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LeCAh/tre ZZ : UV?SOI’]V‘{S Lemma, U\Pdafed 2N

z‘}mmpoﬁan% theme in this couvie how been the shwlg o functions f: X— R or
F X— C mospace X vin appwximations i geneval functions }’f/ “simpler " onen.
For exavmp]e) we saw i Lecture 16 bowto appww’mafe continuows Fun chons on [q; L]

by pohjmomiaf functions (tne Weiershass appuwoximaion Heovem ) and in Lecture 20

how fo appvox/mafe ;‘nfegmbfe functions by continuous ones (wn'ng the i rﬁpmew%a#on
theover ). Indeed, arwe explained in Lecture 13 inthe context o Ficavds theovem

on ODFEs, e fundamental impo viance o such appwm’maﬁom’ explains why Jo

much of the wurse was 0Vgam'rec/az/ouno{ pu h%’nj ‘/Dgo(vgl'eﬁ on ,rloa(eﬂo-#fﬁmcﬁow
(it the wompact-openfopoloyy , and then the fopology auociated fo the LF- norns )

since it is these ‘)'Dpo/Ogiw which g{\/e meam’ny + the tevm “q pwx;maﬁan ”

Our vmoﬂ'(oowevfu(v‘uo/ 7%r/91/0c[uc/n3 alppwximah'om is the Stone - Weievshzss
theovem of Lecture 16 (inLecture 2] we even saw how 1o combine this with the
Theowy of Hilbevt spatea fo mahe Fhe approximations effectively computzble in
fevms of infegmls). Recall :

Theovem LI§-3 ( Stone-Weierstrass) Let X be o wompact Housdorff spaw andl
A S Ch(%R) o subalgebia which separates points - Then
we heve /a_ = (Cts [)(, /R)C\ bovnpac‘r—oPen ’rb\ao(t?gj

"Recall o sbset A sepavafen points if Vx,kjeX(x Fy = Ffen( Ffx+ fy) )_]

o X R™ s an embedding then The reshiction of polynomial funclions R*—™R
giver a gubalgelom of Cfs (X, R) which is eonily seento reparate /:)oin‘/?J and Is
thevefore dense, by Stone - Weierstars. This hos been ouv Pm’mapy souvce 07[
appLoXimations of wntinuows functions by ‘simple " continuows functions | see

#rexample Exevcire LZI—l,l) L2)-5.
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Letus see whai*happens when we Fake away the “Crutei” of hau ing X embedded in R

We full Flat on ourface is what thPem: for a 3eVlem/ Jmpoloaica( space X,
we don't hwow a single_in fem%ﬁ'ng continuows function X — R ! Let alone o

collection of such funcfions rch endugh to approxima b all the other onen.

So, what continuous functions £+ X—> IR do we know z
«  Constunt functions (\.e. not M’remﬁhg ﬁmd—[on:)

If K is mehisable, with medic cl, hen forany B € X the function
d-,B): X — R is confinuoun (Lemma L13-3).

That isn't exactly an impvessive list. Alﬂnomah, it X hoo e indiscrete +0Po(09Lj T=19, X}
evey vordinuous function £+ X— R isonstant, which explains why we con’t- know
anything “3ewevicalhj“ Ohoout r’mfevwﬁng oontinuoma functions < in 3em@m|%/|ev€ aven'}

any! But undev some veasonable hy potheses, say compact Hewsdorf ov move geneally
movvvlahb ? X (fee Ex LI-& "mehisqble /mplrew novmal " anel E x. 211-9 /{cowwpac/'

Haowsdorff implies novmal ") we could hO/Je fo do beffer.

Exercite L22-1 fopethat iF (X, d) is a mehic space and BE X is dlense, then
{d(‘f]“)}beB s o collection of covtinuous funchions whic e

separoled pojnts (and thevefore ﬁememkf) a dense subalgebra
B Ch (X, R) Fvovio\ecl X (rc/ovmpad'S_

Tndeed, the Urysohn Lemma and ifs covollany, the Tietze extension theovem, puovicle
Poweﬁ‘ul tools for wmsﬁucﬁng vonfinuows functions X — IR with some 5p ecified
behaviour, for any normal space X They are among the wost wiclely used tools in JrDPOlogg.




The ono,{: we give below s (mostly) following Munkres .

Lemma L22-1 et X be m‘}vPOIog ical space in which .Poin):x are closed. Then X is normal
if and only if fovevew pair A< B Xwith A cloted and B open,

-

theve exish an open e f Uwith AclU<=sU €6 U is#he closuve in X_'

Froof  Assume X js novmal and that ASB is given. Then B = X\R /s closed,
andl Jo by moyvna//'/y theve exist open chy'o/nf refr U, V with A< U, B°= V.
Hence USV < B andsince V isclosed, U SV E B alio, s0 wre

have AQUQUSB.

Convewely , suppose the condifion. on the existence of U holcls, and lef
A, 13 be d,g_-/'a,'/)f clored subsek of X. Then A< B c X so there exists open

with A< U< U< B Butthen U, C—/cam 0{1‘5/'0/'0/‘ open refe with
A<l and Bc JCJD X is normal. 0

Theovem | 22-2 (UerOl/Wl's Lewwna) Let A, B be cll‘sjofnfc(o:fd subsefr i a
noymal space X Theve exish a contnuows function F: X — [0:1]
such that £(a)=0 fovall acHand F(b)=1 forall beB.

Proof Suppose we had such an f. We want o examine whakthis tellswo aboutthe
topology of X (i ceviminly fells wa Sovmeﬂ/lﬂna + an long o A B ave mOznerpfy
F i notwnstont, se Xcamot have the incisaete Fopology ). The sef
[o,p) < [0,7] is open for O<p< | anc hence Uf i= f"( [o,p)) is open.
Notice that A= Up < B forall p, anel if 04p<q<| then

Up = 10l e 0 = Uy = Ty 2 U



@
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The laej imiqm is That jC con be vecovered fom the 5(jslem Uf open sets { UF~50<PC' :
And in foct vuvum\ﬂ need o. dense subsetof the indicen : suppore F'< (0,1) is dense, then
ﬁr;(é )( we haue

P

fu= sup(1pePl fezp ] ufo] ) el -

£x

=JMP({P€P/ fX¢[°/P)}U{°}> (4.1)

:jup({PC—P}deP}U {o}>.

Now let us begin The fwoO‘}Q propey, thed s, we cliop the hypethess about the
existence of £. (e proceed thTwo steps: the finkskep isto show that given o
sysfem ot open sek 1 Op }FeP/ with PE (0,1) denve, saisfying the prepevien
discusred above (the existence of such o system of open seb is o hypothesison
The “vichners” U’T{fﬁleﬁ)f)o/ogy O7€X) thal (4.1) ac%ua//y cefines o conhinuown

Funchion . The second slep s to explain how fo pwduce such asystew, wsing that

X (s V)orma/.

Claim (Skp 1) Suppose P<(o1) s dense, and that {UP}FG P isa fFu\milj
v,ﬂ»open subrels o X ;ahs{—w'nﬁ

(i) A= Uf’ = BL ‘FDVCL”PGP
(“) —L)_f’ = Uc' 'JLO"Ct“ P<‘T (c)ofum/"n ><)

Then theveis o wntinuows function £+ X — [01] wirn A < £ (o),
B < £7(1) defined lolj

fa=sup({pep|xqUp} v fo})



Froof of claim The given supremum exish and lieain  [211], emd hypothesis (i)
epsuver tiak For ce A e have fa= JMPC{O}) = 0 and for bel3

fb = Sup( IDU{O}) = |

So we need onl‘[j prove wnﬁnuiﬁj. Node that by definition, for pe

7C43 U]: = 3017/ ‘D
f;c <p - XC UF C’ﬂfn's s the ODV!MPM?'HV‘S)

Given 0<6<S< | with (o, S0 € P ond a’oo}m‘x c 7["((“;50» Then we hawve

\fo<r<qcx<5 <5 %ursomer,S&P

by demsijrij./ﬂm iwwwedia\-e\g implieo e Us. We c(cn'm_o_c & Ur. Forif e Ur

were pue then for any '€ P withh r<v'< fx, xeUy would ivmply by (i) Mat
x € Ur € Ur’ Butsince r<fx theve muot e xisk af leowt ove r'e Pwith r<v’s fx
and ad Urr (since fx is the xiﬁvcfmuma‘ﬁJuch r's) Hence we o conc e

zd Ur gndso xe (Js N U, We claim

Us NU, < j’:”((ro,so)> ()

which will be emom\(jlf\, since x is generic, 30 puove tat £ 7((7,5)) i open.
SMPPore ye Us DU;Q Then ‘Fj 7V 7Vo sine ¢ Uv 4anc[ 'Fjs S < So sinee
fq=supl pe P L4¢ 0p) and if ydUp then pss (sime it s<p Fhen
by (i) we would have y<Us < Us = OUp ). This puver () and hence that
ffﬁ\((fo)b\) is open. Simi\a‘/lj f’l( [0,5:)) and f —1( (re, l]) ave open,

ancl since s devise #his suffies o show ][ is continuows. o4 Claim 1
N end aim L.



Claim (Step2) Such a 535Jrevvt o o pen subsels {UP’}FGP e xists for

P—‘: @ﬂ (O)O_

Rrood of claim e essential Po)nlrheve sthat Pis countable . Let P be enumerated
nsome way P = {f’UI’Z)--- } andlet Bo=1{7,-, P be the fint n vational
numbers in this enumeration. To define UF‘ aPP\y Lemmoe L22-1 (uang thak
X is novmal ) +o find UF‘ open with A < Uf’l - U—[" c R Now suppose wre
have wonshucted Up,, .. ., U]’n  such o way That {UP}PEP"'\ sabisHen
The wonditions (&), (ic) fom Step 1, and we wishto define UFV\‘l‘l' Setf

= ‘SV\P{ F,‘, l | =(<n and P, < P"‘H’} ~ Trmmec foke predecersor

s = [\n{:{ P< l€ (€ and Pt < P¢ } ~ {vnwdiak sucassov

~—

Thew r<S so latjl/\SjPo‘H’)%‘lS U- < Us ancl by Lemma L22 -1 Fheve exish an
open selt \ with Ur £V € V< Us. We el Uf’”“ = V. Hewrif r

is the supremum of he emnply set we veacl Ur an A, and if sis Yhe
in%’mmm U’g"l/he evv\P}‘_L’ Se‘!’weu\e,acl U_s oA BC ('H/\e«j ave V\ok bOH’l evvnpjfj )

We daim 1 Up tpePart shll satisfien the conditions (i)Y, (ii). The fint 1sclear.

FN 'H'\?.Sewv\d LOV'\C“'HOI/\-J suppose Fnﬂ < P[ —)[or some iin-j—lﬂew S = Pg so

by conshuchon

aV\o\similavlj if P <Pnri then po=v so



By the Pviwciplewf recuvsive definition (o form of incluction , see e.g. Munkren for
apwci&e shTemewt> this sufficen %ol@#fme afys»tew\ {UP’}PGF with the deaired

F”"PQV%“ D it Cloim 2

If we now apply Step 1 o one of the syshems {UP }PG @An (o) whose
exisrence is quavavteed by Sfep 2, we obfain a continuous function

]C" X — [0,1] of the desired kind. 8]

Sowme applications of he Urysohn lemmea -

e Tietze's extension theovem = iF X is novmal and A< X is clomd, ancl
f:A— R s contmuows anel bounded Hhentherve exish o bounded
condinuows funchon h: X— IR with A/A =1

Urysohn mehisation theorem evew normal space with a countable
banis is metvisalle ().

meaining Pavhﬁomd&umﬂ
)
Existence of pavHHom o unﬂy : 1his consequence of Urjsclm's lemma

is nfunn the crmcial ingediient in showing that any compack hpologl‘cq)
m-manifold X ('-‘Z- a Housdorff space with wountable banis such that each
pointhan an open me?7\aloo/)no?cl homeomovyphic 4o an open subset of //?M)
admit an embedc/:’ng X <% RN Hor some N

This laat example means that, in pvinciple, for any ompact fopological manifole/

X equipped an an mtegral pair (% dx), weaan appronimote avbihaw
confinuows funchions X —> MR by “polynomials " o bfained fuom J X /Ri\l
and intwn Ex.L21-4, (21-5 ch[uce Fom there Polymomfa’& cn ovFhonormal
bewnisof [2( X, C ). So our analysis of Lz’éPCLCQ/J won actually CTU\rI‘RSQL\Q ml.

]

within uom]mc’r spaes |



