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| e ctuve Lt : Mehics from mabias

We have s#ill no//owpey/y ama)y;ed'me example o R™ with #he Euclidean

distanwe d, o a mebic space, 1-e.

do(z,9) = { T (x-3) )"
1

Tnthis lectuve we refurnfo hisexample, in The wntext of a more general
discussion of cleviving metcs g on R™ Afiom special kinds Awmahiws BEM(R).

Here Mn(R) denofer the sef o all nxn mapiws . Buf frnd, lef us (finally)
achw\lly check this is aomedic spaw -

Lemma LY -1 (IRHJ cla ) is o metic spae

Rool  (111)=(M3) ave clear: Fov (Mb) we frnt plove

) " 2 (Cqmchtjl: )
C{CH’WL /{)/ VI/.,_/ Vp‘, S\/--/.I;) G/R ZL /l:- Z::J-Z' 2 (Zc 'ft"rC‘) . iV\aCL(AQ{Hy

Rodt  Set L R—R by £(A) = Z:(rc + A7) Then £(2) 0
for add A and F is quadrafic, jo we kuow is discviminant
mwtbe < O. Butthediscvimimant «f

£02) = S (PN 4 2A0 50 #1707

iS A == Lf(ZL fc. SL‘ )2 - 4‘ 2(: 5L'2%~ G’Z a/101 Jo AS- O
is whot we woanted ﬁJ/zow.Q



T puove (M4) we hae fo show
d,(z,9)+d, (2,2)7 da(x,2)
which weans
[ty { S 2 )Y 7 {52}
Set a, =1 -Y9¢ and b; =9c— 2, o that ac + b, = 1o~ 2, Then
2, (ac+b) = S (af+20:bc3 b
= Satr 25 acki+ S kT
Covachy
< Sial+2( S ) (Z0) s b
_ { (Zg qcz>‘/z+ (f; b;)’ll }Z
Tuking The square wot on both sides completes fm‘owofa'# (7). []

Exewse Ll-O  Fove that

define mehies on R’



Exevtise LU-1 TF (X,dx ) is a mehic 5Pau7,amc(/o‘-\/—% X is ¢ by‘ecﬁgn
(\/ any :e/’) Hhen (\/,Ol/; ) I a me#‘m}paée whele

Cio [y’/\jz)3= dx (f[%)//o[.%.)>_

Lemma LU-2  Ler BETM(IR) be an inverFible mahix. Then

do(v,w) = { (1) 8B (+-w)} "
is amehicon R
Rood Let p: R™—>R" be left mulfiplicadion by /5. Then dp a above 1 amehic, and
d,(v,w) = d,( By, Bw )
= { (8v-Bu)(By-82)] "
e arw)]l”
- { (v -w)RTB (v-») | ’/f 0

Example L4-0 If 7\«,'--/}»\ 20 then

/5
d(z2,3) = {0 Nlx-9)?

is amepc on R (feke B = d/‘qg(\ﬁ\—,/,._}m}) This memc

oonrmpondoha “shvinking "our meowunng Stk for axés ¢ (f A7 1)
o Ssherhing"f (oF Ay <L),



- l/
Question For uhich mahien P is (Y, E’B) > { (\L’%) P (\—/—"Lﬁ)} i a mehic 7

Letussee what conshaints the mehic axioms impose on P

~
(m|>Wfl] hO)Cl fﬁ. E—TPé 20 VZSG‘RV\ MT_E e lnow

P=R'B fr R
invedibole worhs |

(M2) will hold if. 2TPx=0 « ==0.

(M3) will hold au%mmﬁcallg Sin

(v-w)Plr-w)= (w-v) P(w-v)
(M) Recall that for da | whiclwis the cave = Tn, we decluced
fhehigngle inequality From Cauchy s inequa/hy

2
ZL' '[L‘z ZLJ:'Z Z (Zc C'J}‘) .

We want-o now generalise this. Define for ¥, w € R"

Ly,wH>:= v PwelR

Nole that il P= P_r is rymwm‘w'c then <L,wyp = <W/\47P, 15 also
sdmvmef\/)\c Nohwthal with P = 3(P+P7 ) we howve

xTPx = L2 Px+ txPx
-
= 2 x7Px +3(2"Px) = = "Px
i - . .
so faewme Pov P we obtuin the same (candzc(a/e) memc. So
we Moy withoaf Iosrcrﬂgenera/h’y assume P is Jymﬁ?ef)’fc,



OK, sotheonly potential mehics oblainedin this wow from mohices |
ave obluinec fom f/heﬁa//ou//’ng ype of- matvix :

Def™ A motix P € Mn (R) s called POSIIHVF*CIQ%h”/Le i it ir

() symmetvic, T = P
(i) xTPx 70 fovall x€R"™ (POJHW'UQ)
(i) xTPx=04=> x=0 (definife )

Exereire Li-2 Povethal <= => is lineav in both vaiables (e say lm(lnear)

Lnj whveh e meain

4'3\]\’,1’,\2V2 )w>=f\ YA %_JP’)-;\L(!‘L’W?D/
<y Niwmt %,9 = A<y, ,>P+ ALY, W
P

Lemma L3 ( Caunchy~ Schwartz, Paw'ial vewion ) Forany posifive ~definite PEMW(R)
and any ¥, w € R7,

_—) —

2
v, wy € Ly, vy Kw,w>,

Pood The bick s similav o what wre did hefore. Obsene ot
forany AR, witing £,> for <, >p

0 £ <Y-Dw,v-Aw >
B D T
U\/Hv\@ Pl}jmme{'\/l\c = <\/ vy — Zf\<__, _> + A* <w, Uﬁ>



The desived Tc[evd—ﬂj is favial if w =0 o assum noJr/ ond et

A= <Y u_\}>/<<£,w>

Here we use that P s definite so {w, w > F O . Than

0s <\—'-)!>_ 2'<L’,\£>2 + <X,V_V72
<w, w™>> Lw, w>

2

LN, W7
<w wH

— <il‘\__/ N

/‘1»1”7'/9@/‘)19 77/)1/001511 loy <£.U, £>, and M)'V)j fhat P s vaiﬁme (oo that

this dves not reveve fhe inequality ) we have

Ly wy' s Ly Ly ey o

Pwposi}’fon Ly-4 TF PeMn(R) is Pon'/ﬂ/e C/eﬁ./)/’/lﬁ then

dp (2,9 = {(&Q)TP(LE)}VZ

. . 7]
is a mehicon R

Pt We need owl(:] pLove (M4). Bul again given x, 9,2 set a ==

and b =Y =2 50 we need o show

Calculating wing Fhe previows lemma -



Q)

178 ", 12 1), Vo

[ Ca,avp +<h 7 JT= <aay, + 2<a,a iKbb, v <5y,
1/7\

— <Q137f + 2{ <i/ci>7o<é/1’/>;3} +<étl7/3

2 1)
Zz <937 ¥ 2{ <oy } Ty <k, 7p

'Tahing SC(uave—vooﬁ Pw\reﬂﬂ/l.( claim - [J

Exeveire Ll -3 Pove that i BeM, (R) s /'AVEVI'?"D& Then BTB Is f)Osiﬁve~de7lfm‘/€-

Exercie Ly-4 Pove that if P= Q" P.Q fr some orthogonal morhix Q) Then
VV\M\'HP“CQ‘HOY\ |oLj & 3'\\1‘@/3 avn isom ?f\jj (QSSMVVUZ ?), 13 pOIiﬁvt\de{'ivv#@)

(R dp ) — (R dp, ).

That is, the mebic we gef on IR” fiom £ is e:f@n#‘al@ Hiwsame
a» the one we getfrom Iz

Exercite L4-5 Fove ﬂ/\afeve»ﬂ real ijmeﬁ‘c movix X can be writlen an
X= QDA with Q odhogona and D = cliag(Ay,- - W)
cliagonal, cnd that X is poritive definik it all the D), ave pouitive.




Conclusion  esserfially the only new examples & mehis on R™
that we obain in this way are those oblained Aom mohiaen

P= }‘\‘Q al A\, > 0.
Q W

Iv\ which we

dp(z,4) = {(a~1)TP(E_2ﬂ‘IL
- {Z;U\—_lﬂ/\i(x(; _\ji)z}"z

But1his o the example we say alveacly in Example LH—O,/

So we~failed ! [ Tt wan oow\ple)—elj /JDIV)HMS o explore +his icleq
Uﬁ/r\ducmj new Wleﬁ"éfﬁom mm‘vlce/) (A/eon ﬁundL f’h/njs
isomevic fo an example we a v@acy know !

Well, thaths all fue, butin the (JVOLWJfo-fﬁ(i/ing we acq'uired SOW)ef///H'n‘g

vew valuable o new point of view on mehies an avising flom mopicas

wa ¥ Pw ) which pu/7 wr on the conp of c//‘,rcovem‘mg a vemavkable dass
o-qp—Jpacw which mlow/)en/'a vaclical o{epmf}um from oar ovdinany (= limifed,
parochial, navvow) intuitions about spaw based on R" To make #his
d}‘:covevj we need only onR Yhe {%)/owmj

Question (/Uhaf'hay/)ens it some 0£ the A Nl In P= d)ag{/\)/ "/ ) )
are negqhw Whatis the geomehic contentof <~ >,o



