the

Puopevﬁeo F which qre developec’ inthe next Excrcre .

Exevcie LIE-3  For any space X, prove et CH(X C ) isa commutedive C-algebro,

with the pointwire oPem-/—rows. Thedr (s ~
(f) Pove CH (% €) is o C-vechor spaa with the Po'mjrwire oPe\ra'\'-‘om.
(i1) Pove Ck (X C) is a C-algebra (see Ex. L6 2) w,[th the

Pomfw ise opemh‘uns _



Exevcite LIg-4  Tf Xis locally compact Hausdorff prove thal Cis (%, C) is a fopological
C-algebvac with the meac}'mpewJ'oPology (this1s similavto Ex.LIT-24).

c
Def™ Let (X, Jx ) be anintegral pair. The complexified :'Meg;ml fx is the comporile

Ex.Li2-1y J-X < J\X -

Ch(X, CY=E Ck (X, R)xCk(X,R) —> [RxIP\; C
f— (dr, F2) —— (Jufe, fuf) — Jife Fifefr

whichis continuows and Iiear . Writing F(x)=F. )+ fz(x) Por real-valued
7('2/101 we have the exph‘c(} formula

L& = Jdar ifide

Exercire L1€-S  Let X be compack Hauxdov’ﬂ: Rove that -1l defined by

£ lle = sup} [#6 ] |xeX]
defines anomed spae (CHOSC), -l ) over € with oscociated

mehrc doo and associated fopology the compact-opentopolugy. Asa

sPec{al come we shlain noymed spaw)
(€ U-=), Uz 2l =supl [l 32,

Theorem L18-1  With either F=R or €, (X, [x) an integral pair, and |<p< 0O

areal number, fhe pair (GEOGF), U-11p) & avnormed space

over [F where

1£1, = | Foerry”



Moveover if f,cj e CH(X,F) and < p, q< 00 wifle \/P“/of:] Hren

| £9 |, < IRl g g (Rslder's inequality )

ot The main Paﬁ of the arguﬂnem% is fo prove for Isp< o0 and a,;b> O

mf [P e s (IS ] =@

t>o

e[t Pat+ (1-6) BT ] = (ars)F (6.2)

o< <

for whiclhh we follow L- M a\ia\rmf\do\‘s poper “4 stmple Pwo‘{gmﬁfhe Hzslder
ancl Minleowsh (nequali’nj” 1995 . We way assume p>1. Let £() be

fit) = 3t (=) t>0

Then £ (1) satisfien
Fle) = s (-0t ax (1I-8)t"

—_—
—

(5-1) """ (a-tb)

|-

SO«F( (s meeaor,-iweﬁor F< b= q/b, 2ew al = Vb and Pou’ﬁ‘uffor* + 54
Heve £ has b minimum atdo = b and this is ec{uaH-o

fy= T ()" ax (- (E) s

Voo 1- Y
= o 'PL"P



wl/\icl/\PVon/) (6.|>. E)féé-Z)Mde_A-ne 9 o (o, 1) Ljﬂ

g(t) = t'" PP+ (l/f)I’P)JF.

We hewe

gilt) = U-p)tFal — (- -1 b7

R a
whchvanishes (ml\j when 1= 1 = /a+ b. $tmw

—_p -

q'lE) = (-p)-p) 4, TP 4 ep)(—p)(-H) | e
_ —[("P)F’L\/P_lﬂ? . (‘”P)F (=4 )P 101"& >0

It folloun that 9 ho ik local minimum at = q/a+10, whrch requal o

Oc

g(h) = 3(07(1-{-\05 = (“/mby"’am (1-2 =P, P

= ( Vorv ) af (b/a+lo>"’j b" = (atb)

The local miniMMmﬂfg is et(maH'o h global minimum because g Ts
continnouns cnd limy ot §FY = V1imps = 90H) =+ 00 Ty pLOVE) (6.2).

“’l(p s anonm (N Cleavly H‘F'lfn?(% and if || PIIF:O then J;]F“:= O
anel henwe by definifion o an mtequal paiv =0 Wwehave oy lfweavfjry o Jx

e =1 [ JTo Ly ’”

o M1 K P PN



Ttvemains foprove (N3, tnat 15, £+ 30 WEIp+Rallp By (6:2) for oce<
(arb) < £ Fal + 0-8)TLF
Henw for O<t< |
I£3lf = fle+sl
Lemmal7-1() £ fx (lHJrlEJI)P
62 < S [T e -0 T 0l ]
— P LR+ 0-t) P S el
= tTPIRIE s -t TP lell
Takmﬂminﬁmum oper O<t<| and wing (6.2 yields

£+ 9l < (CNF + (s, )f

whidh poves (N3). Finally | h plove the Hslder ineq ualfly note thot by (6.1)

ol TP BT (1= )t b

for alk 1> 0 and bene

|- Vp

e s = )



o [ R Er =gt 91 ]
= ST LR (=)t )

= FETEN (=32t D8,

Takmgﬂwmfi\mumowv o €20 yields by (6.1)

IR Y R A TR (P

whiclais Hslder's l'nec[ualihj (replace f by H:(P/ 9 by EIh ). O

CorO”qm LIg-2 H)ramﬂmhaml Pcu'f (X%, yx) the paiv (Ch (%, 1F), d)")

isaamec space for 1< p < 20 where

dp(F19) = { fx!F-ﬁlf’ﬁ//F.

Pord Tmmediake hom Exerciie LI&=1 ancl Theovem LI &-(-[]

Exercie LIE-6 T [c,d] < [ab] the veatnchion funcion

(ch (o], F),dp ) — (Ch ([od], ), clp)

is confinuoun fov all 1€ pseo. (7%&p=00 cove is Lemma L12-1)

As hon mlveaclg been menhioned, for 1€ p< o thespuws ( k(% F), dp 3 need nof

be complele, o ‘H/le,{:ollowfﬂﬂ countfer-example shows



Example LI€2  (Copsider X = [0,1] and the sequente of funchions f X —>R

fjfven ]Cor N7 4 by

o) 05157/2_'/1'1.
j(n (9(> = ”/;_(1"/3 ‘f']/n) '/L—l/y\<)(<l/l"—l/h
1 o thcx < |

o
I/z__ l/m V, Lt \/"L |

o0
The Sequente (]Cw)v.=q onvenes pomh/ui.fe. +o

1 x>
JC(")Z%\'A 2x="7>

O o< Mo

but this convergente is ce»"an’n\g not uniform (as e unifovmn limit ot continuona
Funchons s continuoun ). So (Fn)ﬁq dver nof converge iy (Ch(%IR), dos )

(F1t onverged, it would have to be o £ ) Gnd hence 15 not Cauchy (cw this space
is complele) . Howrever we claim e sequence s Cauchy in (CH(X1R),dp)

bubshll dvesnot converge, wheve thwaghout 1< p< 20

— '\‘ T
l/L— ‘/P\. v 2 yZ + \/ n |

l/z“’/m ot .



Objewe that fovr mZ0n 7 4, [ N
Y
eip (Fy £) = = 0ullp = § Sl o b ' P

r ’/P
Noke £ is Riemanmm in*ef‘dvaUe Jinw = % fx l F-4a lr}

s P\'ecewl'xewmﬁwuouo)m €.9. '/z‘l'/n b /o
T. Taw “AV\OL‘UJ&]'&” Rop N, B.L) = ZJ‘ — "’/1(1—’/2 ‘r’/n)} c\x }

, [P I/P
= 20 (o) P

- ]

z/F —;/F %fl/l Po[(,tj/’,

\\

which qotato zewo as n—> 00, prving tat (JCV\)MO—.SD ir Cauchy in (fh(xzm),dp).
Nextare show that the requenw (‘I[n):i.v cannof converge wr. i dp ahich will 3 how

s space s not wm,nlek .

Suppose TN Lonvergen in (Ch(X,R),dp) o 9 (mtﬂ is continuows). Thew v [ad]< (T, ]
we have by Ex.LI1&-6 that Frulra v — 9 }[q,1,7 an n— o0 and thisshows that
9(x0) =1 for x> 2. Similavly §(x) =0 forr x<"2 . So g camok be continuoms at x=1=,
amel his conbadiction shows fin cannot wnverge.

Exevcite LI&-7  Ciive a (/Du,mfevexamp’eﬁ? show that nvevgenw WEK_%‘F in
(ch (eI R) dp) for [<€p< 20 does npf imp j poinfwive tonvevgenu .

(Hint: _N__) (However $.— € does imply Pomi‘wue waverge N

« , R
almost evewywhere " in ot precire sense we will clefine later ).



Exevcise L1&-g  Leb (V- 1) be g novmed spaice Prove

foll=0, |l=xl—lyll]|<lx-9]  W¥ryev.

The second rdew%j is somefimen calleclthe vrevene hiangle imequal;‘@_

Lemma LI 7-3  Leb (V, ||'1|) be anovimec spate; ancl d e associated metic. Then
=1V — R is umfmmlg continuowd with respech fo this metc .

forf We have ' IV IE=Nwl \é [v=wil = d(Mw) sothis iy clear . O

Def” A Banach space is o novmecl vector space (V=1 with the prope V}y

that the asroctated metic space (v,d) is complete .

Example LIs-3 (i) For any compack-Heusdorff Spacs X Fhe viormed spacen

(ChOURY, M-l ) (Ch (%), |-l )

of Ex.LI€-2,Ex.LI€~I ave Banach spowy, by Covollaw LI3-6,
whewve [F is mpech‘vt\j IR and C. We denoke thesre Banach spaws by

L2(%,F) = (ch(GE), -lle),

(i) Tn paviicular (R™ \=llw), (C, “’“003 ave Banach spawn.

Howevev i} is not V\eCI/)Jal/f(lj the come ( by Example L18-2) fhat (Ch (X, F), ”‘“p)
isa Banachspace for 1< P < 0 Buf there Is a canonical way fo “wnvert" a novmed

spac info a Banach space, called the wmplefion , which ure will now develop.



We havereen in Lecture 15 (ree Remavke LI1§=2) the fundamental wle that (fmif of
sequene of funchions play in applied mathematics, ancl this explaiss our preference for
Banach spacws ovev normed spaces. Todefine Yhe wompletion of-a normed spaw to a. Banach

spac we ]Lfnl'sf'uc[g the ompletion P-amebvic spac . For thot, we will needl fne following

techinieal lemmars .

Lemma LIS-4 | 4 (X, dx ), (M, dy) bemehic spaces with (% dy) wmplele, and let
A< X beodene subset. TF £F: A—>Vis umfﬁ)rm/y wnPMudws

then Theve I5 a unigue continuons map F: X —Y ma/ﬂng

X ===
vommute . Nomsovev,ﬂx\f; uvn‘que F'l“s fkelﬁumfmm'y continuowg .

Rodf. Um‘quem&s follows from Lemmon LI7-2 55 e need only pwve exisfenc .
Given xe X choore g requence (Xn)ieo in A with xn—> X, This sequence
is Cauchy m A ancl ro {701“)::0 is (auchg m Y (the image Fa (cwtclny

sequehce wmdera.umi—ﬁ)/m{jww%muow map is (auchy)_ Seb Fo = V\{K“Doycxn.

If (7@/\ t\o«o N amoﬂvo_rrequema comvergfmg fo x, it will he e?w'mlemf‘a/) a
Cowxchy fequenc fo (xn)neo (Hnatis, V€20 IN (a7 N = dx(m,xi)< € )).
We claim (Fxn)neo it equlmlemfﬁ; (fx., )n o.Ciiven €70 flheve s by uniform
wmhnwhj a & >0 such that cx(v4,2)<d implries dy (fy,fz) <E&. Choose

N such that for 1N we howe dx(tn, 2 )< 8§, then dy(Frn, fr.) )< €,
onvinjﬂwc[a/m, Hene 1imMy oo F2, = M, o0 22, and 50 Fx 5 well-defined.

Clecuflj Fla= f sinw if xeA we may choore e constant sequene An = .



It onlj remains o show F is um’formlf/ continow . Lef >0 he given . We
have fopwclue d >0 such that dx (y)< & implren cy (im0 Fxn, i, oo {f9.)<¢&

where (X )neo ), (9n)neo are (auchy fequenten wnverying 2 2y Vt%pecﬁ'vﬁ{y,

But f is um;‘yform(jwnﬁ‘muumr lef §>0 be such that de(a’)< fmplies
dy (o) fa') < /3 Then if for x;y € X avbihay we hawe dx(2y)<d/3
we may find N st for n=> N both dx (stn, x) < /3 ond dx(yn,9) <9/2 50

O’y(Zw,yn]de(Xm,x) f‘C[X[S(,V)'f‘C()((V)yh)
< St 95t
=34

Henw oy (fxn, fyn) < /3. Now, posibly by Increqaing N, we cam also
awange for dy (£an, Fx) < &z anc dy( fyn, Fy)< &l3 for n77 N o

Anallg) 747;’ any V)ZN

dy (Fx Fy ) < ey (P, fan )+l ( faa, bgn ) + v (F9n, Fy )
' 5/'3 1 E’/? t E/3

Overall this shows that & dx (2,9) < 00/3 then dy[F)f//L@) <€, Cwlf*e?m/'l’!’q“ ]

Exomple L18-4  The subref A= (O, 1] is dense i [0,(] but sin (:_l) ' A—> R commof
be extended fo a copfinuowns function [on]—> R, s the Levmme

Aven mo*mecwmm'ly holel if £ s not um’fovm/y vontrnuoas .




Exerciie L18=1  If A< X, B<Y cwe dente subrelr, then AXB is densein X*Y.

Exercire LIE-10 Tf (\/, ”““) IS QI/PDWVIQd V‘QC‘['OV SPC[C,Q—OUQ\/ ﬂ: ﬂ)ZVZ w,’ﬁ/lﬁ/,&
Jropolo% associated 1o “‘”) \ is a‘l‘opoloaical F—vector rpa.

Lemma LI§-S Tinthe wnlext of Lemmac LI3-L suppore X, ave fopologrcal
[F -vector spaces (rn their metn'c topologied ) and that A is
avechr subspate of X . Thenif f:A—>Y islineay, sois
the extension F

Fror? o say that Fis linear is o say that the diaqams

_‘_ °
M ox Y —— X Rox X ——— X
FxF L J/F IxF L S/F
VY — sy RYY ——>

wommube. But Fe 1, +°(F*F) XX —= Y ape oom‘v’nuuw)vwapj
which agree oncdense subgpace A xA € X» X (sina Fla=Fir limear )
sothey ave QC(U‘C‘{ by Lemma LI7-2. The avgument ﬁrf’heo/%erdr‘agmrm

is omilav (here we howve vsed Ex. LIT-4) . (7

Heveinoutline is the shadegy = for 1< p< 00, amcl an integml pair (% 8% )

< hom the nowned spac (Ch(X, ), “"le fake the mehic spat (Ch(F),dp ).

* De\[ﬁne LP(X)\FBCL/)QW]Q‘}V\\(SPQUL ‘l‘o\ge_ﬂ\e_wm])]eﬁo\/\g'ﬂ (Ch(X,U:),C(p)

© Lift the norm H'“P on CHr(X ":B to LP(XJF) 0 an Fomeche Fhir o Banach pau .




Lemma L18=6 Let (X, clx) be g medic space . Therg lafion (fh)viv N(% )f‘/o
. (d(fm%))nago 0N Verg o) fo zelp 5 an gqu/vﬂ/fme relation

on the sef of [auCMj (equetncwm X,

Puocd  Fintwe pove that ~ is an equivalence velationon the sef of Couchy requentes
(#is wan acdrersed in ov slightly d/][,éem?l/lffel%ﬁj in Tutoial § @3)_ Tve velafion ir
cleavly reflexive angl ngmefwc) omel if (Xn)neo ~(Yn)nzo , (92 )nzo (Z“J
then d(xayn) = 0,c(¥n,2,) 30 and d(xm )€ dlta,yn) t(90,20) s0

d (tn, 27)—> O ancl heng (Xn)umo ~(Znneo. So~is an equﬂfa/emc& velation. [

Exercise LIg-II Tf {‘(X) K) —> (\/O[Y) 5 uwf]ﬁorm]y confinuows then (G) if (Xw)[;o_n
I Cau\claﬂ in X then (an Jn=e is CQU\C\MJM Y () f (jf"')n-’—o/( n)n =0
ave (auchg requenc% in X then (><~ n=o ~ (X )w—v /zrn/a//eo

(/X”ana ("(7[12/1] n=o [n Y

Theovem L18=7 Let (X,d) beamepic space, and lef X denole the set of (auchy

sequences modulo the equivalenw velation ~ defned above . Then

()2, i) is awetvic space with metn'c
d( (70, (332 )= limd(f90),

This weic space i tomplere, The canonical map (x,d) — “2/ d)
sending x to (*n=o is injective, distuna preserving ancl hov derse image.

We call ( >2 07) the compledipn & X.

Proo (d fn9n) ),.oo,o is Cauchy ((fhﬁn Voo is Caunchy in X> X and d X=X —= R

s Mm;fovmlﬂ wondtinwows (Ex. L13-3) sothis follows fum the fack that the
mniﬁ)rm\ej wn¥inuowo jmage of a (auc#y Sequent (s Cauchj (Ex. L&)
Heuw the imit d((f)neo, (90)nes ) € R exisk.




o Jis weldefinecl « suppore (F)Zo ~ (5 )2, (hneo ~ (3020 Then

((f”/g”)):zo ~ ((ﬁu/, gh/)):io i X‘X

Heuce (’)‘j Ex L&,

(d(fn3n) 0 ~ (AR,97)).-.
whiehimplies “m”"md“"t%) = “mm—aood(F“// 9y ), so; is well-defined .

s CT is ameinc: (M) The set [0, wontains d(fa,9n) brallne IN, and hena clso the limif
sina this et is closed . Hence d( (f)i2e, (9m)nzs )) 7 O -
(M2) soys d (0o, ()6 ) =0 = ($)te =~ (9n)nmo which
is hue by definitron of ~.
(M3) says d s symmehic, which is dear.
(M%) Lek Cauchy seguences (£2)Z0, (9n)nes, (hw)neo be given.

Then each element of the requena

( (o hn) — Ad(fr)97) —d(97h))neo

lienin (=20,0] by (1) for X Henc the limit also fienjn (0]
But IR is atopological guoup , so e can exchange Hiwovdev of
this limit ancl the cvitim ek opemHom to fAind

[y e0 d (Frshn ) =i s0 A (£0,90 ) = ity 5o (gnpou ) < 0,

A

which proves ML) fr X .



. X is a dense SM‘OSPCIC?.U'}?—)Z D-&ﬁwe ¢ X ——3)2 lafj L(JC):(I):ZD [(-e. f’he wmrfamfj.equg/;(g/,

This is deaz/lgdisbmce/gwewmg henw /'n/’ecﬁme. Lef f= (fn);cco be a (auchy requence /» X .
Then (L(fn))n=0 isa sequente in )A< ancl

C?(b(fm),ls)zn/in;c/(fm,{n)' (18.1)

Ciiven €20 lef N be such that for mn 7 N we have C{[F”/Fm) < &.Then for

mzN e hawve o/I\(L[FM), (fn)no ) < & which sufticens to Show that L(f+) — Fin )€)
5o L(X)’:i isdense.

% A ")
© X is amplete Let (Frdneo be a (auclflj sequente in X, S fn = " )a o.
Sine the imageof L X— X s devse, we may Fad for each >0 an

element W\GX with d( Ly»), F. \) < /n. We claim that F = (Uh)rwo
is Cauchy ancl thot Fo — F withvespect o d

Tosee thot F i (auchﬂ lef €>0 be given and ure that (Fndnzo iy (auchy
fo find N such thal for mnz N we have Ad(Fm, Fr) < £/3. By increanny
N e moy also assume N > s . SIncaol hon a/Vt’ady been shown #o ko

amebhic, we may use the Pangle inequality fo calculale for mnzy N
(and hence both Ve < &3 gnd m < S/3,)

d( iy, ulym)) < J(”V"))Fn)"_c/{\(ﬁ) C(ym))
< J(cty), T )+ Fn, Fn ) +d(Fon, tlm))
< Yt &3+ /m
< Hz+ &3t fz= g

~ _ 0
Sine X — X is distance plfwevvl'mg this shows F = (97 Jnew is Cauchj
in K) sothat F 5 avalid element of )A< ~Ttvemains foshow Fa— [~



By ouv proof that X zs dense we know that  (L19n))uZo Lonvevges) 0y
a sequence m )2/ +o [~ Civen € > O we mow thevefore find N ruch that
for all Ny N, J(c(yn), F)< &2 we may also ascume N > /e

Thgm‘(vvn7/7\/ [Jo Y < 2/2)
d(Fn, F) < d(Fn, vigm)) +d(tlym), F)

< ’/VL T g/z
< 2/2_1_2/1: <

This compleles The pvodf thalt )2 s complele. []

Example LIS (@, 1-1) is o medvic space whore complefion is isomefvic fo (/K, /’/)

(of coune if may be thal in your pevonal mathemarical anivene thrs Is
anm gru_g_l@ : but for o “Dedeleind w/‘/’jmg /361/ i is only an isometwy ).

Lemmall§-8 Tf (Y,dy) is a complebe mepic Spacecmc( {:(x,d)— (¥, dv) s

umfaﬁormlvj Uonﬁvxugouw there Ts aum‘que confinuoun map ~ mah{ng

. F
(X, d)——-—-—- — (¥,dy)

=

(x,d)

tommule, andl F is uniformly confinuous .

Rool  Timmediate fromn Lemwa LIS=4 ond Theorem LI¢-7. (J



Exevcite LI&-12  Given meJrviccpawA (X/dx)) (\/rd‘/) prove that

(Xxyyl\—% X,\* 7//\
(i) Voo > ((andizs, (9072,

is adistane preseving bijecﬁon.

Let (V, I, ) be anormed space over IF, (V,dy) theassociatee mehic space and ( \7, dy)
ifs ool/wp(eh'on. We define vemtorspaa operations + V x \/) — 5 oand a FxV — ¥ ly

(vnhizo + (walnte = (vatwn)yZa, A (W)i2e = ()52

Lt is ecwily cheched fheseoperations ave well ~defined on equivnlenu clasrer and make
V iutp an (F-vedor spaa , with zew vector (0) n=o . Nokefhat given (auchy requencws
(V”\sz/o J (Z'\/\V\O\:Oo n \/

(Vadneo (W20 &= d(mw) 20 = (w20 (81)

Sine (Vydy ) is dense in (\A/,cfv) and 1=,V — [F s wnifprmly confinuous (Lemma Lig-3)

theve s aunique (unformly ) comkinwoms mop [[=llg vV — = making the diagram

A2 > |F “noke R, Cavelbotin compld{_J

Cunaing 1 Y icdense " Fav/'cq”- Hlefwozrz

Ive) N
- Va)p=o € V
commube. Moveover 3W€VL ( h)” ° / we hove o Theorem LIE-7 o et (W)Reo = (412?0 V)\J

A

[ izell, = 1 lim g = Jimn Vel

really ¢ (vn) whee (- Vo U is cawneuical.



D;e(" Criven normed Spatcen (Vz “_H‘/)) (W/”'”W) we fay £sV—=>W i porm pmewmj
it LFNw=1IvIlv frall ve

Exercie LIEA3  TF (Vili-llv), (W, =Iw) coe novmed spa@r ancl £V —W is (inear,

then F is continuoun (wed the assocrated mepics ) i it i um‘ﬁ)pmly wonfinuoa .

Theorem LI§-T Let (V,1I-Il,) be a novmed space oev IF. Then (V, (-1 ;) e defined
ahove is o Pgnach space. The inclusion (V=11 = (v, I-g ) s
norm-pveseviing cund lineav, avd the image is denre in . TF
(W, I-lw) s & Banack spacand §:V —> W is wonfinuoua

and linear, theve is a untque confinuoun mop F mahing

//‘ a “The exiskenu et this
Vo= > W unique lfqﬁh‘na F s
called e universal pwpe/M
' £ of- the completion,
\%

ommude , ond s Fis linear. Wecall (Q}f['fl€§m€wmelghbm of (\/,“—Hv)_

M So farwe have o vechor space \7 auel afanchion 1-116 — = which fsum%)wfl/;/_(/
wntinuous with f’f/JpﬁcHo&\- For (N1) we have, sina [,00) isclosed.

[ (wwzo llg = [im [lv~1l 7 0.

T [[(w)iZe llg = O fhen (¥n) 20~ (0)n=e by (1£.1) For (N2,

12 O)elle = 1 OvdiZelle = [im [ Av- 1l

= D im fivally = T (v)ize (]2




For (V3) we compule
| (en)nZo + (wadizo 10 =(1(@)7Zo g =1l (wohmeo (¢

= lim W vt wally =lim lvally = Jim feonlly

w00

l{m ( Wt wally = vl — (\Wv\u\/> < 0.

wn oo

I

So (\A// (Hl?s is oL normed spau,."l'heme}v\‘c é{V associatedto (-1l i

AT ()T ) = (| )2 = (wnhZe 16
= lim || v —tn (ly

= c\\’;( (\l\n):\z—o ) (wﬂ§£° B .

Thatt is, d =do . Sina by wonshuction (V,dq) s complele, (O, I-lio ) is o Banach space.

The inclusion C s obViowaly lineav ancl norm pvesevving, and hou dense image by Theovem LIE-1.
TE (W, I-lw) s Bamach and £\ —> W is conbnuows and linear. By Ex. LI&-13 [ /s
unHformly continuos, soupe moy apply Lemman LIE U, LIE—T and Ex. LI&=(0 Lo o blzin

the desired extension F.(Q

Def” (LP—SPC(CM> Let (X, §x) bean Mfegm) pair and Fa field of scalaw. Fov < p<o0
c.veal number we define the Banach space LP(X, Jx, F) (or just
L (%, [F) iF the choren integval 15 clear ) +o be the complefion of the
normed space ( Ch (%, F), ). e also wiite 1=(lp fov Hie novm
on LPOLTF), calledthe p-noym . Nofe Cts (x,F) s cancnicaly
avechor subspaceof LP(X,FYand Ch(X,F) = LP(X ).




Remark. LOO(X,F> (no depemclet/lw, onan im%@jml) won defined in Example L18-3.

Tosummanse = the vechkn of LPOXE) ape (auchy sequenca (0 YaZo of contimuoan
functions X —> [, wheve the “Cauchy-ness” is teoked with respect fo the dp-metne,
andwe [dentify Caudny sequenas (fn)nso (3n)nzo in LP(XIF) i

| =9 [f—0 @a—a

Thevechr spac opemﬁons ave.

(fi)eo + (9 Ym0 = (Fat )iz, A (Fa)iZe = (M) 20

We fdeMH@ ChH (X, ”:) with the subrel d).a mnshnf&equenm) cd view the W?LCW!
LP(x,TFY an limik of sequences in this sabs el Tf you ave squeamish aboal manipulating
equivalene clases of Cauchysequences, you should pwbably gelover it it's nol
much worse fhon mamipulqﬁnj real numben. we will see more elementay ways

of thinking aboufyechiin LP(X, IF) (ater.

Banach spaces mehie spaces

(LOGE), ) = (L6 de) ) ool vews
excapt mthe cose

(X,55) — (L2OGF), 1)~ (POGF),da) o X fink whiere
. ’ﬂnenj ulloollanQ

b I

\) (LP(X,F))l\']\F ) ~> (LP(X/“:);dp>

) (LOO(X)F))\\_\\OO> —~ (C'{'S(X}“:)J C|oo) jﬂ/‘.i;m[{mow
\

(Ch (% F), 11-Ilw)



Exevcire L1€-14  Tnthe wonlextof Theovem LIE-T Pwmﬂnaﬁhe_ ccvonical

map X = Xis anem bedding (-e-ahomeomovphiim onfo himoge

wheve the image has e sub spa topelogy ).

*
Exevcise LIE-15 Let 12 p<gq <0 Showthat for ciny 1'n’rg(aml paiv (%, jx )
CtVl0| 7C€- C‘h (X) H:) ﬂﬂﬂ" (Hinf - H 6')deV‘ihec{v\0\U+U with 3 = ’L)
L_ L

LI < | £ SVl 1 Tforq=c0 vead e RHS
S an el VP

where V = fx 1 Hena show Hhatthe Tclevﬁﬂﬂ funclion

(chix, F),dq ) — (Ch(x,F), dp)

s cortinuows. By Tmeoven L1&=T there is a unique covinuous

liy\eowvnap - \malf&ﬂnﬂ fudiagram

L) - - L PuF)

/( can.  &— dlj‘LOWlP[LﬁbV\

Ch (%, F) — Ch(xF)
commule, wheve fhie vevtical maps ave the canonical inclusions info
e completion. Ruve that +is F is /nj‘gch'yg) avnd give o
counter-example to show that in genevak F s vt an
ewmbedding of topological speicen ( cavefuk = iF X isfinite it

is & howeomoyphism ).

" Sometimes you'llyee Pepp\e wike |1 L_F) but he,gareﬁu,b



Solutions fo selected exevcises

] L\Q_q | SMPPO!Q & 2 A*B is C[O]Ecl C{V]Cl @ :7L X7(\/ Lef‘ (xl‘j) S X*\/\Q S]“L»Q
this s an open el we may find U< X,\/ cy open with

(xy) eUxVe Q°

Now sinct Ais dense in X, UﬂA%Qé say acUNA. Then sine {afxVEQR S
uemmkF have \/ € BS which is acconpencliction. Hena & = X*Y.

[L18-0] (e pLove fiot that + * VxV —=V i onfinuous at (Vo, W) by

calcula\ﬁ'nq

”_’—(\1'/[”‘.) —+(V°)w°) ‘ = \l Vi= Vo + Wy -~ Wo

< [[vi=Vo || + [[wi-wo|

With vespeck Jo the product mepic on V V s is

= dyxv ((\/,]w\)) (\/o,wo))

s0 wm#muﬂy is clean S;’m{(avlg for scalar multi plication

o T VAR S WA WA |
— =23V e (vi—ve) ||
< IO =2l + 17 (vi=e) |
= [2=Xe | Vil + 1Ae] Vi Vo ||
= 2 e | [ =V # Yo || 4 10 | [N = Vo ||
< = Dol v =vo [+ I =X |lvell
= e v = Ve ||

” AV = NoVo )




Given £7 0O choose
0 < V‘“”{Ewui—on el |
Tren i dpey (3o, ¥e), (3v)) < § we hawe
[Do= 2|+ Vo=V < §
and hence [ o= < &, v =Vl < gind so

gvi=Yeve I € I el lvi=ve [+ - 2o Il
£ o | {[vi—Vo “

<S4 3)vell + el §

< YHs vy E3=C

a/)veqmimd.



