0,
Lecture 9+ Minkowsks space cnd veladivity  was 7le)is

Tnthe finklectuve T listed seveval shuctures on Euclideqn space R™
(such as distane, open balls, innev proclucks ) hot-fovm e basis
fov abspachons like metvic spaces hpologf(al 1paes, and Innev /wocmc/'
spaces. T 9avea brefglimpie o e deep vole of symimehy guoups /n
defevmining which of these abshachions is appwpunalke for a given cdomain.
The symmehies fnat we have encountered so fav are rofations, reflections
ond translations (thelast only bviefly in Exevase L1-4 ). Tvese ave all
isometien o R™ (and also, mihe case of votmtions and veflechions,
of the mebrc spac (§* da) ), ond that's it 1 Move precise(y:

Exevcise LS-1  Set E(n) = Tsom(R", dz). For x &R define

TR —R T(4)=z+y.

Pove that To is an llrovneh«] and thot

T() = { Te [2€R)

s cuubguoup of E (7). Obsewe thal O(n) movy alio be identitied
with a subguoup of E(0). Reve that

(i) evew element :F o E (n) con be wiillen an JC = Xo T;
for some. X € 0(n) and x € R"

(i) T(n) is anormal sabquoup and £ () 10) 2 O(w).
sovnefimes avitfen IZSO(#)
This quoup E(n) is called the Euclicdean quoup. Tt velater e mecourements
o an avbitraw paitfo{ studionawy observew in JR".




One way Jo motivale a level of abshachion beyond metic spaces is to
find o new kind of svavwew of- R™ heyoncl yofations, veflections ancl
havslations, which we ave foveed to cave about (another mohvation o
move up +Hhe abs hachion ladder is infinite —cimensional spaces which we

will treat inthe near future ). One way we may be forced 1o care is by
evidence that our intuitions about space, beved ulfimagely on ouv percaptony,
ave simply wrong when fhe\zf ave eﬁva)po/mtecl o Javge velocifies. This is

+he wnientof <pecial mlaﬁw’@) which we now discuss.

r-/‘hfde - Of Louwe, ﬁuoliwoveuju{ V‘&[C{HM@ does not invalidaf 1he
mathemotvea] shucture (R” d, ). The huth of theovems is
( surely ‘) indepenclent o expeviment. Buf such exiaew"memfr
can hép , and h)‘m‘am‘(a//j have helped, guidemathemaitics fowavds
deeper huths . The Gueeks believed ﬂ;ey could ﬁ‘gum ouf
all there wan Fo Rvow abouf mathemaihis by puve inhospeciion

(1e-damn the experimen’s). The Gireeles weve wiong, jn prachite - |

Moving observers | of wyone again wnisicler fuo obsevvews 01,02 inthe /;)a;qg/
where O s moving with veloci‘[y V. as me aouved by o
(O\H({JD O, is mouing with veloch‘j —V an measured by OL).
Then we howe o commutakive dfagmm) foreach e IR,
asuming af fime t =0 that 01,0 ave -located and.
have The same ovientotion and theiraxes hawe no
relabive votodion (awndthey vemain so) !

X
K .

T

¥



Exevcise L3-0  Give an analogowa commusing cliagpam in the case
where (1) O>'s coordinate axes arve votoded by A velative o
O's, and (i) when both theaxes ave votated and the obsevvers
have diffevent ovientations.

We can moorpomﬁeﬁneﬁme bj ideuc/nj he f/OVICQP/Ld?g an event which
is :implj a meapuvement x € R® fag9ed with afime C (weasmume
the observews each howe identical clocks, oﬁyTwa/lj IV}’)Ch mm)J@C/), 1.2

(t,z) e RxR>*=R’

So we replace X, he “ plane withou? cordinater” by E, the “ret of evenls”
and ouv ohserven now map eventsfo measurements in IR velated hy
afunction F5 R®—> R inthe ommuftative d/‘agmm

=
m, M\ Cuoe re-use the notation
M, W, {Dfmgcwuwmemjr/
> butr o be Cleal/‘//hwﬁ
|R3 l’RB .
ave d\‘ﬁemm{-ﬁm@%oni)

2

wheve we woulel ho{we[j expect Fo fo be defined b)j
f(tx) = (t Tu(z)=(t, z+ty)

This functions “pma’/\ciﬁ” or calculates O)'s meanuvement o an eUGIO/Lﬁ)m

prior kvouledge of the welative motion V. and O2's meanuvement of the
same event. (e assume as before that my, M, ave bijecfions.



The olosevvers agee aloout linear motion  a set A= E of events represents afinike
linear motion cccording fo obrewer O, i fheve exists &< 8 ancl U, x, € R s.d.

my ()= { (4, z.+tw) | w<st<pf

We call 4 the velocﬂy of. the motion and (4]l ik speed, according fo 0, . The oksewer
m+um|\j divides the motioninto a fint half +¢€ [a, -'.>:(o<+[3)] ancl second half
te [ﬂﬁﬂ)’ug]a with ""‘"dPomf t = i("“ﬁ).'ﬂfﬁs aozfv‘mpomdoﬁb adewmpou%fon

A=A U e with |, NAg|=1 )

wheve A, = feed | ma(e)q < i(dfﬂ)}) Ap =deed|mle) 7 i(trp)}

T . .
' 'Adpoi 051111 1y by eomidpoint decomposition we
We call this the Vn/dlpomfdewm’p I#on of- the mofion e s

(=%). &'ﬂ_ cn oveleved paiu
If O, vecords such motionthen accordingfo our defNof Fia, O muntve cord

W‘l(dﬂ= Fln_VV‘z(Jér) = { F«z(f, lo%fg) [o(sfs/g}
={(t, 2ot tluty)) |xctep}

so Yheq disagree about the velou'ﬁj of themotion, butthey agree thal
I e linear miokion a{-comfumﬂ/elucffy, and They agree about the
midpoint cfeoOmposfﬁon ().

The ohsevvation, fint made inthe wnjrexi‘o-ﬂ Wd\yimg Moxwrell's equa%v‘o/u hy
Lorentz, and later clavified by Foincaré, Minkowskd anc of wouvve Einstein,
is That +or real ,Phjsfca/obfervers Fio dves nol cowectly /wedz‘cf O's
meanruvements fron O, 's. This s a vemarRable emP/‘ricah%{c/L./Me womwect
Hanslation F is deduwd pom Einstern’s /pos}u/cz}e/) UffJPec[al Vf/aﬁf/@.
We give a speciailised vewsion ot these /Dos%u/aieﬂ below.




Fiut £ all one needs 4o accept e notion of an obsewer making meovyurements
E— le(Ming igid wieasuving vods and a system of clocks an described in
9L of Eingein's paper. There is cusubtlety heve about definfng thedime of @
distent event which he clevevly handles, but-we will not give the defaiils heve

The fivt postulale of special Vz?/ah'm'%y (SR ) is

« The. | aws by u/im‘ch ﬂ)e 57L07l~0) O?E Phygf(q/ 5yg;lem§ z/mdergo
change ave not offected, whethey these changes of. state
be referred o 1he one ov the other of fuo systems of

co-oveinales in uniform dansjaton moton. "

but s we ave not con@vned with dynamies of physical systerms (epart from
the obrevven themselven ) we will focun on+he othev postulate.

SPeciql relafivify (JR) Pos#ulaﬁw that fhewe exisk ¢ > O s.t- for any PCIIYO"E

obsevvewd which are above, 1-¢. their velodive mofion is constantand linear,

(SR-1) e observen agvee on which s efs A oA events represent
7@;4/'/8 Iinear motron. (ﬂlegmwj disagree on o(,/g) w /3_103

(SR-2) Given sucha ret A, he ohserven agree on the midpoint
dewmposifion & = ALU AR (in particularthey agvee which
eventeeut is the midfﬂ)m}(rﬂ the Vnoﬁon). (hey may disogrez
on whiclh half o The wmotion happeved Fut | )

(SR-3) Hhe ohsewen agree onwhich sefs of evenb m/oymenf
fonile [Mnear mvtion of speed c . (fhis is the shocking }am,{j



To amile this move formally , wean vemove E and vewnte eveusthing in
ferms of Fo ond R> (jm}mwfc(:'o//n Lecture 1 with X Rg and R*).

Framed this way , the pestulates idemh’fg a pavticular clasi of functions
F - IR?>—> R? that defevmine the /DOJJ/'/o/e convenions bhefween pair of
obrevveva whose relatire motion is conslant and linear. We £ix <> O.

) 3 3. 14 SN
Def" A funcion £+R*—R" is an "SR convewion” i il is wonpinuous, and

/
(SR-2) F prerewes Vvﬂ‘d,DDii’ﬂZ Qven (t, l)J (f//éf)é ’Rg)

}:< (ﬁ,gs)Jr(f/,g’)) _ F(Jrlj_qﬂ—_(t,/l/)

< 2
(SR=3) Gien (L), (£127) € R? we hawe
_,Cz(%/_{_)z + “&/——I—H?_: —'C,Z(S,—S-)Z ‘}‘H\i}"‘inz
whewe (54)=F(t,2), (s/3)=F(t'x")

(sr-u) F(9,0)=(00)

Remare  (SR-2) incovporates both (SR-0,(SR-2). Anecavlier
Venion crf Yhere viofen (wsed in The vecorded lectures) contains
o redundant (SB=1)" which moveover wontoins o subte enor

fh\/OIVMj Hime mtevvals of zew length , so it is beskall roynd.
fo use omly (JR-2)"




Remavle (Nehawe chealed somewhal in going flom (38-3) 4o ($R-3). what
(§R-3) actually says i :

y/4
(SR-3) Giwn (Hz), (£,z') € R® we howe

||ac’—;|\2= c(t-t)
if and only if (wwting (59)= Flt,x), (s 3')=F( t/x'))

| 9/-g | = <ls'=s)*

It 'sthen amomev\s]-ep fo sea Hnis 2q uivalent+o (fK”g)/. The plﬂadsfcout
pvinciple ¢ isohopy of space is uoually invoked. To devive Hu Lovent

amsformations divecHy flom (SR=3)"sen e.q.

G.C. Hegerfeldt “The Lorentz hanshvmations : cevvation
of ineavity andscale fuctor " T Nuove Cimento 972

Quention for physics students - whatis the Plfljsl‘ca[ lbanis for [JR*Z)?

Remavk. ﬁmong fhe many things wovih pu 2zling ovev /n SR is thal we assame
obsevven agrea on all lineav mofions, but later in the subject we
noke fhat np phystal linear metion atupeed 7 C /IPOJJ;'H@_ So rea Hy
& we want our axioms o vefer fo actually possible mohons we fhould
falk about those of speed < C only —ancldeduce e.9. [neauty from hs.
This js afair/)mnf/ Iﬁvl‘ﬂé/‘ see Heyer [elcf)";lpaper ﬁ/ajwo{
response fo his jssue .




Theovem Let P denole the :ymmafw‘cma}w'x

P-<'ofz>
o o |

and define <y, wys=V'Pw £, v we R* Then F is
an “SR wonvevion if-anclonly if itis a bUecfﬂon) and.

(i) alineavfransfovmodtion, and

() <Fyv, Fwp=<v, v frall welR:

M ﬁuppuse th‘sﬁ?ﬁ [J‘},(h') Tt s cen/{'am(j wmﬁ'nMOWJ/ prerewes line/)
ane midpoints, so /'/on{y remains ahow (JR-3). For v= (¢,x) eR>

we howe
v,voe = () (‘CT >(é> = - Iz |*
\ X

30 ﬁom (ii) we dedua 652-3)/, Of woune F(©,0)=(0,0) sine Fis linear

Let wr now suppore F s an SR ronvenion and PVDV‘em(i),(ii) for F
Recall M€ [0,1] s c\gac\\‘c ot mouy be expresred a0 o +or some m, >0
in*ecdel/), Usiv\g levaled mfdPDMﬁ we Show

FOAE) +0-0 ) = AF(E =) + (FAVF(t ) ()



/ﬁ' ang Paiv (t2), Ud/i) eR’ and D<A C(tjacll‘c. Using hat F is
wonfinuows we obtain (1) forall O< A< | Then For v owe (R3

Claim! F(A¥)=ANF(¥) forall 0< < |

foc F(Au) = F(Av +(1-3)-0)
NF(v) -\ F(e)

m—

= /\F(l)_ (sin /:/_Q}-:Q>

F(v+w)=F¥)rA(w)

Clajim 3 /:( "Ll) :"LF(Z) ﬁ?rcmg nes .

Rod For n70 Hhis follows by ievuting Claim 2. Sine

(sﬂ—Q)/
0 =F(0) = F(-a+u) = Flu)rF(e)

we gef F(-4)==(4) and +1en< O caresthenali follow.



Claim 4 F(pv) = mFL) Sor add meR.

PVOU’E We VY\O%WI/'ILQ/{A: n+ A -]%v neZ/ and O SAN< . Then
[Oj Claim 3 omd. Claim 2, and Claim 1,

Fpr) = F oz +2y )— o)+ ANy )
= () F(K)

This tomp lefes the lw}pﬁlafkl.s lrnear. Mow we need to use (SR- 3) 7%

seethat {FY FW>P <y, wop, for aM z,wCng

Now, what (SR~ 3)
fells wr immecliately is that for ch v cR®

CFy, Py 7p = AY, Y 7p

But then wre can use the Polam‘mﬁbn formula. (Exercie LI-2 ) o se0

{Fy, Fuwyp= q(KFu+fu, Fy+Fau
— < Fy-Fu, Fu-Fe )

= (< Flyrw) Flerw) >,
— L Flyv-w) F(v-w )>P>

= 4(<vtw, Ve =< y-w, V—W>P)

—_—



Exevcise L9-1 Fllin ﬂ'le.q%”owing defuil inﬂﬂepwmpi (i) explain how/to
we iferated midpoints fo deduwe () for ) dyadic and (ii)
chom)‘mmfy fo deduwe () fvall 0OsAs 1.

Exevcire L5-2 (Polavisakion identity ) Rove Yhat

<‘—’/‘ﬂ>P = #((\_f,+g)\i+&7P—<\L-w,\L—wﬁP >

Tt vemains Fv analyse ewtcH\j what kind €f£ matws A g/}/t Vise o
linear homsfovmedions F (v ) =AY which sakisy (1), (i7), ii7 ). These

mabhies fovm the O(ppvopvl\a}-e quoup UﬁJymme}”"% ﬁmpecfal V\elaﬁw@ .

Remavk Let = be as inthe #heovem, andl son =(1,0) = (7, %)-77/191«

—c2 gt = <(79),(79) 7 p
- <U,Q_))(l/g)>,>

:——C,’?‘

)
This shows @/#O/ sosel © = T+ so this veads

72|l el =c*)y=-c?

assuming llr|?<c ((vewave Hhe Tochyons /) s 3ie\d5

l
\\ | — I=h?/ .

v =

wheve © isthe relative VE/()C/'@ o% Qs with mpecr‘fo O) Thic number
5 called e Loventz wonhachon factor.




Exevcise L S-3 (Civen x € (R* and T >0, d efine

”“15)“9 =L (t/—&), (JC/Z,) >I°

Sb\owmal"

(i) “ (f/ﬂ—‘i) — (% 5) “P =0 i ancl only it a Pavﬁc,le
Mvellmﬂ at JPQQCl c ]Cwm % o x Jaken |£-¢'] unitz
oA Hime. Given Vv = (£, x) € R> e el

Cy ={weR?| [w-vlp=0]

(s called Thae h‘ghjr wne of v . Shedch+ne lightcone of (0,0)

as a et in IR3, woing the vevtical ixis for Hime.

(”) H ({”,Zél)—(f/&))l)oso iPC{Y\C{OV\lﬂ fﬁa Pan/‘]’l"c{e
Mvelh'ng Q“'JP—QQC\ c for (t—t!| unib At e avels
af lecut a disfome ||x -2 ] IF ([w - |[p< O

we Juy G lies inside the ll‘@hjroovnc of v .

(iii) Rejrumfngimmlanauageoﬁobcew@m ¢ show uaing the
lc«vxjchje o Hais lecture (Ve E, m), my F ) Hnot o
olbosevvers in consfant relOt'Hu‘elI'mC(rVHchbn agree on.
whether an event €’ EE lien on, or inside, Hae \17h+oone
of anotherevente € = . This explaing w/’y The langmcege
crﬂJpeu“al Vc)ah‘w’fy s organlsed avound the conapt of
(/'jhfoomeﬁ.



Exevcie LS4 Rove that the el of invevti ble medhicn Ae s (R) with

ATPA =F

5 a sutbavoupd}p GLs (R)  (all invedfible mobies) This
is called the Loventz quup O(2, 1). Equivalently, this st qroup
o inverhible F - RP—R®*s 4. \_

Chic notahon exp(mned in Tutovial #2’)

Fy, Fulp = <y, wyp Yy welR®

The Paz’ncami@[ isgepevated by O(2,1) fogethes with trans lations,
ancl )smwsymmw gwoup & SR

The Loveutz quoup classifies 1he poss i ble relationships betweena pair o
obsevvers in SR withthe same ongin (re. F(0,0)= (0,0) ). Let ts return
Yo our on’qinal paiv of phyewen who had the “same axes”. We may cowell asiume
thevelocity © of oblewer O2 wymeanuved by O) is v = (0,1, 0) (ve.only

infi x-direction ) Then one can show The appropriale gwup element is

c* [

v ¥ 0 T
@) @) | |—T/Cz

Exeveite 15-5 Erplain Whj F(1,0) mut he (T, Tv, O> and check FTPF=P.

This hrunsformation is callecla Loventz boos}. Obviowly we howe neglected one spatiol
di recfion in the above, but with the obvioan wioclification, r-e. P=drag(=c% 1), )
we get-the Lorentz quoup 0(3,!) oﬂapea‘afﬁ/aﬁﬁ/y i R¥




®©

Execite L5-b  With F an above, showthat it O, mearures simulfoneows evends (£ 21,9)),

(4,22,9.) fhen Fww‘ded r>0 and X, F X2 O dves nof measuve Simultaneows

events, and the obsewew disagree abouf the spatial distune befween the event.

Remavk. The full Lorentz quoup includes tramsformations which cowespond +o rather
exotic pairs of obrervrens, e.q. A = diag(-), 1 1) descnbes a Pdlfc)‘f
o brevvew mo l/f/’)g oppo&f/e direchons jn+ime !

Def™ Minkowsks space is the pair [R* <—-3p) whee P = diag (<5 1,1, ).

The appropiate abstactipn for SR is thevefore a vector spate equipped with a

nonelege neiade bilinear form £ -, ~vp ag a cevtaiin 51‘71/) cture (these fewns ave e)So/qm@c/

i Turtovial #2>) not the nofion of mehic spawen (a1 P is nof Poaiﬁwz d@ﬁniﬁe)_ Tn

the passage fom SPecial fo geneal vclaﬁvi% we require an addifional ab shaction, namely,

Jropolozjica\ SpaWA- We will veturn fo this ,oomjrm defail in a few lechures, but by way
ﬂeq(oveslnadowmg lef wa give Fhe 3@omem‘c/5fa17‘c wntent of GR, which s

. Spacdw'me = o four-dimensional vonnected manihld which is

[ocal(g isomoyohic fo Minkowske space .
[ e. “—FIOI"‘\

bantc tonaptof %Pologfca( spaws ~ ﬁPO(O?I\m{ spat

(We will nof spendt awy move firme on vefa%uﬂy pevse, bout we will spend o lof of fime on
%Poloqica\ spaw, wnﬁnuiﬁj) connectedness, ... and it ir worth knowing at leant ove

promient example wheve this language is crucial fo expreasing fhe basie puoperties
ﬁ P}\yS;\CCA Spa&. GR s this examp)e. The man fﬂkeaway heve s -

Theve ave no C//Oba/ ru/ers
J

(vwfeuel/\ PWA—eV\d oheay GV T Newtoniem mecham‘c:)




Hypevbolic geometwy

Tf physics is not gour thing, heveis an alfevnative point of view on all o 1his .

Affine 3eomeh/v in |R& 's chovaclevised by E(2)= Isom (R Z/ C/:.), B\t/ VD/ZU'?'OVU’J ’}Vans\ajn'om
avel reflechons, and all of #his s associatedfothe bilinear form <-,—7p

of fhe maix P = (! ,> which han sl‘gnaﬁ/ﬂm (2,0). Thegeome by o the

bilinear fovm associated Jo the mapix P = (—|| ) of S\”gwaJruVP (1,1) s

hypevbolic f;eomefvz, Inthe ]@I(owmgwwscal/ our ordinale axes [t,x) fo

matchwith the SR sitation above.

The |QW’S€J'5 Uf the quadmﬁtﬁvm Qtx)= - 34> aV‘e/olavmW)lg) %j]aeulaolcw

t
N @:{<0 @ =0
& ‘_‘{> o Q = v( >0
is Cinside
e \l‘ghfcone"
-J¢

J€

Q=4 <0

'ﬂ/l&\eve\;e%o-? QUEp)=t74 2% upe cirdler, cnd sine civelen of agien vediun ave how
You vme it distan@s | i*is no suvpnise (e ovganise afbine 7eoma’m] quound the metvic .

To Yolk aloout poivts in hypevioohic geomehy ure we hyperbolic sine and wsine . Theve are
Vaiow) ways Yo explain Yhis (e.9.devive DE's d{scw'binj q?oinw‘ moving en o bvanch (rE

The hypevbola at urnit s peed, as ormpavecttoa point mbving on the civcle).



Pevlmfuf’he mosf relevant obrewadion for uo Js Matwith B¢ R/ and

rh\jpevboh‘c H(? = sh® sinh@ de{' (F) = 005111(9'5‘\“1’\1(9 = l
votution sinh0 wsh® H, = T,

L — 747 =1 then

Ho (i) — (iooshﬁ +xsinh (9 >

tsinh@ + 2005h 0

and ,[ toosh0 4 ;mhh@JiJr [‘cs'mh@ + X mh(&]l

= -~ 25?0 = 2xt whBanhO- x2sinh’d
+ E*sinh®O + 2af o5 Osinh0 + o%cosh2(

=t wih20-sinh?0 ) + x> ( 5h?20 - sinh’*O )

= -+

- L

So He is alinear |‘5omovp]f\l\smof the p)ane (oo CIeH’I@:’) which maps each hypeubo(a

~tpr = b\Jec\we( oo itrelf amlmg%n"he fo{lowmg schema:

\l

N q=t<0 ®=0 _
9450 Q=->0 H@(L)’(:
Ho (1) (;?vﬁlg
L/ Airuh'ovw{' 0>

5 x
\Kl

wsh(
sinh(§

)
)



Exeveite L5-7 Pefermine the lﬂypevbo(ic angle O 5. the Lovents boost F from
P13 s & hypevbolic vwfation Ho- That is, given O£ r< c and
0= (,"-’ v )_’/L} solve (|/]ev~e we et c = f)

wsh® smho \ — [ ¥ or )
sinh 0 wsh (LG A
for @. Tis shows thot Fhe Womeﬁy that we hawe extackd fom

Einskein’s Posjmla#/) is Fmecfje(y l/lypev%h"cgeomeﬁy (ot least inthe
(ﬁ/x) P]awe).




