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Lecture 3 : Isometrics ( updated 3017118)

Last lecture we proved that ( St
,

da ) was a metric space ,
and the proof

involved certain special functions

a
a

Ro : st - st Ro ( b ) = (9%5890) ( b ) ( rotation )

a a a

T : st - st  

T(b)=L .b) = to 1) ( b )
.

( reflection )

which had the property that they were distance preserving :

4a( x. y ) =  da( Rox , Roy ) V. x. yest FOER

da ( x ,y ) = da ( Tx , Ty ) V. x. yes
2

.

De# If ( X ,dx )
,

( Y,
dx ) are metric spaces ,

a function f :X → Y is

distance preserving if

dy(f(x , )
,

flxz ) ) = dx ( xyxz ) fxi ,xzEX
.

A distance preserving function which is bijective is called an isomety .

Exercise Ls -1 Prove that any distance preserving function is injective
( sosuchaf

"
is an isometyiff .

 it is subjective ) .

Example ↳ 1 The functions { RO }oaR
,

T are isometrics of ( St
,

da )
.

Exercise L3 -2 Pwvethattheset Isom ( X ,dx ) of isometrics f :X → X

is a gwup_ under composition

:
the identity function is an

isomety ,
the composite of isometrics isanisomehy ,

and

the inverse ofanisometyisanisomety .
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That means we can generate new isometrics from old ones
,

e. g :

F  = RO
, ROZT ROM Roy e Isom ( St

,
da )

.

This raises two natural questions :

IQI Is this really a view isomety ? i. e. is F equal to T or Ra for some 0 ?

10122 Can we classify all thei. some tries of ( St
,

da ) ? For example , we

might hope all isometrics can be written as products of Ro 's and T 's
,

like F  above .
In this case we would say the set { Ro }oeRv{ T }

generates the group
Isom ( SF da )

.

Let as begin with QI . We know that Ro
,Raz = Rd

, +02 ,
so we only really

need to analyse the product ROT .

But for ( a
, b) est

,

Roth ) - KhooIino ) to:X and

= lswisnooInfo )l :)

⇐illusionosiwnsook :)

= TR . o ( ab )
.

Thu ) as functions ROT = TR - a .

In other words
,

the following diagram commutes :

T

st - g
1

R - o 1 t
,

Ro

st - st
T
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•
N

T

of> •xy
•

Tx

R.o Ro
× ×

←¥f
.

'ox

>

•

"

MY
'

rotxT = TR . ox

Butusingthe relations

( RI ) RoiROz= Ratoz
( 122 ) ROT = TR . o

( 123 ) TZ = id

inthegwupofisometies , wemaywmpulethat

F  =RIOT120511204
=

RO.to#3TR04=Ro,tozR-a3TTRO4=RoitozRo3TR_o4T=Ra.+azR-a3Ro4TT

= Raitaz - a }+oq°id
= Ry

where 4=0/+02-03+04 .
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Exercise L3 -3 Prove that any element of Isom ( St
,

da ) of the formF.
= g ,

. .  - . gr r > , 0

where each gi is either Ro for some OER
,

ort
, maybe

proven equal to RYT
"

for some YE [ 0,2T ) and he { 0
, B

,

using the relations ( Rl )
,

11221,1123)
.

( Hint : use induction )
.

Lemma L3 -1 The set G- { RYTH I YE [ 0,0 )
,

he { 0,1 } } forms a

subgroup of Isom ( St
,

da ) .

Roof id = RoT°
, and G is closed under composition by the exercise

. Finally

notice that T
"

Ro = Re , )noTn and so

( RYT
" ) . ( Re. ,,myT" ) = RYT

"

Runny
T

"

= RY Rc .yntpntiy T
"  

T
"

=

RYR
- y (F)

n

= Ro ( i d)
n

= id

That is
,

( RYT " )
"

= Rant ' 4T
"

is again  in G
,

so a is a subgroup . D

This almost
,

but not quite ,
answers QI . We know everything that looks

like F can be written as a product RYTN
,

but how do we know if are

there redundancies
,

i.e. RYT
"

= Ro Tm with ( 4
,

n ) # ( am ) ?

¥32 If 0,4 e [ 0,27 ) and mine { 0,1 ) then RYT
"

= ROTM if

and only if 0=4 and m=n
.

In other words
,

we have a bijection

[ 0
, 2⇒x{ 0,1 } - a

, ( a ,n ) H Roth
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Roof Firstly ,
notice that if two matrices Ai BE 172 ( R ) induce functions R2→R2

by left multiplication which restrict to functions fa,fB : St - st which

agree f A =fB then A  = B as matrices
,

since fa ( 1,0 ) is the first column

of A and fa {Oil ) is the second column
.

So

RYT
"

= ROTM as functions St→ St

<⇒ RYT
"

= ROTM as 2×2 matrices
.

But it these matrices are equal their determinant are equal ,
and

det ( RYT
" ) = det ( Ry ) det CTT

= 1 . ( - 1)
n

So if RYT
"

= RATM then H )
"

- C- 1)
m

and hence m=h
.

Now
, also observe that as matrices

put - ⇐YYTOYYK :c:p )
= (

as 4 thmsiny
sin 4 c- ijnwsy )

Looking at the first column we deduce that

Rytn = ROTM ⇒ lws4
,

sin 4) = ( wsd
,

since )
←→ 0=4 ( given both lie in [ 0,21T ) )

. D
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Notice that this completely answers Ql : given a product F of Ro 's and T 's
, if

you want to determine whether it is equal to a particular Ro
,

or T
,

or more

generally if it is equal to some other product a of Are same type , you need

only follow the algorithm :

!1! using the relations ( Rl )
,

( 1221,1123 ) write F  = RYT
"

and G - ROTM

for some ( Y
,

n )
,

( Qm ) E [ 0,2T ) x { 0,13
.

@ then F= a # RYT
"

- ROTM # 4=0 and men
.

Proposition L3 -3 G = Isom ( st
,

da )
.

Pwot Let F ! St - St be an isomety ,
with respect to da

.

Let us mile

< ±
,

K > for the dot product I • I in R ? First of all observe

Claimed :  if I
,

ue E St then < FI
,

Fe > = ( I
,

ue >
.

Pwofofclaim if I = ECO ) and we = Io ( O
'

) then < =
, E > = cos ( o - O ' )

while by hypothesis if FI = to ( 4 )
,

Fa = F- ( 4
' )

< FI
,

Foe > = cos ( 4 - Y
' )

= cos ( da ( Fk
,

Fe ) )

= ws ( da ( k
,

in ) )

= cos ( O - O ' ) . D
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Claim If I
,

a est then ( FI
, we > - { I

,
F-

 '

w_ )
.

Roof This follows from the first claim
,

since

< FI
,

a > = < FI
,

F ( Ftw ) >

= < I
,

F- '
a >

. D

Claim Set a- = FCED
,

b- = FGD where e-yet are the standard

basis vectors
.

Then with A the matrix with columns Q
,
b-

Fk ) = AI for all IES ?

Roof By definition this is the for I = e- i or I = e-z
,

and for any

other I = he , tmez and w_ E 51

< FI
, a > = ( I

,
F-

'

( a ) >
= X < e- , ,

File ) > tµ< e- z ,
Ftw ) >

= A < Fe , , in > tµ< Fez
,

in >
= < iatnb ,

a >
= < Are

,
a >

.

But since this holds for a- E { e- yez } we conclude FI = Ahl
. D

Claim Either A ESOG ) or TAE SO (2)

,
where T= ( to-9 )

.

Blot By construction A preserves the inner product ,
and so ATA  = I

.

Thus either det (A) = 1
,

in which case AESO (2) by

Exercise

LI - 5
,

or det ( A) = - 1  in which case DEHTA ) = 1 and TA ESO (2) . D
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So we have either F = RO or TF  = RO
, and in the later case

F  = TRO = R - OT
,

which completes the proof . D

Exercise L3 -4 Rove that ROT : S1→ St is reflection of st through the

straight line which passes through the origin and ( cos (E)
,

sin (E) )
.

Hint : use relations
.

Thus
, you have proven every isomety of St is either

a relationor a reflectorthrough some line

Exercise L3 - 5 This exercise revisits the situation of Lecture 1 ( observers

in the plane and all that ) and especially the Sok ) vs
.

0 (2)

distinction
,

in the light of what we have now understood
.

We will also use the concept of orientation introduced in

the first tutorial
.

Recall that "

having the same orientation
"

is an equivalence relation B - E on ordered bases 13,
E

.

( I ) Let F : V → V be an invertible linear operator on

a finite - dimensional vector space . Prove that precisely

one of the following two possibilities is realised :

( I ) FP ( F (B) ~ B ) ( P ranges overall

( I ) FP ( f ( § )xp)
ordered bases )

where F ( B ) denotes ( F ( b-
i )

,
...

,
Fl In ) ) if D= ( b-

,
,

. . ,
b-

n )
.

In the first case we say F is orientation preserving and in the latter

case we say F is orientation reversing .
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C ii ) Prove that F is orientation preserving if
.

detl F) > 0
,

and orientation reversing TH .
detl F) < 0

.

( iii ) Define

0 ( n ) :  = { XE Mn ( k ) I X is orthogonal ,
i.e. XTX = In }

SO ( n ) :  = { XE 0 Cn ) I det ( X ) - 1 )
.

Prove that XEO ( n ) if and only if for all I
,

in E R
"

( X± ) . ( Xue ) = I . a
.

By part C ii )
,

so ( n ) are precisely the matrices in 0 ( n ) that give rise

to orientation preserving linear transformations R
"

→ R ?

liv ) Rove that 0 ( n ) is a group under multiplication ,
and SO ( n )

is a subgroup . Produce an element TEO ( n ) such that T±id and

every element of Oln ) not in SO ( h ) may be written asXT for

some XESO ( h )
.

Thus pwve SO ( h ) E 0 Cn ) is a nodal

subgroup and that there is a group isomorphism

0 ( n )/so ( n )
= Zz

That's the end of the exercise
.

some comments linking this to L1 follow overleaf .

Note We have just pwoen OK ) is the isomety group of S ? In general ,

01h ) is the isomety group of Sn
,

we may return to this later
.
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Consider two observers 0402 who are measuring points in the same

abstract plane X from different sides C imagine a physical sheet )

but at the same point Q
,

with their axes rotated by some angle
relative to one another

go.ee,

Exercise L3 - 6 Prove that there is an element F E 0 (2) such that

the diagram
×myym

1132 - R '

F

commutes
,

i. e. a fixed orthogonal matrix which

converts Oz 's measurements to M
,

's measurements
.

Upshot We may ( and physicists routinely do ) identify the set of

possible observers with the element of a symmetry gwup :

if you fix a reference observer 0
,

in the plane , for example ,

there is abjection

{ possible observers } ⇒ 0 (2)Ozto the group element F which

converts 0

's
measurements

into 0 is measurements
.

This explains the fundamental role of groups and group representations
in general relativity , quantum mechanics

, QFI . . .


