O
Lecﬁ/me 3 - Tsomehien (wpdaled 30 [7e)

Laot lecture we proved that (57 da) was cmetic spae, and fhe proot.
nvolved cevlain special functions

Ro 5o st Re(t) = (Gmims (6] (ofation)

st st T3 (C0)() Cetechon)

which had ﬁiepwmﬁy that ']/lf)ej uere d)‘&?"a!/wa fovwewflflg :

1
dul(zy) = da( Rex, Rs Y ) Vo ye§ VeeR
do (19) = da (T2, ) Yaye §

Def" Tf (X, dx), (Y, dy) are meticspaws, a funcfion £:X—Y is

disfand presewing i

dy[f(x/)/ }E/Iz))f’-'c)x(‘i’/)(i) VX«,JLGX.

A distane pvesewing funchion ahichis by jective is called an jsomeby.

Exevcive L3-1 Fove thalany dlisfance presewing function is Wl/ec%vme
(sosuchaf™ 3 amisomehy JFE. ifis sayechive ).

Excample L3-L The funchons i Re }@ €R, T ove isomeres of (Jl/ G )

Creicite L3-2 Hove hat the set Tsom( X, dx) 03£ isomeden £ X— X
s & glup unclev composifron: the iclenhty funchion is an

isomehy, The wmpon’k of isomehien is an somehy , anck
Hhe inveve of an isometwy is can iso meﬁy_




That means we can ﬁewem%e view isomeies from old ones, e. -

F= RoRs. T RosT Ray € Lsom(S ™ da),

This raises fuo natural 71/16071)’07;3:

I Is Hhis rea\lj o new fsomeﬁy?, le.is Fequa! b T or R fov some CQ?
Q2] Canue dassify all the jsometien oA (Ji, do) ¢ Fou example, e

right hope al] isome hies can be uviten an produds of Re's and T,
lihe. Fabove. Tnthis care we woould say the set { Rojger VI iy

?{ememkw The group Ifom(Si/ da ).

Ledur begin with Q@1 (Me kenow that R R, = R, +@> , 50 weon ly really
need o analyse the ondud ReT. Bubfor (e b)e Sij

ReT(5) = (5 g ) 5 (%)
- (s e )6
- (5 o) e )

TR (5)

il

Thwran functions ReT= TR-g. In other wovds, he following cliagram commules .

-
s 5t

Ro | Re
st > § T
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//4’)
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Relx = TRgx

But wsing the veladions

AN
NN

(Rl) R@(R@zz Q@H’@l
(R2) Ro T =TR-4
(R3) T = ik

intlu quoup of isomehien, we may compule thal

F = M(&T R@BTR@L)
= R@.WZI&TE&,
= R&HS?;_R-CMT‘{&
= R +82R-65 TR-g, T

= Re+0, R-azRe, TT

= Ra+a,-0; +04 ° W&

wheve ¥ = 0, 10,03 "'(97 -
- Ry



Exewise L33 Rovethat any element of Tsom(d ijqu o the fovm

F= 9 9r r> 0

where each 85 is either R&’ 7%;/ Jjome @E}R/ Drjj may be
proven equal to RY/ij%f some Y€ [0,27) and ne /o, i
wing the velations (R)), (#2), (R3) (Hint : wre induction ).

Lewma L3-L The set (= { RH’TVL | \7&6[0/270/”5{0))}} forms o
subgroup of Tsom (§ *da).

id = ROT(? and CLis clorec unclev composifidn by Yhe execise. Frnally

Roof
notice Thot TV‘R& = R(,,)‘f\@ T’L and so

(R/‘FT”) ’ (R(_l)V\-Hq,Tn) = R‘-{/ TV\R(\,)MI L// Th
= Ry Reymyry T° T

= R¢R— (T2)"
= Ry (3d)" = 2d

= "
That 5 ( RYT”> = R(_|)n+\+T (s O\gqin n C/ 50 ;‘Ja.}bfbg\,o(/{/o.ﬂ
This almost, buf not guike, answew 1. We know eveuﬁ%mj That looks
like F can be wiillen ao o produch Ry T but how clo we kRvow if are

theve vedundancies, re. Ry T " =ReT™ with (fn)=+(O,m)?

Lemma L3-2 T 0, ¥e [0,27Z) and mn € fc?/l} +hen R%TV\= R TM r,[
and only if @=¥ and m=n.In other worclny, we hatre a bjjection

[0, 20) x§o,§ — > C,  (@n) > RaT™



Foof Finty, nohie that if fue mahices A,Be s (R) induw funchions R*=R™
by left mulHP]{caﬁ'OVl which veshict o functions jA,/} 5t t which
AGreL fa :JCB/ then A=B as ma%’"@/b sine £ (1,0) s the fint olumn
£ A ond Fa (0,1) 15 e second Lolumn. So

Ry T" = ReT™ a funchons st

= RyT ' =RaT" w 2%2 maMws .

But it these mahicen ave equal +heir delevminank ave eqma/J and

det (RyT") = det (Ry) dlet(T)"
= 1 (D"

Soit ReT"=2sT™ then (=1)"= (=)™ anel hene m=n .
Now, glio obsewe that ar mamaes

n s —sin'f (( @) )
RY/T - (JM‘P oOJlf) o (-J"
ws ¥ (-')M'S/'n)[’
= (mk/ (-1)"cos ¥

Looking at the fitco lumn, wedecluc thal

R¢ T =ReT™ = (ws¥sin¥)= (ws®, 5in0)
& Q=¥ (given both |ie in ZD/?-TU). D



Notie that this cwmpletely answew @l given a pvd luct = of Ros and TS if
You want to cleteymine whethey it is equal o aloav%zcm ar Re , or T, or more
9ewemlly i s equal o some other PI/DG[IACJL CC o the Jame /ype} You neec|

only fo/low fhe algow‘ﬁ;m '-

O woing the velgtions (R1), (R2), (R3) wite F =Rt T and G = RoT"™
forsome (¥ 1), (@,m) € [0,2T ) x{0,1}

@ then F=Q ReT N =ReT" & ¥=(9 amd m=n .

:1_
Puopo,uﬁov\ 13-3 C=Tsom (d, doﬂ.

floof Let F: 5 5" be an isomety , with veopect-to cle. Let un uvke
<Y, 27 for Fhe dok PWdV\Clr Ve in RY Frntoall obsewe

Claim 1 - ,ngeg then < FY, FuH>=<yv w>

Roct f claim if ¥ = E(0) and w = __Q_E/(@\) fhon <¥,w> = cos(0 -0')
while by hypothesis if Fyv. = 2(¥), Fw=%(+")

{Fy, Fb_ﬁ>= (/os("'f*—“-//')
= C/DS( (Fv Fw))
= OOS(C{Q(!/LA—/)\

= ws(@-@')_ﬂ



Claim 2. If x,v_ve&i%en <Fz,£>=<\_/}!:“'gg>

PI/DUP- This {O(IOWS fvomﬂ/ua ﬁ‘w%clal‘m) sine

{Fy,wy=<Fy, F(Flw) )
= <\_/) F~/‘£>_ 0

Claim3 Set a= F(e), b=F(€2) whre e, 22 ar theytandard

bowis vectors. Then with A #le mahix with columns &, b

F(v) = Av Sorall ves™

Roof lfij de{»,'m'ﬁm his 1 ‘}\Me-ﬁ)r V=€l or v=8o, andk "FDVaV‘j
offier v = Ve + M2, cndl w € gt

<Py, w> =Ly, Frile) )
= < e, F—\(‘ﬁ)> ‘]‘/\4<§21‘:—\(U—U’)>

= AW Fe,w > + < Fe, w>
= {hatmb 0
= <Ay, w

But sine +his holds for w 6{21/91} we wonclude FY. =Av N
Claim & Ether A €50(2) or TA €S0, where T= (55

M B% wnstuction A prerewes e inney ]Dvodmcjr/ and s ATA=T.
Thw either det(A) =1, inwhichcone AEIO(2) by Exerdlie LT1-5,
or det(A) =-1 in whith cove det(TA)=1 and TA €J0(2). 0



So we hawe either F =FR6 o TF=R8, and inthelalercve
F=TRs = R-6 T, which uomp)ta]-e/)%\& pvw-Q\ J

Exerciie L3-4 fove that Rg T - 57 veflection of Jifflnwug%ﬂoe
stroight 1ve which pasien hiough Hhe ovigin and (w;[g)/ &)’V)[g,)),

Hint « ure velations.

Thum, You Wowe plroven evew I‘JolnflehgcﬁfZ A 1 s eithev
o votahion ov o veflection fﬂnvomg)\ some [ine

Exevcite L3-5 Thisexevcise revisits the situotion ef Lecture 1 (obsevvews
inthe plane and all that ) and especiallythe So(2) vs. 0(2)
distinction, inhe light ¢ what we hawe now undewtood .
We will also use +he concept o onentation inhoduwd in
the fvtk fudovial. Recall thet “havima the scome pvientadion”

isan QC(U\'IVU\\QV)& velotion }3 ~T pnovdeved boves ,B, C.

(i) Let F:V—=V he an inverkible linear ()‘I’)QVQ“‘Df on
Q Finite-dimensional vector spac. - Prove that Pved@e_lt)

one of the foﬂow'l\/\ﬂ uo ‘PGSIle;‘IH% is realised -
(1) VB( PRI~ ) ([ wnges oweral
ovdered boven)
() VB (FRI# £ )

where F(B) dencles (F(2), -, F(En)) s B= (2, ko)
Tnthe fint cove we Soy F s onentohion }JV‘MGMV\E and in e |afer
(e we say F ic pruentation vevewing




(ir) Fove that T is orientahion prenewing #f. del(F) > O
and orientotion mvewimg Tﬁﬁ. detr(F)< 0.

(i) Define
O(n) ::{ X € Mn(lR) ’ X s ov‘l’l/\ogonc«l) 1-e. XszL}

SO(n) =4 Xe 0() | det(x) =21}

Pove that X € O(») ipano\onljif for alk y_/yé‘gn

(Xv)+(Xw) = ¥ - w.

By part (i), so(n) ave ?vec?se[t/) the motwan in O(1) Wmfg)w Vs e
+o ovientatio n preewing linear ransformotions [R"— R™.

(iv) Povethat O(n) is o gLoup uncler mu\'ﬁp\icaﬁon) ond SO(n)
Is asmbgmMP- Pooduce an elewment € O™ suchthat T=cd and
evey element of O(") nokin SO(r) may be writien aa X T Afor
some X €J6(n). Thw prove SO(n) € O (") 7s a hormek
5u\03wvxp anad ﬂ’l/\le hereis a 3"0“P isomoophism

O Jsopn) = Za
That's +he end of. the exerc ise. Some comments IMEM@ s to L follow ouev/ea(.

Nofe (We hauejw)fpwmn 0(2) s 1he /‘mMeﬁAjgwwp of S i In 3enem‘/
O(n) is the ixome*yguomp of S e moy vefuin fo #s lafer.




Consider fuo obseviers O’/Oa who ave mgaowvfmg poinb in 1hu same
abs?mc+p|ane X fom diffevent sidea  (imagine e P%Un‘calsbeef)
but af e same po'm\* O | with their axes rotaded by come an@)a

veleHve do me ansther

P

Exertie L3-6 Ruve Yhat fere is an element = € O(2) sucdathal

AV o\\agmm
X
R* — R"
=

OOYY)WIV\M/ (~2.0\~F7‘xec| Ol/'l/l/\ogbnol maMX Uul/ll‘cl/\
convevh 0,'s megouremenhs Fo my's meosuremens.

Upshot  We may (and physicish voutinely do ) identify the set o
pessible pbrevives with the elements of a 5ymme7'7/y7 woyp
?]Ljom fix a referenc obsenrer O inthe plane, for example,
theve is a lo?J\ecHo\/\

é possible o\osewevs} — O(2)

O, +—> fu gwupelement F which

converk Qlﬁ \meovure mens
nto 0/s meonu e ment

This explains the fundamental vole of guoups and gvoup reproneltcifions
in geneval velofivity , quantum mechanies, QF T, ..



