\_edure 20 Hi\berjrspace ©

Mpda*ed 3/“(?/0

We saw laot lecture that en a conseguence ot the gaweml cluqli@ theovemn for L’D—S/mceﬂ)
the novmed space L2*(X,R ) is self-dual with vespech fothe continuows linear clual,
and this s pace therefore possessen a subtle kind of “finike —dfmems/oma/i@ " clesprke

bemﬂ an infinile—climensional vector space. The come/afaf Hilbevt space axiovniticen

this self -clualify , and elabovates ihs consequencen. We begin ']volay's lecture with
the standawd clefinifion oF Hilber} spate which, despife what we have juak saidl,
makervio divect mention o this J‘eh[-dbiqll’@/ (a/oleHo/aWIe me, it's nof imy clef™).
We then wild up the theow fo the poinfwl/;eme we can pwuve a characteriation
A Hf’/b@/#Jpacm an a kind of self<ual novmec| space (wmcepfuqllg) s Is

the “m'gh*“ def ™, aFlecnt in my opim’on).

Tl/!uomjhouf Fis Ror €, and given AeFweret A=A # F=IR and lef 7\ denole
the uanal complex wmjmgafe it IF=C.

Det™ An inner pwoduct space (V) %) over IF s an F-vector space,\/ ‘h)geﬂ/ner
with o function 4, NVxNV — = satishying

(T1) Lurwyuy = Lau> + Lwusy

Yu, v, weV
LuviwD = du vy +<u,wy
(32) LPuv > = A vy, Vuve \V /A6l
LU, Av> = ALu v
(13) <u, vy = Lvyyu> \OLH,\I@\/
(zu) <wu>>Z O YueV
(15) <y,u> =0 «—> wu=0 Yue V.

We call <,> the imev pwduch or paiving and say itis [inear inthe fink

vartable and leftAgafe lineav in the recond vaviable .



@

Removk (1) Physicish anife LV1w7 for L~y w> and They adlopt the convention
that the Pal'vﬂncﬂ is |inear in the second vavable and wmjmgak livnecy
inthe fint varable. Mathematics fexh uoml'xlenﬂy ure the opposite
vonvention, as we howe done. Ltencl tothink the physiciss made the

wghtchoice , lout whafever: it is a convention, and /f cloesn’s veailly
malter, becaure you can juat reac] < \w7 an Loy vy
(i) The cecond Jjnesin (Z1),(T2) follow fom the fint Iines, woing (133)
5o they e redundant (T include them becausre o¥hevw ive thie def ™
s oddly non-symmeic ).
(i) By (T3) Lu,uy =< Uy is real, so <uu> 70 mokes sense

Example L20 | (i) (IRV‘ <, >> defined by La,k? 22?\:, a b is
a veal inner procdluch space
(i) (€« >)cleﬁnedby {a,by= 2 —qu— ¢ s
a wmplex Tnner Pwduclrjpa(e (nole <2,2%> =2, |a ] )

We call these the standard Fnnev pw duchs on R A/ C”.

Example L20-2 (e pwvecl in Lectuve 4 thaf i PEMa(IR) is ]JOJH'J'VE’ definile
then 2,65 = a"Pb isan z'nnevadud on R". Nole that

ngmeh/j (13) follows pom PT= P since

Laey=aTPh=(aPb) =L PTa = bTPa =<bad

Example L2023 In Tutovial 2 we discusied nondegewemjre bi lineav fovims and

cluc«dmﬁc spaces. IF (V, <) is a veal innev pwduct space
thew <, 7 is symmehc bilinear, and i it \Vis ‘F»mLe dimensional
Then a = <4,=7 is an isomoyohism V= vt , that is, the



paiving is hondegeverate (we haveto be move carefull about what “mondeyenemﬁe”
meons in e infinike-dimensional care, and for that reason. T will only use It for
finite—dimensional spacm) To see this, note thal Fu= 0 then <4, =7 lsviotthe
2ewo funchion by (I3),s0the map V— Vi /nj‘echuf and hevie an
isomoyphiom §ince  chim ( (V¥) =dim V)

Warning - for infinile -dimensional real inner pwduct Spaces +the map

V— VY  urs <y

is still well-clefined, linear and injective, buf i+ is vever SMg‘ecﬁ'w./ (<t
the Remavk on p. @ on LI7). OFcoune afler L19 e donot e x/)ecf fhis anyway
o the innev pwduct leads fo a norm , and we could at best hope V = V' As
we will ree, that in fact clves hold providled \V is complefe.

Obseve Hhat any veal innev pwcuct speuce is also a Quadwxhc Jpace, buf nok
viceversa (ey. Minkowsk: space dves no saa‘w@ (24)).

The up:ho}a‘;! Lecture Z7L and Tutovial 2 (:-e. Sj/uwf\e/(r lew of/me/ﬁq/ which how o
complex venion e well) is that all finite-drmensional 1anev pwclud speices over =

Jf the saume dimension are isomovphic. Sojn a sense the owy {;ni&_c[,'mem,'oy,a( QXQVY)P}M

are Example L20 —). Thisis elaborafed more pmscfrelj in the next exevate :

De{" An isomoviohism O_P nev pwduc} spaces (\/,4—)—>\[>) (\/\}) 4—/—7\/‘}) -
an isomoviohisn of vector spaces T:V— W such Hhat < Ty, Tv v = Lu )y,

forall yveV




Exevciie L20=1 (i) Rowe that any pair of finile-dimensional real innev pweluck

spaces of-the same dimension are isomovphic (Hint: Sylvester).

(i) Pove f’hafamg Pa{rcrfﬂ ﬁniﬁe—ch‘m@m(onal wmplex innev Pueduc/'

spacen o the same dimension are (somovphfc.

Lemma L20-1  Let (\V, 4, 7) beam’nnerpvocluchpa(e. Then (V N-11) is
a novmed space wheve vl = <o~ o™ ol for u,v €V

[<ux>] = Jwll IV (Cauchy = Schware Tnequality )

Rock (N1) is clear fom (Zt), (I8). For (N2), we have

3 | = Ly = (A% <ow> T = Il vl

Next we prove the Sclf\wav}zinequalf@. The pwof is a pivial vaiation on
The P\DUfz of Lemma LU= ¢ in facfoweaz//i‘erpbooiegoeﬂ uo changed for JF= R .
We vepeat the argument heve, maring the neceosay moclifications so that it wovles
for both R and C. Forany Ae

0 < Lu=2v, "L‘)V> = <uuy = AL uy - §<”)V> + ALY,V
= wlP+ AR AT = { A4v> + Aoy
Tl + AV I1F = 2Re (ALviw? ),

I

Ly
We mag assume V+O, amclser A= /4\,,\,> so that

<V‘/V>‘L
NV Wy = ! /I



omd henw
O < “\/\Hz + I<M/V>’/|v”Lf ' ”\/”2'— ZR@,( \<M/V>‘7“ \/uo_>

2 |<u vy )? l<u,v>|*
= flulf+ | )Avm“l s

\

2 v, ? 2
fll® = e
o [<un> P2 WPV and hence [Kwv ] < w1l

From the Caucly—Schuwartz inequality we cleduce the fiangle inequality since

| ur VI = Curv, WD = <uuy + Cups 44y Yy 4V
= |lull* + 2Re(<u~>) + v (1*

Nl 3 2 | <uv> |+l v )]

< (fwll® + 200wl += v 1

(ar+1vanr)®

IN

I

which vompleteathe proc? fhat (V, I-11) is anovmed space . 3

Example L20-4 (1) The novm associalted +o e standard innev Pwducl‘on R™

is the || =, —novm.

(i) The norm asso clated o the stundawd inner puociuct on (o
s e = ey

Det™ A Hilbevt space over JF is an (nnev pwduct space (H,<,%7) over F
with the pwperly that-the associa ted novmed space (H, (1=l ) s a
Banach space (thatis, itis complele wr-t the mepic d(hvh)=llhi=h=1 ).




Remavk  Any innev puocuch space is o novmed space and fhun a bpolol‘dz‘ca(

vecthr space (Ex.L&-10), and we use this shucture without fuvther comment .

Example L20-5  The stundavd nnev produchs on R”, C™ make Yhese spawcen
nto Hl’”oeﬁspac% . The vovplelenens vf (R", =12 wan
explainedon P\@ of L12, ancl he mehic induawd on C = \le
by the stondowd innev product is d=, whidnis complete.

Lemma L20-2 In any v'mmeI/Pwduc} spae (V; 4/>)) the nown satisHes

H wtv ”1+ ”M'VHZ"’ 2”“1111‘-2//V//2 (Paml/e/ojmm law)

and it <u,vy =0 then

| M+V”2; “M”lJr //\/UL ( Py thagovean /aw)

ot te simply compule

Jurv |7+ ((u-v]® = <utv,uvd + <u—v, u-v>
= y,ud+ 2Re(<\4,\/>> + Ly
+ {uu) —2Re (<M,V>> + Ly, o>

= 20wl + 20V (2
The same calculationalio demonshales the Pyﬂmyow_’an law - (]
Exevcise L20-2 [ef (\/, 4;>> be am/nner/PWdlAch}Da(e. Pove

() w=v iHf. <uw> =<V, > fo,yall weV.
(i) Mlwll = supl [<uv>| [ livii=1F




Lemma L20-3 Lef (V,4,2) beaninner pweluct space. Then for ueV The function
<=, w7+ V— [F is bounded, linear and han oPemh)v norme lwll.

R/OU?Q Btj Cott/tc\/\j—Sclnwa#Z |<\/1U*>] -Vl which shows <L—)o 7 s
bounded and. 11 <=u> Il < Ll On1he othev hand Ex. L20—-2 (ii) shows

<=y Il = supp [<wuz| | vii=2 T = [lll. o

Tt follows immediately that <u,—2 = V=2 s confnuows, atthoughthismep fs
Y > 9 P

not linear + ifis whatwe call wwjmgak lineotr.

Def™ IF (V,+, 2) isa womplex vector spae with action a: CxV—>V
The complex Lovbiwgakz vector space V' hew the rame umderlymg set \V/ and
abelian quoup shudure +, butHu achion @ defined fo be

E——_)xid\/ Ce
CxV—— CxNV ——V

(2,\/)  E— (5)\/) — O&(_?_/V)_

Less vama“ﬁ, inV we have 2°Y = 2V where * s action
ot scalan in \/ and - the actipn in |/

Eyevcse L20-3  Check that V/ is o C-vector spaa. Tf (V, -V ) is acnormec]

spa over C check (V, I1=lly ) is & novimed spaw (with

e scume norm ).

Def™ Let V, W he JF-vechr spacen. Afunckion TV — W s wnjmgak linear
£ T(urv)=T(u)+ T forall uve\) and for A€ ueV,

T(2Aw)= X Tlu).




So if [F=IR theve is no di ffevence between //’neaw'ﬁ/ and oon/‘mgqle //'V)eawb/.

Exevcite L20-4 (i) Fove that a function T-V— W s (;onjugale lineav iff.
iFis linear viewed an a map \/ — W, or v — W.
(i) f (V,4?) isaninner pwotud'gpace Fnen Lu, >V — F

s Iheav, bounded ancl hcw novim //M//

Lewma L20-4 Let (V,47) be an inner pwduet speice . The moips

\— VY w—> L—u>

w k> <u,—»
ave continuows, lineav and novm-preserving.

fod We prove the daims for the fint map . Tt is well-defined cind novm- presewing
laj Lemmon 120 =2 Moveove,r UI—><L=, Uy s wmjmgmk lineav in u, lnena
lineav an o mop v — VV. CDV:HVILAI’@ follows fwm boundedney. [J

A sulset X €V of aveckr spece \/ ovev [F isconvex if whenever Y €EX
wehowe AX+ (=Nye X fvall 0LALL.

Levama L20=9 | ot (H,4,7) be o Hilber} space. I Ke H i closed, convex
and mowemphd) ten fov eaclt he H there is o unique pomf Rk in <
clofertto that is

ln-k | = d (k&Y o= inf{ =yl |ve K]



Froof  Seb & = d(h, K) and choose Rw € K such that Th=kp |[— . Sine K
is convex, %(‘Zn*’hMBC—K) cnd hence ” (Rt he)=W||™> L. By

The pamllcloﬂmm |

e b | 7= 1 (R ) = (b 1|

2 -+ 2 ko=l = | bt hm=20 |

2 (el 4 2 [ R W= &[5 (bt b Y =]
< 2l ku-Wl(* + 2 ([ kn—hl"= L %

i

which can be made ayb/'fmh/y small by motking w,n large. Hena (Rn)nzs
is Cauchyin H. Sina Flis complefe Rn—> R for some R € H, andsine K
is clored R € K. ij wylh’v\m{\j of the norm (L?-W'W’\ LI& - 3) ancl f the

veclor spctce cTPevaﬁans (Ex. U&-10)

[h—kll = (lh= 1 bn ]
= \\ L’f’;(h—hd ”
= lim |k —kn |l = &

Bvumiqu(mmr) ol h—R | =& then by ﬂ/uzpvtvtouw ol culation

M-k |« 2/l b=+ 2]~k |- o> = O

S0 h,:h,/. {j

Exercire L20-5 Let (V, 447) be an mner pdelCl' space. Pove 4,7 :N>*V—F
is continuoun, but pwove thal i V= O fhen it 15 nof uniformly

conh nuows-



Def™ TIF (V,40D) is an inner pwduck spoce and w,v € \/ we Souy
w v oare o/fhogowal L <u vy = 0.

Lemma .20-6  Let (\,4,7) bean 1'wmerpwdmcfspa(e cnd WEV a
subspace. Let ve \/ and we W. Theu the folh)w;‘flg ave
equivalent:

(l~) <\/~UU) j> =0 ﬁWOtH jC_ W'
(1) o isthe unrgue cloreof pointfo v in W.

PUO_JE Given (f() by the Pﬂfhagomam ICLW hen for 8el/\/

vy ||* = (=) + (w-y) IIF

v\ lw =g 1* 2 v w U3

which proves (it). Now suppore (f"), let jGV\/ and V& [F. Thew
2L 2
02 || v—_(wtAg) [ = (v-w|

= ([ (v-w) =2y "= (|v-wll*
= —2Re( v, M>) & 2RIy I*

Heme 2Re( ALv-wy> ) € (Y )1 TF <vmo,y >+ 0 g llyll40
and ure may fef A= &v-w, 9% /[ \(yI* to get

2R NI ) € AR

whithis ccconbadiction since A+0, Wil 0. O



@

Def™ The ovthogonal complement of a subset W in an inner product space (V, 47) i

Wt = {\/e\/ { v, > =0 forall ouél/\/}_

Nole that fov we W, <—jwy V= F s confinuows and lineav ( Leymma L20’3) 50

W= [ Ker(<=w>)

wew

is o cloed subspate o8 V.

11 1 T2.a v for cub (e
Exercire L20=6 (i) Pove that W™ := (W)™ contains W. of H wb\afccmil:;PZu
(H) Rove that l/\/(g Wa imp(/w WZ_'L = l/l/)'L_ Yo alsobe a closed
el jnthe ‘bpolbgj
/ —

Lewma L20-7  Lef W be a closed vector subspece in a H/’/beu/%space H.
Then W = Wi'L and| H" W @ W—L

Provk To show H=W & W™ we need 4o show wAW* = {oy and WHWE=H.
If weWNW?” fhen <w,w>=0 so0w=0. If veH qud coe W is e

clorent pomf in W (which exists by Lemma L20 ’J_) then (oﬂ Lemma L20-6

V-—WE WJ— so

V= wt (v-w)e W+ wt
F;‘nql(y) it Ve W-LJ_ then wiile v = wty with wGWaVldy € WJ'.mem

Luyy =Ly, v-wy =<Lyvy—<y,w>=0

50y =0 and henee ve W. [



Theovem L20-8 (Riesz vepresentation theorem ) Let (H,<,7) bea(‘(z’(bevhpace.

If £ H— IF is conbrnuow ancl linear theve exishk o unique
vechr O e H with

f=<- Qc>

Roct /33 Lemma. L2044 the map H— H\j hF—= <L~ h> s |inear and

nom - preseving and hence /mjac/?'we, 50 if he exish if is cey/-a/'t/v/y unrgue.

Tosee how we might onshuck O, suppore we succeeded * Then

1
Ker(§) = {ueH | <uo>=0 = {0]
1L

11
Buf fhen {Qf} = {@P} = Kev ()

L
This suggeﬂh we look in Kev(F) for the Vepmemﬁhg vector. Soletwsr noeo
proceed with the conshuction. IF £ =0 fuke Op = O, othevwise Kev(f) H

and 5o ‘/Jj Lemma 120 —7 we moy choose a nonzewo vector u € KQ‘/(#)J_.

Since u ¢ Kev(f) we hawe £(u)=tO and by regcaling we may aiiume fr)=1.
Then notice that for RE H we howe

R=k—flb)u+ FRu

and Flh—FR)u) = f(k) = flk) =0 by linequily , while £( FlR)u)="F(k),
and 5o k- F(R)ueKer(F). Hence since ue Kevl(£)™

Ly = (b—FRW) 1 fRu, > = LFR)u,uy = f(B) lull”

Dividing by 1!l shows ot Of = il wovks . 0



Cowllaw L20-9 Tf (H, <,7) isa Hilbevt space there are isomoyphisms

oF normecl spates

~

.’

> H Y w—><L—,u>

— H w > <u,—

ongr_tf Tvmediate fom Lewma L20~4 and Theorem L20-8.[]

Tn the veal case a Hi H;e# SE{(Q is ILeraHg selfdudl, H= H , while inthe
complexcare H = H = Y Someﬁmw we mh/ooluu \/ +DJ|'0W\0(‘)ED the
wonjagated wntinuous lineav dual V7= VY o that HE H bat theve

is not much needl in this course 1o infwduce Ve/‘ama%ev piece o nofation .

[ - spaces ave Hilbev} spates

Next we wenb v check L%(X,IF) isa Hilbev} space, curel flom Hins finally
dedute the isomoyphism L2(X,F) = (%, (T:) advevhised in Lecture 19,

Def”™ Gwmahpo\og\cc«l speuce X and onbinuouws 1+ X— [F ure denoke bﬂ
£ - X— [F the fundhion JC (x) = {‘(") (5o for F=IR, =7 )

Let (X, fx) beanin fegral pair, - our freld of scalars. By the same avgumenf
as p-@ of Lechure 19, we have a bounded cov:ljmgale I'near mop for dual

exponeVH'x |<pPyq<

\V

(Ch (% F), -y ) — (TG F), 1-Up)
g— "3



(%)

whee Lg($)= Jx 35 Nek that N3 llp=1lglly fov i< pe oo, so Hslder
also dhows | L “< \ 9‘\7/ This can be view»eclcwoa bounded |ineav map
into the wn\JugaLQO‘e (CH(XF), |- ) 0fF coune - = |R‘f/l/1e\/\allatﬂ
his wllapsen o what we alve ady did (by wnventioni [F=IR then V=\V)

Lemma LU= shows that theve is a unique continuows tonjugedk lineav wicp

—‘Eci/,]) makmﬂ ﬂ/\&c\fo\gmm below ommule -

§1,P \2

(LF6FY Il ) === === > (LPOGEY, -1 )
-t J =2 l I/;,/

\

(Ch(%F), Il ) —— (ch(xF), Ilp)

Twis mvmmu‘fu%m'hj meons Pmc[ida 'H/|cd’1ﬁov f,a € C,‘f’S(X,ﬂ:)) Ei’? (E‘j)('ﬁ) = fx 363—
DL{'VL Cuiven anin*eﬂm\ paiv (X).rx> we define

<, 5 TPy« % F)— F

lmj‘l/]/\e formula <'F;3 v o= :{iq;[’ (3)(1;)

Lemma L20-10 Given Cauchy sequencen U\“):\ozo ) (3”):?:0 n Ch(X,ﬂ:) with
verpectto (1=, 11=llq verp ., e howe

<UVVL £ lim 3m> — lim lim J‘X‘('”ﬁ_"_“ _ lIKrLool\’—%oJ £, ‘jm

n— o° ) w3 00 naaco m-—o x®

Proof Sef f=limfa 9=l 9 Sine Bq.p(9) + LT (XF) = F is confinuows

n-109 m = o°

$h19% = Bop(9)E) = lim By (05



F \V}
Btj Ex. L[q—s ﬂqg_ map E\/FyL : [__ (X,ﬂ:) — [ 5 ODVI‘HVMDM, with N/)PEC”
fo the opemjrz)f noym fopelogy on L_P(X)ﬂ:)\/- Hena

$q.,09)(fn) = Vg, ((24q,,(9) )
= evp (| lim %4, F(jyﬁ)

_ lim evp, (éiP %))

m /3 oo

= \fWL éﬁ,lP (‘jW\)(‘Fv\B

m—) 090

W"”b’.”"”'ﬁ these calculations Tww the finF e?ua/i@ ond pen/ﬁ)vminﬂ them in the
othev ovder qives thesecond. []

Lewwma L2D—I] [ef (AMIW)Vovin:o be a doakly—mdexed set of scalan in [F

suchathot T mosoo hmm——)a@ Amn = L and the onvergence

Amn — 00 Ay is uniform in min Yhe %ollowl'ma senie
VE?oE[K VVW)Wl’) w K( l Avm,w"AWl',n, ( < 8>.
TI’IQVL I/mh__%OQAW/yL: L

Rocf Set B = i1, 0 Am,n and given ¢>0 lef M be su{’%‘ciev\’rltj lavge
thot bothe |Bm—L| <&z £, = T and for wy, m/n= ™M we have
| A — Armin [ < &2 St Ann—> Br dheve 15 M= M
with l AMk — Bnl< ez for k2 M The sifuotion is an s how below -



< €h

Bo -+ B -+ Bm - s L

Thenfor h > H'

Ark — L[ < [ Ang—Anelr [Aue—Bul + |8u-L |
< E/3+£/%+5/3 = &

o claimed. &
Tnthe sﬁua%'ummp Lewmer L20 =10 :

Lewma L2012 < l‘,\]‘_\an/o\of"‘) V‘\’Toogk> - lel—vavéojx ang—":’ :

fo®  Set Ammn = jx Fﬂf]—m’ Fap (9 (F1). We hawe Fo check Hhe wm’;ﬁomi/y hy pothenis
o
U—E LCWWV\O\ L20-]]. Sinw (@qlp(am)>w\:o is Cctucl/lj n LP(X) F)vw;m
MPBCF to the operator novm, given § 70 we can find K s b for mm/> K

| Earp(3m) — Bqp(gm) I < 8



Thws for any n, we howe, purvidec| L Fw“}j 0,

‘AMJW‘AM’;V\ l: ) iﬁ,P(%ﬂ)(*\wB— i‘?,[’(jm')(‘ﬁ“> I < g"fn”f

Set f= limnaoofn, §=liMnssed. I [ 1= O tuen f= O so by
||'V\eavihj ££,9>=0, and by Flsldey s \'V:Qquwlf\‘y

)fowﬂ—w ( = fx ’ﬂ\%l
= a5 la
< Mallpllgnllg

Hemw.\oy wm\’iV\uiM ot the novm I"W‘“—*OOYX 9. = 0 also. Soue may
oLsyume ”FHP# O. Nowlef £> O be given and find K such that for n 7 K

we hae |H’m\\'> < Aflpt & Ten ke § = é/IlFIl,ﬁr € inthe ahpve, and

increane K if necnsawy | sothal for mm!,n K

CFere < €. 0

[ Amyn = Ain | < STl =

Theowem L2013 'E)romg infegml pair (X)fx) the fup|e (L*(X,IF), </>> f's
o Hilbevt space with associated normed space (0,0, ),

where the Pam'na is

<iimop")ljm99”> - v!l—vwolo .Yx - 3—" : (7.1)

PI/OU}E Axioms (I/);(ZZ’) follow 1£VlTVV7 OO”jM9QJ'€ /I'V)ecilﬂ//y 0‘# 5—6_2,1 . /?.j Lewmmo L2O-12
fhe given formula. (17:1) agvews unth E2,2 (9)(F). For (T3) we compule



L9,£Y = lim [, 9.5

n— o9

= hm SX ah -P,\ (wn\]\uﬁmﬁonixwﬂﬁmuow)

= lim jx 9”a (OU%}NQQ oomp]qxff-;edmlegvalj

_ ||'mfxﬂ£b
= <‘FJ3>

For this calcul aion we could haveju/n}cu; well ured Yhe ovtchal “lpuble limit" pmemfuﬁon

of {5,977, butforthe next <s}epw93evu/1|'t/>e|t/]1/\e od the reult ¢ Lewma L20 — (2.
We have

L5805 = lm [ .00 (Lormma L20-12)
= o St
R NN
AN (condimuily of (' 11-11)

Sinee we dlveady Rinow (LOGFY, “'\\L) is aviovimed spaa, this prove (Tl ), (TS)
so ;7 definur aninnev Pmc\um‘ space. Moveovev pre l/\WJw%dhowvl The uvxc(en//y/‘/lg
pormis =11y whichis complele by conshuckion, so C2(x, IF),<¥) i a

Hilbe st space. 7



Covollaw L2D~14 The function

2 2 v
g_zz" L(X/n:) — L(X/”:)

—C?Lz_,—z_(ay - <’_/3>
is o isomoy hishn o novmed spacen.

Roof  Tmmediale fom Covolla\/g L20-9 and Theovem L20-13.[]

Why is it wseful fo knpw thal Hilbert spaces in 5ez/|em) ancl L2 —spacey in Pa//hcu[ay/
ave self —dual 7 Because i /s genevally ecniev fo conshuck functionals (re-elementr of H)
than vectors (re-elementy of F/), One rmportant application £ #hi's pvineiple is the

wonstuction of ac!jorm':r) but heve we will use the idea to give o “BDiendlier face"
+o thevecton of L (X, 1) (whithup Fillvow were jusk ab thack Cauchy sepuencs ).

By the unjvenal pwpevy & the wm’aleﬁ()n of a normed spate we know that any
vontinuoms linear O: Ch (X, F) — & (with vespect 4o Il =11, onthe clomaiin ) extencls

uvn‘que\tj% aonfinuown linear ®: L*(X, F) — [F (Theovem/\l_!?—al)j o in

(X \F)—MF 12(%,F) 5 ®

s o

Ch (X, F) Ch(%F) > ®-=0

1N

With o litle exhm checking ) thisshows LV s an isovnoyphisim mQ novmed Jparen

L L (OF) —— ek (GF)Y



Combined with Covelloawy L20~14 we hawve an isomovphism of novmed spaces

'

Z.£7—,7— I L
(%, F) ——— *(X%,F) ——— Ch(%F)

N <=9y <07 [y

Spelledout ex,olici‘r\\j)%'nsfaggi’haf fov evew onfinuows lineavr O .ch(x,F)—
[wi’fl/\mpec‘rﬁ ll—!lz) heve is a (aucl/\y lequen (gm)fno:o in C(h (X, F) with

O(F ) = lim L£,9.%5 = lim | £3.. VL e ok (4L F)

Moveover the equivalence dlass of this Cauchy requence is unique , and we may
clenote it § o € L*(X,TF ). So if we can conshuct in}-fflff%%?’r)g O's, we can

ﬁef m’rel/‘(?/)h'hg vectows in L2(X,TF ). One obviows Ju/nply oA (9 is in%egra/?“r‘)y
against o wonfinuows function: given g€ CH (X IF)

(3/#)=fxf’j‘ —  9g =9 €L7%,

This dvean't el us any#ing , buf it suggests comeans of aomzlmcfv'ng more

Enﬁemﬁnq examp)w :

Lemma L2015 Suppore 9 [2,2)—= JF is a function which is Riemann
inj(egm\o]e on [2/9]). Then with X = [a)k ]

O, - Ch(X, F)—F  Oy(f)=Jmnf3

\
is confnpows and linear, te. (93 ¢ Ch(XF)  (wihvepect fo [I-112 )



Proof. Linearity is a basic plopetly of theintegizd. Conﬁnu”\j with Lespectto (I-1l
follows fwm the Hslder inec(u\ali\y (*J’]/lepwdfed‘e whidngues ﬂ/\wugk in the
prorent case, {/UIH/\EJ Riemann integvable lout not VL(LCQ/JJavi(y continuows ) sinc

5¢5 = T4 | = [J(+-£)3 |
< j [ (-£7 |
< - Nllall.. rlla!lﬁ'”ﬁq.ﬂ ml}j

T fackfhis ¢howws (95 is bounded, and 1 h<liol, o

et ﬁ clenole the vepmemﬁnﬂ element for (93 in 20X, TF ), g0 that for feCh(X/ﬁ:)

L85y = [an T3

va
Faiffng in (X TF) Riemann ivx-}ﬁgmimg @ non-wninuUow) 7[’ "

Tui's defines e funchion 3\—a§ from integrable functions o L2 (X, F), which
is fuaf the inclusion o CH (X, TF) when resdicked to orttinuows fun chions.

Exercise L 20 =7 Plove that Ha |, = X{Q,L,] K ‘Z

One js thevefore »LemPiecl—)Loﬂninlzcrfmfegrab?e functions an a Jubselb of L3 TF ), bub -

Def” A R!‘emannl‘njfe\fjlfqb’e funcﬁon \7'- fab]— R is zewo almost eveyy where
(or zewo a.2. ) if I[qlb]—Fﬁ = O forall £ CH (X R). Two Riemann

|‘n¥ecjmlo1e£uncﬁons 9, 9" are equal almost eveuywhere if 9 —j’ i zew a-e.

We QXLEV\C[‘H/JMQ dﬂfh-" 7LDCDYVIP)€X—UC{)UECJ ﬁmcﬁgng ”17‘7/1/( ObVIDUf) Ww) 1-e.
ﬂ ‘o] = Cis zew Qe iff. Rel(9), Im(9) ave zew a.e.



&

. . \
Theve is another chamclevisation of “almpsh evew wheve  intevms o seb O]Q m ecuure

2ew, bul that is ‘oetjond ‘H’le_rbope of this (ouvse.

Lewmo L2016 The kevnel of the lipear mop

[ infqgmble funchions [a,6] — ﬂ:} — L [a;b],ﬂ:)

g — 7
is the ret o Hhose 9 which ave zew almost evel/jWJ/iel/‘E.

foof By definition ﬁ =O0in (% F) ifand only if jfamjﬁﬁ—: O for

all 'Foanﬁnuou/) / whichh meqns j (s 20 Q-¢. []

Example L20—6 The funclion j‘- [a5]— R, g(2)=1, 9(=)=0 for x> o0 is
Riemann in ‘r@amlale oufr c'emv,_Lj j[q,u] f9=0 for cll confinuows 76)
Since Fj = f(2)-3, and f[q,bj 9= 0O-Jogisae. zew ancl hena 6\10.

Inwonclusion, ure houre a diagyam of injechive [iear mops (X=[ab] )

L*(6F) 5

/ \ \ﬁ
> ] Totequalble §: X — |F}/

Cts (X, I ) . o-e- equalﬁy

However not evew clement ® L2, ) can beobluined an :7/\ ! The nohon o Riewmann
"“*e@‘“*‘”"@ s amﬁmuj vestictive, the co vech notion is Lebesgue infegmloi(t'@/ ancl

it ishwe thal evew vector in L* (X, IF) vepresevit o Lebesgue in teglable function .



@D

Examp]e L20-7 Jn Exqmple L1&-2 wg(,oml‘dewed X = [D/ '—_I and e se quente d'f’
Functions 7[,1 X — R 9iven for n77 L oy

\ _i .............. . 0 0sx<'hn
4 L ) = (et ) e <l
l \ 1 ot hacx < |
‘.: 1 x>
L - { ozt
O xa<'lx

The funchon £ is ot continuown, but it is Riemamn inlegvable, and we clarm

= ()0 i O RY
But by Ex.L20-7
(gl = <t -0
= SR 4 el —2<h, )
= L [ e — 2 [ e fe)dx

b [T LY 6 (122 %)



= = v EEY - 2[R0

= /bn
s Lonvergen fo 2e0, pwving the claim.

Tndeed this example swjgwb e voneck 9eneml <5Jrvakgtj for onshucting a Cauchy
sequencg in CHs ( [a,w]1,R) giving the vepresentative e(ewvenff o L5( L[], R )
representing a generl piecewise—co nFinuows fun cy’v‘onj on [ V],

Example L20-¢ Lef («31/ fJ”- ) he fheim}pgmlpavvmﬂ Example LIT-2 o
5i= [o,27C] /~ and f}i is (/0 [o,2T]— Sléemg m(»?u,oﬁey)f')

L O J}o,bﬂj
Ch(st R) —— Ch([o,2M],R) —— R

We have shown there is an Fsomovphism

IR

(S5 F) —— L(s%F)
g L=,97

Tt follows from Lemma L2018 thalsf g [0,2T]—> [F 1 inhzgmlale

then the fo“owma fund’n’om is continuow and linear

(95 k(S5 F) — F

Oy (£) = [ryamy (FoP) 5



NP
andl is thevefore vepresented by a unigue y e L2(S ) IF) with the
popedy ot K § > = Jipang (FP)T foralk fe CH(SSF)
Noke that ahile continuows functions on S Tave in bfjection wi?t
pevodic functions on R, annleqvable function on 3 dver not needl to
cave about “malzl/n'ny“ atthe 31(46/‘/)5&/}‘6 s wethink uﬁj an berng

, 1
an mfegmbfe functionon S



Solutions to selected e xevcises

[L20-S We give Vx\/ e pvoclchrVMe’m\c.Tl/\em

[<at,|0|>—<az,,b)_>) < '<q’/lal> __<q2' b)>
+ <Gz by ’<Q9_{L;_>)

o Ky —Lanir] 1 |<on by —Lan b7 |

[Caman oy b [<an b —ba Y|

|

< lag—ax|[- 1l A+ [| ozl “l%—["l“

S HOL1~0(;_”-H[C”“ t N Of‘),’_a] "_ql“’”b]—l’)zu

< flaw=aal- oL+ (oo | flk —ba ]
+ a1y =L, |

Lot wg pLove <2 wnﬁmuouﬁ at (Ollz \91).1_9,{“27 O be 31'Uf’|/\/ %no(.
$50 sudnthat [w[<d (21§ mmplies (we < ©(2 with also

£
S <« /3(15,11 R § < 2/3110111}.

Then | Ol\”oh-“””b)‘%_[/ < § implies

[<ai>-<aby | < §ibll 4 €3 + & el
< 3t est 8 = €. 5



