[ecture Z = Examplen o spaen

The fink lecture wov e lightning four of #he standavd abstact nohpns of space
quou nded in fhe example R" withan extended look at #he onmection between
inney pbodutdj and votations. 'R)dag we will focus on examples .

Def™ A metic space isa payr (x,d) oomisﬁna o aret X and a funchion

d: XxX — R
Saﬁs(\jl'mﬂ the axioms:
(Mf) | (’C)V) PO V}(,ye X (mow —V;egOLHl/H'y)
(M) d(xy)=0 = x =y \f;(/\jg)( (sepavation)
(M3) d(zy)=d(9,%) x,ye X (symmetw )

(M4) d(xy)+d(y,2) Z d(x2) Wy, € X (iangle inequali%d

Remavk L2-1 (i) The emply sd'¢ Is amemc Spate (¢x¢ =}é)

(i) Weean wasider memcs %alfu"ny value) in other
fofally ordered frelds (e9. A ) i is /m/oow‘U”/L
for conshuching the p-adic numbers, or R ihelf from A,

but we will only wonsider real~valued metcs inthis couvie.

(i1i) l/.swally we abuse nofation and say X is a et J/;aco,“
where we veally meon “(X,d) (s a metc spac " Tor
his yeooon, we also offen unife dyx for the mehic on X
if this needs cla VI}QCCI)HOV{\



Example L2-1  The singlefon X= {53 s cmehc Spae with d(x%€)=0.

Exevcise L2-1  Rove thot any set >< becomen a ynetve space with the
discrele ymetic d efned by

1 x+Y

d(%y) = {; x=y.

Lemma L2-1  The following functions define medrics on R™

du(z,4) = {55 (= 3y Y

M Defemed +o next lecture. 0

Remark L2-2 R°={xT i i‘w'l/ial/y a meht space.

Exevcice L2-2  (iven a metic spaw (K, 0') and a subref AsX prove
+hat (A d/,q) s a mepic Jpace Wil #he induced memic

dla> AxA—> R, dly(ab)=cl(ab)

Example L2-2 The circle S - ()W)GIPZ/ 12+j1=1} be .ome
& metnc spaw anclev Hhe veatrchion 0f b, d) or doo . Butf

theve /‘rc/eaV/f/ somef’hmg Mm;q/?‘n%ck)w a bou;-Fhese
mefics, see e diagrom ovevleaf.




:Lz(ofo

o=32 dL(1151> =]z
di(xy) = 2
de (xy) = 1
jt(l,o)

What aboat z ?
21-0

a
Lef wrnow examine whether ave Iemgﬂl gives o metrcon § . Funtly,
theve is nota unique ave connecting two points ; and secondly | o avaid.

explicitly falking alout mveve Mignometnc functions, letus wse the byjection

F . JoaT) — Sﬂ: £ (0) = (wsd, &in@)

1
Then we c[ejtme (“a,” for ”CNCH) for x Y€ S liesin (0,2T]

/\—/;ﬁ

da(20y) = min] &) -F ()], 2| E (=) -E () l}

re. 4o (80,807) = minf (9-0'| 21 -16-0"| |
N

1 ¥ t
Lewima. L2-2 The /Jair (S Y da) [samefw'chacQ. o &

—_————

2

—_

uk |00 am -|g-0'( hare

heve

Poof (M) is clear. Tov (M2), we have fov 2,y € Siwfﬂf\ x=2(, U=£C9/

Cla_(égjai@}) =0 <= |0-0'=0 (2T -16-0"| cannotve zmo)
= =0
— 3Q=30" (a Eis ecbojjection)



Tor (M3 wnsider

da( 3O, Q') = mind |O-0'|, 21-|6-61]
- min{ |G-, 21 - |0'-6OI}
= da (30! 36).

For (ML), wehowe asituation like tiw following -

dq(xllj)

da (92)
da (112)

To plove fhat for all x,y,2 € st

da (x9) +da(v,2) 7 da(z2)

we canj(,w}’ do a cane by cane analysts. Thisis fine but a bit Jame. Let wn
insteac] obsewe that we can veduw tothe cevwe = (1,0) . Let

Kxf " 31—951

be 4he veshichon of the votadion by Y on [R*in Lecture 1. Obsewe thal



Re (cos®, sin®) = (ws(6+4), 5in(O+F) )

. R¢Z(0) = & (OY) whore O1F is fokon “moduo 2T

Nownotie that [6-0"1 doer ot change if O —O+¥, O'=84¥, o
dal Rez, Ryy) = da(29)  Vayed”
Heve fo puove, forsome fixed. 2,4,2 € S " Yat
da(29) +da(42) Z da(x 2)

i} is equivalent Jo prove

do( R, RosY) + da( Py, R62) % cla (P57 Rs2 ) .

Byt Rex = (1,0), and 1o :'7‘Ju7%‘mfopwve (74 ) in the cone wheve
)L—-—([/OB ancl Y,2- ave ayb;}mzy_

/\Je)d, vonsider 1he Fyncton

Tos*—s" T(ayax) = (a,-%)
and obeene thaf
dm(’ﬁ/‘j) = dQ(Tx,Ty> Vx/ye 51

becawe T(wf@/ 57"7@) = (‘“DS (_@)/ Sm(_@)) and /6)”(9//:/_67~(—(9/))~



OK, 50 we hewe fo prove for all y, ze 3™ Hhak

0[51( (I/D)) y)"_ da(‘f’/‘z‘> 7/ dq[(//O)/ %) (él)

This isec(uiva[emHo

da( (10), Ty ) rda(Ty,Te) % cda((40),T2)  (6:2)

So we may assume Y lies in Fhe upper hemi;pbem./ re. that 0/ =37'(y)
lienin [0,7C ], because if it~ doesn tthen Ty dves, ancl we can jurt puove (6.2)
inslead. Butif @€ [0, 7] +hen

C{Q(UID)/ 3) = (9/

and we juit heure Fwo ccven clepemdmc] on 97=3(2)

J

[COV)QJ—_ 0269//5 Zjl'e- = lboth 9, > i e
wpy-ev lneijpmye

Then 0< |(9/—(9”)£7( §o

da( (llo))tj-)‘f‘d(k(‘ﬂ/ Z;) = ﬁ/_'_ ‘(9/_@// I
Now either (9/7 " sn which come

O F)O-0") = 260'-@" = 9 = da((10), &)

or < O inahich cape 62/7‘/57/—(9/// = (9= da ((/10)/82_



|che2| 77.<C9”< 2T l.e.

Now [107=0"]=0"-0" and so
Ao ((10),5) +dal9,2) = '+ minf O'-0", 21— (-0 }
— min{&”) 27 +2(9/-@"}_

Z 27[-@// = da[(l/o)/g) .

which wmp/dm %uapwdf%haf Ol Ts o memc . L

Exercise [ 2-3  Give adivect Pz,ocn@c/‘f Lemma L2-Z by dividing info casen,
on follows - given Ty ze 5% seb @ =F7'(x), 0'=37(v)
and O"=F (=) . Considerthe fo llowing three staterments -

Rl [6-0'|<T

@ l@/_@l/léj‘[

@ 6 -0"| <™

Fudh is either hwie orfalse for a pa vhcular ‘lL\ripLe (&%8)7 and.
#his means thereare 2°= & (cuen (e-9. B, % e but B FuLLe_]

Rove each cane individually y and in this wod prove the lewmmq



1
Remavk L2-2 Obrewethat da(09)<T forall «t,y€ S S in conhadistinction
Jo R™ wheve e wetvic (d\,d, or deo Y hew no uppev bound.

Tn this cense (875 da ) i really anew example .

Exercile L2-4  Ts e Yhal for dishind 2y, + #hat

dq(X/jB + da(\j, %3 + d“(zll) =2 ?

(1e-don't be fooled by Pid—um lihe Tie one own )94)



