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L@c{uve 161 : Dualijﬂj cnd Hilbem"spaca utpdaLedml(olm

Lastlecture we associated 4o any infegral pair (X, %) and Beld o scalan F

o fumily of Banach spaces (e, Il ) }[sPsOo . But it remains unclear how
o think about ve chows in these % ( whichove, by definition, [imih ”?QCQMCMj
sequen@s of confinuoun IF-valued functions on X ), omdto put it move bluntly -

Question * why cave abouf the Banach spacen ( LPOGTED, =1y ) ¥

Sinee I am ot an exPeV/' in analysrs, lef me insevt finfa b/a%umfa/opea/ﬁ)
aui’how’lﬂj by quoting fom E.M §kinand R. Shakarchils book “ Funchonal analysis”

* Funchional awalljsis) as gevyerally undevs bood, brought with it a
change of focus From the Jﬁzwlﬂ ol funclions on e vewday jeomeh/it
spaces suchas IR, RYefc., o the analysis of-abstrack infinite ~dimensonal
spaces, for example, funchion spaces and Banach spaces. As such

i+ estublished a key frzumeworh for the development e modern analysis. 5

OK, fine, but why Banach spaces 7 The motivation skekched al-the beginning of
Lecture |7 wan that inorder fo compute with infinite -dimensional function

spacer we need /‘nfegmls (4o e,j.def“ez/mfne coefficients of o funcfron on $*
with reopect Jo the Udepse bapis" &~ ﬁyonomeﬁn‘c PD(yﬂOW/bi/I). The way Hhege
inf'@gm/)‘ ave “padaaged s via 1he \SMCfUVPO'}DCLVTDVVVL (Omd in qmomem-/) the

wnev pwduct ) | but weran info Two issues in the previows lecture
(’) Which norna should we ufe? We have ”'“P +fov l&r&oo.

(2) For I< P <@ the norm H’HP Is ot compleke.



floblem (2) is sevioun ( becawse we aflen want 4o conshuct solutions, say of DF3,
by {—alfu'ng limik ) bufecwi(g fixed by passing fo the vompletion. So thal (eaves
Roblen (1) Today's lecture resolves this prololem by explaim“ng why The p=2
case is oa?special impoﬂamcsz. Sinw we hewe alveadg] Jeavned why Loo—spacw ave

impovtant, the conceptual stuge in the theowy o infinite ~climensiomal function
spacenis occupied by fwo main actovs « the Banach spaten

(LZ(X,j"X)C), ll~Hz)) (c«s(x,c), I\-\lm>

(dependson om ,'mLegml pOIIV) (sup-novm, doernotuse jobeqrals)

Thespecial propeviies F L?-Spczce mPhEAEWLa remavkable extension ot our
intuitions about space (which are ulfimotely rooted, e skekehed in Lectuyes 1
and 2, jn our perceptions oF the finile-dimensronal space fmwhich we ave
embedded an biolugical mgemh) o infinile dimensional spaces . To maRe
This precise, we begin with some charmctersations of finik~dimensionality
fov vector spacn over a field R

Lemmon LI3~1 - For avechor space \ ovev R, the following are equivalent :

(i) \/ N ﬁnfk—dz’memjfonaf.

. K
(i) The canonical linear map V' — V' sending v to the funchion
ev., - \/3\< —> F defined bg e,\l—v(-f- ) = @(V) 5 an isow\ovplflf&m.

_Fvi(f_fz See Tutorial / ‘FD)’ dual spacen, and Tutorial 10 for fhe theowy of beares in
infinite - dimensional spaces. For () =2 (i) recall thaki J5 = (NN )
is ex banis for N Ahentheve is adual bewis B = (V- V) for VT
avol in pavticulav  dim ( V) = dim (V).



®

Let wo oompm#ef”ne_ dual of the dual bevis, 1-e-the hanis )3 = (S NS )
for \/**. Note that if £:V —R is ineav Men ap e yector in \/

f= 2 Fl) v

oo may be checked loyevaibtahng both sides on eV and wing /;’weamfj,
But-then by definition

W) =S () T ey

c -

Henw the maP ch_ NV — \/ whncl/\ s cleal/J well-cle kned and lmeav
sends p fo /3 ancl is an isomoyphlsm.

()= (i) (A//'ﬁ/;ootjranj l/\gpoﬂ/ve/m on \V wecandefine evey -V = \/)bK

and this map is cleax/ly linear. Let = IVeJet be abanisfov V (vecll

hat a bais, fnot is, alineavly independent spemmning set, alwzuys exish,

and no matter which one we choote the index set L aluawys hosHoe Jgme
Cardlnalﬁ‘? this cardinal s, by det” tne dimension® V) The linear
maps \/ -V —> R Jendmj ve Vb the (/oeﬁa.cuevwd‘p Ve inThe umtqme
ewae/mor\Uf Vv as alineav combination o vetton in )3 is gHI
well-defined and linear (the (V. }ch Jjuatdo not span Vit dim (V)7 o )

This allows woto Show €V(-y - AV VANET IV\)JQC’JTU‘E’) srnee
Ny
=0 <« f(W)=0 fordl eV

= \/,;J&(V):O for add ce L

= v =0



¥

We now show that f T isinfink, v N =V camol be suyjective
The set {\/C* }L'el is }/neau/y l'ndepemdel/ti' in \/* ("‘ﬂ"ﬂ?) and we claim
thet the linear map A:V—h, X(ve)=1 fovieT jssuchthat

*
{ X} v 5 Vi }[C—I is lineavly indepemc{eml. Tt suffiwn to show that for
o finike subret {Cl)..-,t;z.j < T +hat

"
/btx 1 Zcf;,;\a\/éa =0 ‘nm,)h‘en/./t‘;O.

Ru’r we SJ‘Vnply ‘}theJ‘ S I \ &“‘)---zck} (thdf\ ex;U?lS S/inee I is /nﬁnfk)
and evaluote on V; fo sea ﬂaor/u:(j} aorequimc(_ Now, we moy
extend {X}U{ VL'*}L\C—I fo o basis G of \/*) and define

Fz\/*——sk

onthis banis bnj F(%) =71 and F(u) =0 ﬁ)reve% othev vector (AEE‘
We claim =7 not in the image of €Vi-) V — VI I i were, wre
would have for spime Tin.--, ibﬁj ST and Da €k, an expvession
k.
F = Z)&=| ’Aaev‘(dk
iy
Buf then O = F(\“&) - j\@ ’ﬁ” [<ask wom\d(mpltj =0, Ll

sine. F(A) =L 5F O fhis 1s not the case, so nosuch erpression canexitf.
Thi's completen the onvaeaf (i)=> (). T

Remavk  We will not prove it, but coresult of Evdss «Kap/am/zy says that (1), (i)

above ave fuvther equivalenHo the exiskence of an isomoyphiom of
vector spacer V= V(e Tocobson, “ Leduverin Abshact A/gabml’
Vol.2 Ch.955).



The upslno} is thatHor mfinite -dimensional vector spaces, such an Cts (X, ”:)

for X infinile, e vaual lineav dual is nok well-behaved. Note that a finite-dimensional
vectr space \/ over R may be equipped with o Jopology making if a 7Lo/oolog)'(a/

Ve Cor Jpace (Ex. L7-15) by choosing a banis and wning the rex)ulﬁn% bU\QcHo»\ V= ="
Moveoverthis fopology s Hausdorf, ancl not only is Hais +o pology independent of

e choice of banis, butthisis the only way of producing Finile-dimepsional
Hausdovff topelegical vector s pacens -

*
Exercise LIA-1 PRove that if V is a finike ~dimensronal vector space over = there

is o unique topology on \/ malaing iF o Hausdorff Jropclog ical
vector space (cf Ahe Remavizon F-@O‘Q LI7).

To mahe e next- point we neeclto inhwduce some votation:
Def™ Given afopological vector space V cver TF, we define (assets)
ch(V,F)={FVoF | £ wnfinuous |
Vielin(V,F) = { F:Y—=F | £ fl’near}

Ve b Lin( Y = L1V | $5 b o or |

Lomma LI1T-2 IF Visa ﬁni}e—o\fmem\'onal Hawc\orﬁ? hpologl‘cal \/ed'or space

ChlLin(\V,F)=Ln(\V,F)

Fodf When V = =" as Topological vector- spaws this is clear, and by Ex.(7-/
this is alwowys e . [

/R'ﬂm will m+acv’ua|f_tj be wed, so there 1s no depemdel/)(l
of- later moternalon Ex. LG -1 .



However if \ is aHausdomﬁﬂ ﬁpo(ogl\ca/vec%orj/oace over (Fwhich rs not
Finite-dimensional (€9 Chs (X, F) o soonan X is infinlle, eee Ex.LIT-T)
then theve is adiHevence between these fuwo notions of o dual

ChLin(V, IF) == Lin(VF)

conhinuows lineav dual lineay clual

Tt stands fo reanon that the continuows limear dual, which uses the fopology on \%
and nofjl/w" the linear shuctuve, might be a. better nofion (nofe that the fopology
iS)‘nj Ex.19-| not additional jnsrmation beyoncl the linearshucture in the

Finile ~dimensional case) and that the pathology 1or the plain Iineav clual indiated
by Lemmoac LI9=1 might be avoided by scwitching 7o the “comect” notion of
dual in the nfinile ~climensional case . Given that Yhe fint natual class A

infinite-dimensional spacer we encounter are funckion spaces, we mustask -

Question. Whatis the confinuowo lineavdual o€ \) = Cis (X, /F) ?

The hent thal we could hope for is to completely vecover Lemmoy LI9-1 (), (nif )
That i, somovphtems o,f’_+oPo|egfca\ vector spacen ( X compact Hausdovf )

canmnizal , via eval

Ch(F) —> Ch(x,FE) WARNING:

(*) noncanonical There ave Vague laoPen

~ Vv not (yet) theovem s
Ct (X, F) — CH (% F)

OF coune we fint have Fo decrcle which %ulpo/O% we are Tal lzfng abouf on

fhe funchon space Chs (X, ) (the linearshucture is always The wual one) .
We know fov any ?nfegru)pqi'r (X, Sx) and [SP €00 a norm /f*/l/; on
This space which maken it a fopological vector spate (ExL)8-10).




We would also hawe 4o decide what Cls (X, IF)V isana ‘l@palogrcql vector space

(50 far 'HLISJ'IMT cret). Ona we have fixed all these details the quention o whether
or not Isomovphisms as In B exist be comen o precise quw%‘on, which we can
atfempt fo answer, Inorder to fix there defuils we reahict o normed spaceo,

because theve e vontinuows linear clual hos additional jooc{ ,oz/o/agvheo g

])e,-FYL Le{' (\/) H"Nv)) (W/ //'//W) ée MOVVW@C{ SPQCQA over ﬁ:j CMC/ 7— \/*} W

7 /J'Vleavmqp. (e say T 15 boundec i theve exists M ER withe M7 0 and

// T(V) //l/\/ < M//V//\/ 7%)’&{// VE& \/ (T)

EXQI/C!IJE Ll?‘z PrOVQ ﬂ/)af Tfi boandgc{ f# C(Vld Oﬂllj /ﬁ 25 /J T(V) ”W ’ HV”V :1}
is a bounded sularef o 1R .

Def™ TE T is bounded then we de fine

ITl= su,o{ ”llvl)lgw | v+o |

= supd W T w | vy~

= sup{ 170w | fvlv =2,

This is callec the opevator norm . Hene T O and

JTC) I < N7 1v]y Sorallve

and woveover [Tl 55 the imfimum of all veal numbers M +or which
The inequali{y (1) holds.



Cleav\ﬂ boundednens implien uniform oon‘lﬁnu'\ﬁd) buythe convevse is also hue
(Yhe Follow)nﬂ cesult subsumes Ex. L1§=13).

Lemmall9-3 Let (Vi D-1Iv), (W, ”‘“W) be normed spaces over I and
T:V— W alinear map. Then the Followimg ave ec(w\'vulemf

() T is bounded.

(i) [ is umfbvmltj ontHnuows .
(i) T is conhinuowns.

(v) Tis continuowa at O.

Procf Here w"‘Hij means with re/)PecH‘o e arsociated mepics. For ()= (i)
noke that

C\W(T\/,T\/’ =“T\1_TV(”W = “T(V—V‘)”W
= Mlv=v'lly = Mdylvv'),

so [ is uwﬁLD/m\y conbinuows. (i) => (i) and (1) = (V) arve jmmedriake
(wnﬁ’nmify at Vo€V means VE>0 3 § >0 VeV ( dy(v,ve)< § =

dw (T, Tve )< €)) For (iv)=> (1) suppose for £= 1 that

Ivily <8 impiiea | TV Iw < 1. For any v#0,

)
H 2]y v )Jv = % <§

o | T( anévuv V) |y <2, orwhatis the same

I T lw < SNVl

so (s bounded. ]



The lemma means that if ¢ vaologfcal ve ctor spoce \/ arises fwm a novmed
space (V, ))—”\/) then the continuown linear maps V — [F are Fvec(‘Je{ﬂ
the bounded linear mops (heve [F 1 amnm =l novm , which 15 the absolule
value inthe case of IR and the modulus for C )

Exercite L19-3 Leb (V) [I=llv ) be a noymed space over I Rovethatthe pair
( ChLin(Vv, F), I~ ) consisting of continuouns lineav
maps with fhe poimtwise [F-vector spaw shucture ; and

the operator norm =1, #sa Banach space .

M Ciiven o normecl space (V, H’“\/) we call the Banach space
(chLin(V, F), =) the continuoun linear dual (D’juof‘oomﬁmmouwdual)

of \/) oncl denole it loﬂ (Vv, H"”v") -

Exevcise LI Lot (V,1FIV), (W, 1=Iw) be povmed spaws and TV —W
a loounded linear OPPVUJFD\F- Poove thal

T w— V'
TV(3) = 9T

s o bounded linear opemi‘o/ with 1T TN T Poove
’]’l/mf (”)vis q{umd‘ov) ﬁ/\ajr (s, (ic\v) = L'd\/‘/ and )'F
S W— U is bounded cnd linear then (S°T)V= TV° s”

Exerciie LIT-S Prove dv:V— \/VV) §v(w) =eVes s confinuows and linear,
where eV, (£) = F(w) for f:v — IF wonhnuows and lineor

(Mismap is actually always norm- prenerving and hence Mjecﬁl/(’/

but e willviok use 1’14115),



Def™ An tsomouphism o novmed Spacen (VII-lv), (w, H””w) s a
vector space (somov;ﬂhf_rm T\ — Wasuch that || T Nlw=1lv Iy
forall v € V. Tn Hhis cane we wiike V = W and say V) Ware isomoyphi'c

an movmed space/)_

Exerciie LIG-6 (1) Lef (¢ (v “‘NV> — (\,\// =15 ) be the (,oWlp]e;l"ibV\ crp a novmed

V. (Vv V. . .
space, and prove (Y (V)V— V' 5 g isomoyohism.

(i1) Let (V/ [,-]IV)J (W/ “"”W) be WDY"VIQO\ SPG(CQ/.) ard T: V= W
an i;omovp\nism oF-rormed spacen. Thew T - w'— \/V ¥ alro

an isomovphism o novmed spawes

Def” For a real number J<p< O The ec(uaﬁ'on (note I<p = 0< ].i—< 1)

o |

o S E—C

——

[ A1
Py s

hou aunique solufion ?= ’D//D = in (, 00)/ called e dual ex’ponenk
Nole that p is thente dual exponentof. 9.

We claim theve is a deep relation (aduality ) between LP qnd LT Spaces

for clual expor)enh p, g Thisis PQVHﬂ o onsequenc o2 Hzlder!s imeqotali}y
(Theovem LI€ =) which says [[£g 1l < [l 119 lq for fi9eCh (X, ),
(X) fx) any M’r@gral Pafr. Tosee howthis connect LF o Lq) recall ot CI5 (0GR )
(the complex cove involves wnjmgaﬁon/ Jo we |eave it to la]rer) [sanalgelore

So there is a funchion

. j‘x
Ch(X,R)x Ch(X,R) — C+ (%, R) > R

(F9) ——— 91— S f3.




whichis bilineav, and, if we give Cfs (X, IR) the compact—open topology

also confinuous s so wre obtain (by Lectuve 12) o continuoun map

Ch( X, R) — C’.h( Ch (xR), lR)/ j\—»{{#—ajx{zy}

wheve all fopologies involved are wmpa&—open. What happens if we use e fopologies

asspcialec fo the /)’”P novms ;'nJ;Lead? To prove the mep

Vv

(Ch(x) ”2)) “““q> - ( Ch (X)|R>; ll;“P > ([Ll)
3 — {JC L— fx {39}

is well-defined we need 4o show that Lj = fx (9 is continuous (it 1s clearly

linear ) an ot mop A novmed spaces

Ly + (e 0GR, N-1p ) — (R, 1),

By Lemma L19-3 it sufficen o showo L‘j is bounded) ]Obti—(otj Hzlder

[ Ly(#) 1= [UxFs | = S lbal =1 Flla = (U Nolly = MOLEL

whee M= ” J ”7.77’\1\5 shows that nzﬂ‘onlt, 7s Lf] boomded) but I LJ = “3 ”q . The
map g > Lj is [ineav and bounded (by what we haveju/ﬁ Iaid) henw continuouws;
o we have shownthe exislence of amap (11-1) relating the normed s paces for

dual expov]el’lﬁ P,y )\Jowb(j albshrct nonsevse this extencln fo a continuous
linear mop pom LI (¥ R) 4o the dual of LP(X,R).



Lemma LI9-4  For anintegral paiv (X,fx> and d wal @XPowgnh < pyq< oo

theve is aunique continuowa lineav mop @1/,3 malmng

§1’,F \4
(LSRNl ) — —— — == > (LPOGR), -1, )
by j = l N
\V
(Ch(%R), Il ) — (5 (%R, )

wheve the botom yow is 9 — LJ} e left hand vevkral map
isthe inclusion, and the vighthand vevheal map is the dual ot
e inclusion (ree Ex. L/9-5).

\ ll . .
Poct The composite (L;:) o Ly is continuows and limeav, sothis is immedliate
From Theovem LIE-7.0

We will prove the p=2 special cave o the following Theovem (mavked Z_ for
WARNIN G becaute the theovem is not intended an a. valid node in oar kmow)edgﬂgmph)

uing The shucture theou of Hi/be;//—spacw :

=2
Theorem (Puality for LF'SPQC%) The map L s ansomovphism of Banach spacen

$oor LG R) — LF(,R)

Duality for L_P’SPace/J Vf’pvx%emh an extension of duality for finike ~dimensional
vector spaces fo the infinile —dimensional seffing, with the [inearclual veplaced

by +he confinuoun lineav dual . Let vo now elaborate some immediake consequenwy,
which will suffice fo flesh out f’hejgwem/ Stowy o LF- spacen. As how been st bed
above  we will orllj use the p=2 cavse, for which we will }owvide a vaf.



@

For any Pa\'r ovp dual ex]gowevﬂj | < P) 9< 0 we hawve an isomov;,ohi&m d‘e novmed &PaLeA

FP VE
L@(X;R) LP(X, R ) - - L1, p) ((3.1)

-1

wing Ex-LIT=6, so for <G <0 The L7 -space is isomprphicte ifs double cluall
Moveover this isomovghisim is P“‘C“efff the canonical Mo descvibec| in 1=x.LI9- T
which means fhaf the L T-spaces ave what is called reflexive, as explarned heloco

Exercire L19-7 Rove thal (131 coincides with the canonical ma/)u/ Ex. L1t~
with V = LYUX, R ) e showthat for we (X, R)

§OI/F(UQ> = evalw © .z_;LF,CL

wmelements o LF(X, '72)\/

Def™ A Banach space (\V, =11y ) i called veflexive of the canonical moip

V. . .
V— V"5 an /Jomomhum O’ﬂmymed spaces.

As vecalled in Lemma L17—/, awcbyjpa(e over [Fis veflexive (with respect fo
+he OVC[I'V)CI{'j//'Y)eCIVC[MCI/) - cncl only if itis finike -dimensronal, so Vef—fexiln'i'y
o LP-spaces should be undewtood an a kind of finiteneas (although of a
rch move subHe kind ). Fov the linear dua| another condition cha mcireﬁ:qu
Fintke—dimensionality of V wewn the existence of cin isomogohiom V= VA

When does this happen for - S/yacw with verpech fo the confinuows linear duq\
The only ﬁXed/oom/af pr=9= / —) in ([,22) s

2 _ IR R _ \ -
F_F_Fé——%[al 1<——>|o 2. Cﬁ/_(/:__,_,



so the omly cose uf 5elf—c(ua)f%j emergmg o[f'vecH_L] fom the theovem Is

B,. (X, R) s [2(xR)
f— Laf

Moreover one should nofexpec} any ;somowhism LP(X, lR) = LF(X) R )\/ an Joomn

@ pF 2 and Xis infinile (Ch- XTI of Banach's book “ Theow of limeavopemh)w}"
5Pec(‘ﬁl’cal|j the Lemma on p- 22 shows that for X = [ab] # LP(X,R)=LP(X, IR):/
ond hena LT, R) =L (%R where 9 is the dual exponent, then p=9=2.
Plxobalolj the argumew}jememh’fw, but I have not fw'eC/)_

Exercire LIT-& (i) Prove that for all -f, € L*( X, IR)

$..(F)(3)=2..(3)(F)
(1) Rove thatfor all Fe L2 (L R) B (F)(F) =11,
In summawy , for vecforspaces \V

V finile-dimensional <= \/ vellexive «—> \ sel{-dual
(0. V — V) (. T v=VT)
Lo+ €Veo
while for normed spaces and continuowa linear duals the wndiFions of m%/exin/fy
ond Iel#—dualfﬁj ave no)‘equ/'m/en/ :all the L’D'—S/Ja(eﬂ ave veffexive, bul
only L=—spacen hawe the addifional propevly of being self-dual. This

puopeﬁwj of ’oel'ng self-dual is so vemavkable that these self-cdual Banach spaten
are given aspecial name : Hilberd spacen .




Solutionso selected exercisen

[Cra-5] Let (M I-IIv) be anormed spac . for wée \/ we fintneed fo show

ev,: V' — F
evw(f) = f(w)

is conHnuows and inear. I+ is cfea/lg linear. Now any 7C@\/

is bounded , and so

ESIEREIn N

H@V)CL

| eveo(£) | = [#() ] < N FI- lwlly

which shows thal eVes is bounded ancl moreaver [ €Veo [ = [1w]]v.
So by Lemma LIT-3, €V is confinuous, thus €Vw € v Nocv,,
this shows the function VY — VVV/ w > €V is well-clefineo!

anclit is cleas//y Iinegr. Onw agoin, fo show it is (/OVI/?'V)UIOO{/J it ru f'fél‘cw
+fo show ifis bomnt(ed, buf this fo ows fom [leve || < |Jwlly .

By Lemma LI7-2 it suffices fo prove this for we Ch(X,R)
and also 1o check £4,p (@) | Q\/Cllwc’_i%'?, 9 agveronthe sjubsef
A fFeCh(X,R) ¢ LF(x,R). Bufthen

Ty (DF) = Jiwf
evalw (844 (£)) = evalw( £ ) = [ Fe

which bomp/eﬁex; the )ovoc/}ﬂ



[Lie-6] e limear map LV —>V is bouncled , sowe heure a bouncled linear map

V] WA

L — L(£) = Foi .

Nole that for F - V—R onfinuous and [ineov, +iu diagram

N F
\Y% R
) | /
V'(F)=F-L
V

cormmuler. To show L s swjecjﬂ“\/f/ le} jC .V — R be tontinwows and
lineow, henw by Theovem L1§€-7 +heve exish aunigue wntinuow) [inear
F.v—R Suchthat LY(F) = 1[7/ o s Juy'ecfﬂ/%’. TWJ‘ecﬁvﬁvj follown
from T uniqueness partof the aforementioned Theovem. So U is an
isomomphism of vector spawr. Tf remains o showo 10(F) 1= 11 FlI
fov alk 5 o, SeH'fng £ =Feo(, boshow I£) =1 F ) inthe

circumstance of- the abouve cll'a(jram.

I IFEI note that for veV

| FCee)) | = 1409 |
N o N~y

Henw

”FH:SMP% \I_IF\(/ll)l—l I\JG\/\{O}} < SMP{ IF(WH , WG\//\\{O}}:HF”

A

(LS




NEN Nl Given ouC—\,}/ say w=V(/TOOUOr\ with wn e V. Then

| F(0) | = | lima oo F(e00)
= [IMyseo | F00) |
< limpseo I FIHwa )y
1 Umns oo llwn]ly

I FI- (vl

This shows | F (I < £l 7



