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Lecjrwe 21+ Coordinates in H//be;/llg/ja[e apdaed 1510

Givenan infegral pair (X, Jx) and o chorce of scalaw IF, we have now conshucked
the Hilbevh/ya(e L*(XF) with Paiw'nj

Climho, lim 9y = I, §egn
Rom the isomovphism of novmed spaces

LZ(XJHZ) ; [—l(leF)V GF)
9 — <{-,9>

we have seen how (af leant inthe cone X = [a,b7] gnd X= 54] but it works move
'jewem1|y> infegrable functions on X give funchonals on L>(%1F) andl hence
by Hie Se)\C-dualiy B A Hilbest spaw, fp vectova in [ Z. Technically if is
convenient o view vectows in L2 as Cauchy requencen of continuoms fynchioas, but
we now glio howe the opfion o view these vectovs as infegrable funcfions modulo
almost evewrheve e?ma//'@. The Lzzspace achieves the sought for “unification"
of infegmh‘m with function spacen. Recall that #his unification won mohvaled
in Lectuve [T bythe vealisation Mat the stundavd tools o [inear alcjebm ave
not sufficiently powevful fo allow wo to wovk with the infinike-climensional
spoces Ck (X, R).

Forexample , we Rnow fom Stove —Welershass ( Covollawy LI6—(7, Ex. L|7—/)
thaf the functions sin (nB), ws(n@) forma lineauly independent sef which
spans o denre subspace in Ch(JELR), that is

Ch(S%HR) = span({LYu]ws(nB), sin(10) }y>0).



Tn principle fhis suggests we undevianc evewth ing theve is b know about continuous
Funchions onthe civcle. Then, we sit down with a single example £ 07— R and
Fincl we cawnot say anything about ifs coefficients i this ‘dense banis" of gonomedn'c
functions. Se achually we know (close o) nothing, in practice I (nokan untemiliar
stube o affaivs fora mathematician, sadly ). Let usvow fix this s0rry mess.

We switch fo complex coefticienk, hecouse it is n‘tho doso. Set S T [o,2TT] /.

Lowma L21=1 The set {6 mg}nél s o h'nea/’j incependent sef in C (Ji/ c)
which spans a denre subspace (with respect fo the wimpact-open )’D,DD/D?y).

Rodf Toseo { @M@}nez is lineavly n‘v\depemdemrL we diffevenhale alinear dependenu velaon
Z:I:_N Mn en® — ewnd evaluake af ©=0 $o find

Zv:—w (i“) h}’*n =0 k> O

s shows the vechor of un's is i the kevnel i a (2N*Dx (20 +1) Vondermonde
mahix (see the selution el Ex.L17-1) hence zew, so {eim@}mél v LT

4
Theveis a,homeomov)ohism Cﬁ(Jijd:) = Cfs (Si/ /R) XC}J(S,”/ /P\) JeVlC’/’Vlﬁ]

o complex-valued function £ 4o ( Re(F), Tm(£)), wheve on both sicles we use

fhe compack open topology (Ex.LI2-14). Tosee tngf \/ = 5pam¢( {em@}mel>

is dense , obrewe cos(ne) = 3 (e"Cre ™M@ 5 e V amcls;'mi/au/j sin(no)€V
By Covo//avy LI6-5 the sef A =117 v{ws(n®), sin (n0) })wo is devise in

CH (S R) ancl hence AXA is dewre in CH (35 //?)l (Ex.LlcS’—?),

Since ¢ (V) ZAxA and ¢ is a homeomoyphism, #is shows \ is clepse.



Giving ST e cle faulf imfegm[ pair, the canmical map Ch(s4 C) — Lz(Ji C)
is C-linear and m\fecﬁw so it is immediate fom The aloove that iein@jh ez s
]1’nea;/f3 independent in L*(57 C). Tt is almosk immecliate that the sulbspoiee Jlbawmw/
is demse, but we have o condend with the clifevene between =1l and (1=l e (the
latfes being associated o the wnnpac/'~opem fopology ).

Lewma LZ1-2 L—Z(Si C) = ‘5Pa”&(£€]n@}h613

Roof  We know C1s (57 €)is II-ll,~dense in L(5% C) (byconshuckion) and thal
V = span (E({E?;n@}nez) is (-l ~dense in Civ (Jf C) by Lemmo. L21-],
and ihuH?icmmeve V is |-l -dense  (becawse then ac[o;ec[Jub/ef‘d‘Z L5 T)
wnh«mmﬁ \/ must contain C(J % C), sin YN Ch(55C) ir (I-ll,-closed and
containg V, and thevafore murt be all mg L*(s% ©)) . But given fe Ch(55@)
and £>0, i pe\ and [l p- Fll oo <ﬁ then by Ex.LIg=If wifh p=2,9= 09

lp=Fll, < J2m llp-F)lw < £

whtich proves the claim. [J

im0 [ 2
Next wecompuLe'HﬂepalwwgS < em M@ > n (Jf d:) Butfink letwn
examinewhat it means Vnomjememlj fo wmpute €, 9> for fige L(X,C),
and hefore Mm{‘) let wivecall why we knowo <) > in IR% is connected +o cmg/m.

Solet <, denole the stanclave] jnnev producton IR?, so that O(2) is the set of
livear fansformations T of the plane Jaﬁ,r?lyfnj LTa, Ty =<Lu~Ny for

all “/Ve{RL and SO(2) = { Ro }(9@/[{ S 0(2) is the Jdng/O(A/) a‘f vwiations .
Suppoe u,V are nonzew and they make angle O, Y with the x—-axis (meosuving
counter —clochwise, with, 00, ¥ <2-T ).



Before (cae®3Y) (core O=<¥)
w \/
@ v
) T
kd{ k(ﬂ

After rotation by =Y

7 R"‘t(v)

K;
N

Ry («)

We wmpuk Mat

<u, vy = L Ry(wW), Ry (V) >
= < R—¢(w), Ivl- e
= v+ (R=¢(m)4

= VIl (|l ws (6-F)

Note that we gefthe wsine of- flie angle efween u, Vv, simce the fel O(2)-guoup
prerewer e paiving, ancl o obsewews on “opposite sidens of-the plane (e with
diffevent ovientrations ) disagvee about whether the oviented (r-e- counter-clockwiie )

amg]ebe{weem YAVAD O-¥ o ¥—0 (e Ex. L3 -5).



We sawin Lecture 1 (see p. @) Hhat fuo obsevvens at the same position and with

e same ovientadion in the plane have an their shavecl funclamental invaviant of
& pairaf points (uv) the distance llu =Vl andl the onented angle O ~F If

s natural fo ask . what is the puoper mathe matical “home” for oviented angles 2

The answer is obviouws once you see if * fint ure fc\enh’@ U,V with omplex numbe

2L

R C
w — [ulle” =2
N \— Il*/{leﬁb::zv

Then we calculale

2.2, = lulle® Ivie
= [(ullfiv]] ei(e=¥) =

recovds ©—Yf e {R/Z"TZ-

Re( 2uzw ) = |lulllivll-cos (6-) = L4 v

The extra information in ZuZv is precisely sin (O=t). Puf once you Rnow cos (O-F),
and evetore sin (O-Y) = | ’wf[@"'L)z/ fnowing the actual value of fm/(ﬂ’%)

iS)'va’he information of the J%m o sin(B-¥), which fells you which hemisphere
A ST e angle O lien in, whewn we biseckthe civcle a’r‘ﬁ (2.

\<5m(®~+}>0 Upshol arg(zwi—VB c 'R/zﬂz

f v is the eqmim\emd class 7t the
| sin(0-¥)<0 ovientead (’Av\a]e mearuved wountev

\</ clockwire m Vv o u.




Giventwo yontinuous complex-valuec! functons 4,9+ X — C you should think

of Mevaluen F(x), 9(x) wvaleK numbpers (visualiied oy anows in //Ql) afuchedl
af the Poiwf x. Then the u‘n’remhng infovmation in

—_— ’L a -F(o() —a (az)
L0) 50 = 1pe] 130 | @08 7970

is the oviented angle flone. 9(=) o F(x), and the palving in L*(x,C)

<59 =) f3

accumulater these complex numbers . We can virualire Fhis in feg ral move lrjeomeﬁ/fca/(y !
by imaginingthe vecfor addition of all the #/?)9@- We will do his exewise helovo

for X =4 L but for even move picturen of +his kind o’fﬁ/ﬂ’ng ree Feynman's book "QED -
the SHawge Haeo»j of light-and matter " (what a beautifl book ).

im®  in0®
Lemma L21-3 For m,V\EZ we have <eW‘ /el >: 2T gw\,w in Ll(gj; @)_

Poof Heve §mn =1 if m=in and zew othevwise is called the Kvonecker delfa .
BL:] le]LMih‘UV\ (oui'H/\ f = f.Si)

<e'ww6’/ L - f Mo _ J’ oi(m-n0

which (s cel/an'nlg 2T Fm=wn sina fi = 27. IF vasF 1 this is

s T(m-n)@ . — i 1(m-w)@ 27(_
foe A0 = | oo e L’O-g



Remark The o/ﬂuogonaliw of the em@ 's is 3o fundamentul that you oqu to have
a '(juHevel“deem}-anclmﬂ o why itistue : onsider int € 0.5 C
wh;’cwstJH’heMomeomovlphwm ST=U(1) o Tulovials 4, 6.

Inﬂnemteaml f e C{@ evely contibution e (5 P"fc"’e‘ﬂ cancelled loy o —e' i@

wwesponding 4o aphose shift o2 7, Jof e'wd@ 0.

For € in€ wih n= O the complex numbeva atfuchecl }D/Jofm’z e pcreoning 9
Pewcovm n wvmplekpevwds o O varer over [0,2T ]/ and hence the iml—egml
can be divided cn a sum of n parh, each o whichis zewo by e above

calculation: eq. inthe n=2 cove (m\\dmw(ng to ch(e)

Def™  An ovthogonal fomily in anmner PUOG[LAO( Spoice (v, 4,7 is om indexecl
set of vecton {‘/{' ceT such that <WM'>=O if c’:#J'. An ovtnionovma |

fum mily is such an indexed sef with <uc, U7 = 5J for all LJ



%
It fudiet is an ovthogonet| family of nonzew ve ko then { /lu: 1 }[eI
is cn ovthonormal fawzilj,

L _in@ .
Example L21-1 The ‘leAVVl”j {Jz—n e" }nel is ovthonovmal in (8% @),

Set uy = le:n ei”@. We know the sef {Unlnez Spons o clense subset of Li(fi/ C)
and our goul since Lechuve I7 hanbeen, given f: 8% —> € continuous (ov ar we
have move vecently leamecl, we could hope 4o do the same for any integrable funcho n)

o find an algow’ﬁ/lm-/‘br}WDdchl'hﬁ a requence (PW)V:\O-—'-O in the Spamayﬁ the U's

with pm—>F asm = 00 in L3(S7, € ) (4 e completely honest our ongimal
goal we o do this for £:ST—> IR, but we can apply the constuction in +e
complex case and then take veal Porﬁv). However fo make sense of #hiv we need|

+o define whalt we mean log, an mﬁ'mh Jenen

co
Za“emg e L°(s%5 ) aneC.

n=—00o

Lemma L21-4 {U\Lq]:;‘ b adinike ovthogonal 'Fam;'ﬂ n anl'nwer—[?wclud‘d,ba(e then
H Z:\:‘L{i ‘( - ZVE—-\ “u‘. "

= (S, Siuy = S <oy = 2 Luguiy = 3.l

Rock | 24

Most of the following maltevial is from Cheney “4 nalysis fov applied mathemahes ” $2.2.

Lewima L21-5 (Gememl Pythagoean /auu) Let = {Mi}c’zo be an or%ogomal favm')j
in o Hilbeyt space H  The senen 2;:0 U; Lonverges i ancl om)y fé_
Z:j-o fuc[|? < o0, TF > 2, [[uwcll*= A <oo then /] 207, e /)=

and the sum Za Ui is mdepemc(emf A the orc!f’m‘ng of the tevms.



foof  Sef Sn = ZL o W and 5, = 2o llui P s /’hafoonve'fyemw oF
the seven Z;zo c megwns (S”)hozoo tonveige) (Or €quim|ean) s (cwtchy).
FDVW\>V\W€,/10W€

[N

// S”"" S" //2‘ // J'Y:m—{ MJ’ //ic J‘sm-/ {/Lf/ ”2 = /SW.—SVL}

So (Ih):zo is Cauchj in FlifE. (Sh):o-:o (s Ca(/tc[’!y n /R) which prove, Hre
fint claim (we howe woed H s wmplekbem a/noady) Now e ssume that X < o0 .
B«j the Pﬂ?"hagomam law [|Sn 1= sn and hence in Hhe [imit

[ 2 ucl= Jim [ sal® = lims, =X

I’rvemainsbpwue%e claim about-the unorclered sum. Letus fint consider a
lo'U‘ecHovx 3:N— N and He sevies Z:o Upy. Set Un = 2:; "‘f—(;) .
i?mj '}/MQ_‘H’!QDIAjaFPOL\OJD,UrlQ[g wwvevgen)‘gem‘eﬂin JR) Zio | vpe ”2 = A and
so by whatwehave already s aid Un onvergen, say o u € H, and Hull ™=
Now wre compu&e

<UV\; SW\> = <Zc~iouﬂi)) > Z'Z-' ” J “ J £&)

OJ-O

The pairing =) Sm 7y H—>F is continuoun loy Ex.L20 -3 5 we oovmpult

<M)SM>= Ji’:\{}o<uw,5w> = Ilm Z H\A “ 5 F()

i=o0 j=o

eequls 1 oopen I F £t) €40m)
el zewo otheviw ise

~
equals Z Il Uerey ][’1

fle)sm



= | upa I° = Z o
O J&VVL

C>
floysm

(/S;‘nijOﬂ‘,iHM]JWj n e other vasigble ijcln(}l <LA/ 2[—_0 uL.> — Z;:D “‘ACN’L:;\ |

Hence u = Z;:DUL‘ s

u- 27

= Ll 2 e (<o, 22 ue> ) + A
A -2XtA=0.

I

ﬁisshowsﬂ/\aqug Peymw%{ﬁommﬁ )rug}L'o__oo also sums fo ZL-=OUL' = "'Mm_,msn_ n

LQ/WIVV\G\ L21-6 L_Q,f— {u(,'}],n:| be an Dymomoqu/ 7%“/1/[”‘:1 "o (”HQV—PUDCLMC+ JPQ(Q \/
and rek U = 51{)0“{1:({“%5. Then for v eV the cloreat point to v
in U 1S 2?;|<V1 RV

Rood Set P(v):= Z;:1<V/V‘¢> uce (. 83 Lewma L20 -6 itsuffican +
show <V—P(‘/); y > =0 forall ye U. BU"Siﬂm‘fhepal’m‘mg is
lineor it is emomal«% check this for alid = uJ‘. Hence

Lu=P0),u> = Lvuy — 2 0 <y ur<ug w
= <\1,U(J'> — <\/) \A\j> = O
Pwmmdaim- U

L emma L21=7  TIn 4he wotation of the pveviowo lemma, it vE U then

NV = Z;VL:\<V) (’L¢>q(:-



The vector P(v) inthe above Pwofi is called the orHhogon al pojection ento O (note that
Fhe desciption 02 the clorest vector in U shows it is in ale/;ey,c/gm} oA which ovhor o vmal
Spanning ref for O we choore ). The scalaw <4< are called @mem//'ﬁd) fourier

wefficients, fov aworon we will explain shoij.

Theovem L21-® (Bessel's inequalv'}y) Let {aciet be an ovthonormal Stjs}em in
an fnner—]wocluchpace \/ with I wuntable. Then for ve V/

Do [wuy [T v

Roof Tf I T is finile we knowwhat P LHS means. If L is infinike, choose an ovcfevmj
T =1 ¢, 1. } We show Zk o]<V S ,17| tonverges , henw wonvery e
absolulely, so any ofthrer orcleving # L poduw a convergent renen with the
same limit and we WufjH arwell assume T=191,... } to loegm with.
Given VE V we wrile Vi for Z ,-V.L—_o VU7 UL By Lemma L21-6 we have
V — Vi or—l”heaonal-l—o Da = Span [F({“d}iﬁ—-o ) Hena hythe Py'H/lOt@'DrEQV\ lew

o l®= v v | = fymvnl™+ e [
el .
H 2]~ LUy u; l

= Z;:b l<\ll"&u‘7]7‘

Takmqf’l/’e n—s oo [imit proves e claim (thesum is Po;iv‘;'rtamd boundec

above, hence converges )

Corollaw L21-9 If {ui}o is an orthonormal syskem in aninner pvoducf space gncl v € \/

lim Ly, uy=0.

n— 0



M B‘J Begrel's inzc{ual@ V\ll_)n;) Zi

o
2
- o '<\/,U\\j>] < o0 SO ‘I/l/]fs iy ?VY]VV’QC[(Q"Q . Q

Exercise L21-1  Let U }56I be an oﬁ/l/fogomaf famihj A nonzew vectors in gn inner —procluct
spate \/ Then this set is /;'necu//l,] /‘ndepenclen%. Use this 7L03{'l/€ an
J'V\C[GPBV\CIQV\]'PL/OU{ ot Levmma L2]—] (alhaough an o matter o tasle,
he oll puoof Is move e\emem’ravj and Hius “betrer” )

Def” A countable ovthonormal dewnse benis (hence dense bapis ) in an /nner—Pwducﬁ

space \/ is an orthonovmal ‘Familg f"{d}(ei with 1 countable such that

,\ umwuw}m‘ble de nre
\/ = spanr (Tac)eez )

boven are alsovewy
]m]gm%umf/ but we do
i S 4 not have time v
Example L21-2 iﬂ e }wc—l is o dense bewrs for (S C)  dewelop the theow in
Thal-genevaliby /

Bj Lemma L21-2, L21-3 .

Exercise L21-2 Lef V beajmpoloc\]fca\ vector space ovev TF and U SV avector

subspace. Aove fhot U, the closure of U, is alio vector subspeice .

A sedis called countable if itis be'eche 4o some subset o IN (Io Finile refs ave wum}'alolﬁ).

Theorem L21-10 For a countuble Orﬂzonoz/ma/fzmily {QL'}LeI in o Hilbert space H)
+he fo“owina are eqw'v-alen%:

(1) {“é}gei is a dense basis.

(1) If heH and <h,ue>= O Lrall ce T then h=0.
(1) TFheH then W= 20 cer<huy ug.

(v) Tf hkeHthen <h kY = 2 et <hyuyLuyky
(V) I\C h GH ‘H/]QVL llV\ “1 = ZCGI ‘<l”| we> ‘2. (Parreva\ |'c|?mmy )



foof  Fartof the pvovf consish in showing the sumsin (i), (iv), (v) existand are
independent of how we enumerate L. for ()= (i1) note tnat if h is
o/fhogonalfv ecch U it is ovihogonal 4o (J:=spanr (TucYeer ) . Bub
fheve is ausequence (Pn)mo:o n U wnvergingto h, so by Lontinuity of the paiving

<y = &k lim oS = lim <hypay = O

n |0

Henw =0 w clarmed.

(ii) = ("\'f) LetheH becjiV‘en. To show the sum 11/ = Z(el <h w7y ue wonvergen

and is independent of how ure ovder the tevms, it sutfices lgj Lemma L2(-5 4o shoco
that some ((and thevefore any ) enumeration L = { <, Ciy- - } that

2 eo

) é}l>ut‘lz /{—L: Zla o ’<l’1 U h>l < o9

But this 7simmec{iaFeq%m Ressel's ineqmali/g ( Theorem L2]-8) So ex(&/?)
ancl moreovev

Chotl > = Ly =<l ucy
= Knudy =L Nimp o 2 K ey uie u

= < h, U\->— llvmz L ui YL Ui, Wy
- <|f\,U\.,> <l/|/Ulu7 O

So l’)l{j hjpol’lrwn‘; h—h' =0 and thw }/1:1/\/.

(i) = (iv) Aswe Iaawl'uwhlf)own, 2 sierKhul7u is unooncl/%‘oma//y wmvergenf‘
(i-e. any enumevation of L Jeadls fo o senes converging o the same limit) Then



L k> = i Z:=O<l"/“5k>uék 5 ‘7\>

n-— 0o

= limeao 2 oo < uiy<win, R

This shows that 2 ier <huo<us, kg Lohvergen un wmclfﬁ‘oma/ly. Actually,

this un wnditional converge dicl not vequive (i) /

(iv) => (V) (/u@lqanW)f ertablished Z[f—l Lhyuey<ue kb Lonvevge) uwwncL;’HomaHJ

We vow suppose ?Hsalww-ds e_c{uaHo £Lh k>, PL(H‘ij h=k j/‘eld_v

“ h l\z = del— <\°,U\£><\4,Mg> = ZL‘eI |<ln,bt.;>lz-

(\/) = ([) Lef’ U L)QCU)C(IOOU‘Q- Bj Ex. |_2(—?_) U IS A (clo:ed) vecjrov S(AL)SPCLCQ
U‘,E |-’| (.\'QJLC((SO Ex. LI &7‘_]0) QV]C{ (Yo} \Oj LQVVWV\Q LZO—?

— L

H= Ue 0

We suppute fora onbacliction Yhat U H, sothereisanonzero
VE U_L- We may assume “VH: |. But#hen by (V),

| = ll\/\\z = ZFG-T. I<V;‘-’(C> ]Z—; O
which is o onhadichon. Hene U =H. O

Remavk  (what we have called an ovthonormal clense bonis s somedines )M)‘cq”ec{

oan ovhoviovm al banis. However #is is Pwla)emm’-z‘c because such a ﬁl:’hj

is not @ bonis which happens fo he an ovthonormal tef. I hove choren the
mppellah‘on “dense” sinw that seems informative, but be awarve this is

ot stumdavd %evm,'l,,(){u?v (orthonormal bauts, or Schauder bouis, is) .



©

l .
Example L2-3  Set un = Jow em[Q. The 1ef {W\?Inc—z is o (countable ) ovihonornma
dense banis for (57 C)/ and so we decduw from the theovem

J/l/lal’f:orawg fe Lz(Sij (E)

JC = Z<7C) un> Un .

n=—00

Moveover the convergence of his sevien is un conditional, so we

can enumevate Z. in any U‘JCL\Lj we l\'ke, fov excm«P)Q

~
?Ns Z)<'F/Vlv‘>u"-—_%‘f an N — Q.

n=-—N

This achieves our long stancing goal of-finding an algoithm fov computing
0 sequence of. higonometvic polynomials onverging Jo f. Noke thal
the coefficients ove, if £+ $*— C s continuow , in l‘egmb’

B un> = fsljcm

_ ! -in@
- ‘;?_7-‘];/ 7[6

= =) A4S (Renam iegel)

There complex numben ave called the Fouvier components of £ e linear
funchionals <—,un> : LZ(8),€) —> C “wvead o#f" how much of

Lis tn Hlre “direction” Un, sothereis g precise analogy with the
dual bewis in e finite —~dimensional vector space (the comcnphfa’
message heve isthaf u/haf‘@g'ﬂ@/_(j made finile - dimensional spacen
greatwen that they weve self-dual. Once we know howto build self-dual
infinife~dimensional space, ,r-e. Hilbevkipacs , many things 3ewemhve).



The stow of Pigonomehic polynomials isnot quite ompleke, becawe originally we

weve woncevhed with real-valued functivne, and veal-valued Higonome bic polynomiale.

e can get ourselves beick to Fhis conlext hy “faking veal pavks”' in the fo//mu/'ng Jewnvse.

Recall that given a patir of vector spacs A, B the (extevnal) direct sum A @ B iz
fhe 1et A* 1B with qu,by)‘f’(‘j’a/low-) = (q'f—q?—/ br*bl)/ Aayb,) = (;\q,/)k,)\

Theveisan isomoyphism of C-vecor spacen

Ch( X, C) A Ch(X,R) @ Ch( %, R)

$(£)= (Re(), Tm(+))

o —I|

wheve ¢ ack as (l o ) on the Vli]h?’ hand SI\CJQ. SV\Ppore now that (X, fx) s an
integval paiv and we tuke the associated 1z —noim on Chs (%, ©), T (%, 1R). The

ﬁ3%+~hand sicle of-the above becomes cu normed space over C with the novm
FC Y= T+ e,
ond with this shucture 55 is an Isomovphism o novmed 3pa e, over C.

Lemma L21-11 Thereis an isomoqoh/&m o normed! J‘PDHQ/J over C

o~

& - ]_Z(XJCD)

(% R) @& L(X,R)

°o —|

where ¢ ads an (l 0 ) on The vi«ahlr) lmak'mg Hhe {ollowMﬂ diagjmw\ Lommule

3
L2(XC) ——— (*(R) @ (% R)
LT /[ Lol

Ch (%, C) T Ch (WRY @ Ck (Y R)



Fodk  THis immediole ﬁom Theovem LI &-9 thaf /F o novmed spaces ave

isomovphictheir completivns ave isomovphic. Thea wing Ex. L 1§—12
(which is clearly also an isoymovphism of normed spaces (Ve w)>=vieWw

N

£V, W are npywmed S/Dacw) we hawe as normed spaces over C
L2(x, ) = (Ch(xe), -1
A
=5 (chu R, - ) e (Chi%R), -1k ) ]

= (chOGRY, LY & (Ch(yR),I-11-)"
= L(GRY@ L(XR).

Heve all we vealluj need o check is thod e ackon of ¢ malehws np, whichit dees- 17

Given F€L2(55 ©) wewrike Re(), Tm(F) for £(F)s, E(F). rep.

Foampe L2~ So £+ L*(§% ©) — C(s%R)@ L*(S%R) is ontinuows

and if F: 57— IR is conkinuoun then ure moy fint o all view
itan an element of L*($5C) (via RS C) anden in 12(85R) -

J = Re(£)

— Re ( lim_ > L Euyan)

im 200 Re(<funvan )

N X

|

2n —tn .
-SV\PPDIQ jo 7a(®)e (QC(@ = QV\'\'_LlOI\ W\H\ Om/\o.,\GIRTheVL

Re(<F,um>uv\> ———Re[;—n(av\iri\oh‘)( s (n8)+ (st (n0) )]
= ;_;n( ancos (nB) —lov,&in(lnB\)



Henw an a limit i L2(5 7 R)

: N .
Jﬁ = ,\!'Tw ZV\-——N ?__TE( anos (MO) — b sin (m@))
= ,\fll,?/:o L(—T((ao +Z::\ [an’rﬂ—n__]oos(n@)

(10.1)
+ D02 [Fntbon ] sin(n®) )

which isthe desived expvension of £ as a limif of vechonr in Thly(S7R).

Exercire 21 -3 hove that {'} U{ LOS(W@), sin [V’@)}h>o S an oy‘}/l/\ogoma/ ﬁ(VVlify
in L(8,R). Devive fom this an ovthonovmal dense bonis ancl
Wevelcj give an inale,oe//)dewf devivetion o (18-1),

We can now claim o undenkruncl wmplex and real-velued funchionson the civcle. Buf
it we ave honertabout it fhe answer- is deeply suvprising - the natual worclinates on
L2(S% €)  (re-the funchions L= uny )1 or it you like The funclamental clegrees of
freechon in avechr fe(2(57 € ), are non=local with verpectto the oviginal space 5°
The nodural “divections” in L*(§% €) $om £ consisk of vaviations m the amplitude

of indwiclual fvequency compongnﬁ e"® 4 £, and such a variakion changes the value

Yid fafoveuj point ¢f St we say the change is “local™ in frequency spee (physicish

will oFlen call this momentum space) but “non-local" in position space, meaning Sl{ﬁel{f.
In 'Facjr, there is a Puec:'Je sense in which Lz(.fl) (E) doenr nof “be i eve ! In Poihﬁ atall.

This relahion befween Fosiﬁow space SL and ‘ﬁ/fquemc% sFace s ac‘h/laHLj an
nstance of o gameml dualily , called PonWagin clualﬂ-j , on locullv oompacf'

Topological abelian gleups : many of the L*-spacen appeaving as the Hi (bevF
spacer of physics ov applied mathemahies have the puwperty that the naturad

wordinafe directigns represent non-local pertuvbations, of o wave-like natuve.




We have focused onthe cove of S! for woncretenens, but most of the above wovks
mvwgemmlly: for ﬂ/;efo“owmg exewisen |ef (Xupr be an )'nfogml pair ancl
Ji X — R" an embedc\Fmaj andl let 2y.-., 20 € Ch (X,ﬂl) denole Yhe maps

2, = Ti°] wheve Yhe T cwe the puojections, so

C\ O

Zj___ { 2, Ty \ Ay, Cw 7 O} & C%(X'[RB

s a countuble set spanning (by Stne -Weievihug, see Covollay LI6-4) avector
SM'OJPC(CQ SPC(VNP\C which iy dense in CHi (X, R) (Wiflﬂ V\’%Pecf’ fo //‘/{oo/ and Hw also
-2 ) and so SPCMrRC is also denre in LZ(¢,R)  whena oy Lenma L2(-1] The

subspace spang G is ailso denve in L2(x,C).

Exerciie L21-4 Pove that G contains a subiel G which is [m ea//j MclepemdeMIL

and spans e came vector subJ{Jace.

Exevcie L21-3  Tyyenta aememlh’ed form ot the Civrzum - Schmiclh prowas which

tuler an enumeration G’ = {C°/Cl/ L } and produws an
ovthonormal %mily {‘*w \]:7=o spauning thesame vedormlo(]pa(e
on G (in pavﬁ‘culav the U are Polymomm/ﬂ'n the 2 ¢ )
Conclucle Fhat 1 dr Jn=o is ow ovthonovmal clevse basis

(iy\ either Ll(X;/R) ov L_l(X, C)J the save ref wovks in both )
wmsisﬁnﬂ of Pol\dmomia\ functions.

For example, witlh X = L1, 1] and €= {2~ 1n70) fuis pwduws an an orthonormal
clense banis for [=( [+, '—]) (R), L*(§-1,1], (E) : the (novmalrsed) Leggmdl/&
Pvlgnow\ials. You mial/nf chog in\rf’/lﬁgaﬁnj Lz(slxslz Q) ov LZ(Sz/ C )) in the
Former case you should discover o descviption in ferms of fuo independent frequencies,

ond in the latter cone 301/(3{/:0(4[0’ discwover Slploel/fCa‘ havmonics. Whatis |* of a 3m,ola 7




