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The first lecture was a lightning tour of the standard abstract notions of space
grounded in the example IR

"

,
with an extended look at the connection between

inner products and rotations . Today we will focus on examples .

DEI Amehicspaeisapair ( X, d) consisting of asetx and a function

d : Xxx- IR

satisfying theaxioms :

(Ml ) dlxiy ) > O Fx,yeX (non -negativity )
(M2) dfx,y)=Oe⇒x=y Vx,yEX (separation)

(MS) dlxiyl-dcy.sc) the,yEX ( symmetry )
(144 ) dlx.yltdly.tt ) > dlxiz ) they, 2-EX (triangle inequality )

Remarked ( i ) The empty set of isometric space ( 0×0=4 )

Iii ) Wecan consider metics taking values in other

totally ordered fields (e - g. Q1 ) , this is important
for constructing thep-adic numbers , orlthitselffwm Q ,
but wewill only consider real-valued metrics in this course .

Ciii ) Usually we abuse notation and say
"Xis amebic space

"

where we really mean
" (X , d) isometric space

"
.

For

this reason, we also often write dxforthemetriconx,
if this needs clarification .



②

Examplelzt The singleton X = 1*3 is a metric space with d (*, *1=0 .

Exerciser Prove that any set X becomes a metric space with the

discrelemehic defined by

d (x, y) = {
t x #y

O x = y .

LemmaL2 The following functions define metrics on R
"

da ( E , 1) = { EE , ( sci - yo )
'

}
"'

d , ( E , E) = Ei , I sci - y il

do ( I , I ) = max { lxi - Yi l Iii ,

Proof Deferred to next lecture . D

RemavkL 1120=1*3 is trivially a metric space .

Exercise Given a metric space ( X, d ) and a subset A EX prove
that (A, d la ) is a metric space with theinducedme.tn#dlA--AxA→ IR

,
dla la, b) = d la, b )

ExampkL2 The circle S1 = f (x. y) EIR
' / x 'ty

'
- I } becomes

a metric space under the restriction of da, d, or do . But

there is clearly something unsatisfactory aboutthese
metrics, see thediagram overleaf.
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x=(
0,1)

•

f.
.

o⇐dailies'EEdalxiy) = 1)
bout E ?

1

• Y = ( 1,0)

at-0€ What a

Letusnow examine whether arc length gives a metric on S ? Firstly,
there is nota unique areconnectingtwo points , and secondly , to avoid

explicitly talking about inverse trigonometric functions, let as use the bijection

I :[0,2T)→ St
,
F- ( O) - (WSO, since)

.

Then we define ( "a" for "arc") for x.YES
1

lies in ( 0,2T]

-da( x,y ) = mins 1 TE '

(x) - EYY)| , 2h - 1 E-
'

(x) - E- '(y) 1 }

i. e. da (€0 , EO
') = min{10-011,27-10-011}→it:aLemma Lz -2 The pair ( Sts da ) is a metric 'Pad '

EE Failure

Roof ( Ml ) is clear . For (MZ) , we have for x,yE St with x=EO, y=EO
'

da ( EO, EO
' ) = 0 <⇒ 10-011=0 (zt -10-011 cannot be zero)

←→ 0=0 '

←→IoO= #O
'

(an Ioisabijection)
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For ( M3) consider

da ( EO, EO ' ) = min { 10 -O' I
,
zit - 10-011 }

= min { 10 '- 01 ,
2T - 10 '-01}

= da ( EO '
,
IO )

.

For ( M 4 )
,
wehave a situation like the following :

da (x, y )

7day,⇒ ( • x

-

•#(x, z )

To prove that for all x , y , z E S
t

da (x, y) t da ( y, z ) 7 da (x, Z )

we can just do a case by case analysis .
This is fine but a bit lame .

Let as

instead observe that we can reduceto the case x= ( 1,0)
.

Let

Ry : s t→ s
1

bethe restriction of the rotation by Y on 1122 in Lecture 1
.
Observe that
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R+( coso, since ) = ( ws (0+4) , sin 10+4) )

i. e
. R+E(O ) = E (0+4) where 0+4 is taken "modulo ZI

' !

Now notice that 10 -O
' I does not change if O → 0+4, 01→OIY, so

da( Ryx , Ryy ) = da ( x, y ) tx ,yes
's

Hencetopwue , forsome fixed x. y, zest that

da ( x , y ) + da (%z) 7 da (x, z )

it is equivalent to prove

da ( R.ox, RAY ) t da (Ray, RAZ) 7 da (R.ax, Rtez ) .

But Rox - ( 1,0) , and so it suffices to prove 474 ) in the case where
x=( 1,0) and y,z are arbitrary .

Next
,
consider the function

T : st- st T ( ai, az ) = ( ai , -92) .

and observe that

da ( x, y ) = da ( Tx, Ty ) fxiyest

because TC wsd, since ) = ( cost-0), sinl-0) ) and 10-011=1-0 - C-O '1 )
.
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OK
,
so we have to prove for all y, zest that

da ( ( 1,0 ), y ) + da ( y, z) 7 daL ( 1,0) , Z ) .

( 6.1 )

This is equivalent to

da ( (1,0) , Ty ) + da 1 Ty, Tz ) >, da ( ( 1,0), TZ ) 1 6. 2)

So we may assume y lies in the upper hemisphere ! i. e. that O
'
= EYY)

lies in [0,7] , because if it doesn't then Ty does , and uecanjustpwve ( 6. 2)
instead .

But if O'e [Ott] then

da( ( 1,0), y ) = O '

and we just have two cases depending on 0
"
- EYZ)

y
• both y, 2- in the|(ase# 0<-0"Eto ' ' e ' ~ upper hemisphere

-
- - - . -

.

• x

Then 0<-10
'
- O ' 'KI so

da ( (1,0), y ) + da ( y, Z ) = O 't 10 ' -0
" 1

Now either O
'
> O " in which case

01 +10 '
- O

' ' 1 = 20 ' - 0 " > O
"
- da ( ( 1,0 ), Z)

or 01<0 " in which case O'+10 '-O " / = 0 ' ' - da ( ( 1,0 ), Z ) .



!7!

y
•

(asez TKO" 2" " t €÷Tt
z
•

Now 10 '- 0
"1=0 "- O

'

and so

da (( 1,0),y) + da (Y, Z) = 0 ' + min { O
' '
- O

'

,
27 - (O

' '
-O

') }

= min { O ", 2h +20
'
- 0 " }

.

7 ZI -0
"
= da ( ( 1,0), Z ) .

which completes the pwof that da is a metric . D

Exercise LZ 3 Give a direct proof of Lemma LZZ by dividing into cases,
as follows : given x. y,Zest set O

= Io
' ' (x ) , O

'
= E

'( y)

and O
''
= E- ' (z) .

Consider the following three statement :

IPI 10 - O
' let

IPI 10 ' - 0 " let

IPI 10 - 0 " let

Each is either true orfalse fora particular triple (x,y,z)
,
and

this means there are 23=8 cases (e.g. R , Pztme but B false ) .

Pwue each case individually, and in this way prove the lemma .
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RemavkL Observethat da (x, y) ETL for all x,yes? in contradistinction

to IR
"

where the metric ( di , da or do ) has no upper bound .

In this sense ( S ? da ) is really a new example .

Exerciser Is it true that for distinct x, y, 2- that

da ( x , y ) t da ly , Z) t da (Z,x) = 2 IT ?

( i. e -don't be fooled by pictures like the one on p . 4)


