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Tnthe pvf’\/l'Obw lecture we exp[omscl 0 ne veason why we muo#c!ewzlolo
noHons mf Space move abshackthon metic spaws ourlow:’*f“heow a‘z
(phy<ical) spau and fime is formulated wsing o paiv of such abspachon s
navmelj (’quadmﬁc spae and %opo/ogfca/s/aaca . Thevole of the former

s l"OPQ‘C‘*l(U clear = fom the symvneh/ie/) ok a Payﬁcmlar 7uadmﬁ‘c space
(Minkowsk: spat ) we o btain The frans formation relating The measuvements
of fuw obsevvew undergoing constant relative linear mofipn . Tne puspose

of i'V\‘/WclMCimg Topological spaws is move subtle , and is V\eqmimd fo moke
sense of the idea of the mebic fensor as a dynamizal quantity in &R

We will return 4o %/‘:Pvinf bn\e{/y lafev, but ourchief motivations for
inMducmﬂ ﬁapoloafcal spacen will be the fo//owmg '.

(1) the conceptof continuity is move fundamental +han that-of listane

(even thowgi when we leavn aboul €, & #ne to reem mse/samb)@/
ﬂleyw\ay bejepam}eol ? [/bemb‘nﬁ continuihy flom distana is
the whole point - poo/Dyfca/J/) aw) )

(2) %?oloafca\ Spaces ave a move cnvenient Ccateg ovyﬂ
(i-e. 75 more convenient Fo build new Spaws outof old ones,
Vi quuoﬁemﬁ) pVOdl/tCﬁ) jlwmj.». )

(3) theve arve natuinl examples of fopological spawn (e.g. Zavisk(
spawin alge ovaic geome@) fhatdo not avire From mefi spaws

As we have alveady mentionedl, fopological spaces (and the theow of sheaven)
make precise The nofion crf co Iocallﬂ defineol gmamh‘fy i avew /)owe/ﬁ{/w%/_
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Def” A fopological spae s a pair (X,T) whewe X is aset and T is
a sef of jubsets of X, such that

(T1) $, X botn belongto T,

(12) # 0,V €T then UnV €T,

(T3) & {ViYer Is any indexed sefviTh V€T forall e I,
then (Jger Vo €T

We call such asef j-a,'h)gology on X omnd| say Hhat the selr VeT are
open inthefopology. Asel C < X is closed in e fopology if
theve exisk V€T with C= X\U.

Lemmoa L6-1 Let (X,d) bea meMecspace, and define

Ti= {VUeX | VxeUTe>0 B U §

where Bi("):{ E]C‘X\d(*'\\i)< E}_l‘sﬂ/mbc\,I\ & adiwo € in X.

_—

Then (X, Ta) is cdbpolorjical spa@-

Rool (T1) For U= the Pvedl‘cajre isvacuows, so cleaily 95 cJq.
For U= X, toke ¢ =| (o anyming elre ) and Be (%) & X .

(TQ—) If UJ\/GTCL ancl xGUm\/fcuj Be, (I)C—U and
BE;(")QV. Sef E:mfﬂ{ix,ﬂzz,men

Be(>) € Be, DN Be, ) =« UNV

sine b d(x09)<€ then d(%9)<E& and d(xy)< s



(T3) If V;¢ Jd for ald ceT and x € U fel,\/c' then then exists sevne
(o€ L with xeV:, . By hypothesis then There exish £ 70 with

RBe(>) <V, ) and Thuo Bs(x) S U; V. 0

Exewcix L6—)  Tf (X, T) s aJrDPDloal'cal spaw and YE Xis CAJUILJJP}) then
Vs a%pologi(&l space with tiu induad topology

Tly={unvy | veT}

Inhe following when we speak of R"or infevvals [@/57, (a,53,[a,9),(a,b)
a) %Pblogucal Spaes we will aluawys mean in the finf cane ‘l’heﬁ)/)b 00y
asociateddo (R"d, ) and inthe seond cone the subspace fopol 09y

in hented fiom R

Remark (1) Some sefs are both open and cloved (clopen!) ¢.9. 9, X
Butfor example {05 <R is closed but not open, and ifs

oovvxp!ememjr s thevefore open but nbtclored .

(2) Tt no%necwfavi/g Toe that a;/b)'fm»y infewechons of open
sels ave open, sina eg. n IR we have

(- ) = {oy.
() Byinduchon any finike intevection o open sel i open.

Exevcie L6-2  Prove that (S da ), (5 &7_) ave not isometic,
burthat qu Td 1-e.inThe asrociated h)po 09)@/) on J T
The same Jett ave declared open.




Def" AJropo\oﬂical spaw (X, T ) s mesable i theve exish ametic d
on X with T = Ta. J wet-all poinks {7} are

closed sefs |

Exeycike L6-3 Rove that X = {D) ‘} with 3-"_’ {¢; X) {\}} s a
%loologicalspau. This is called the §l"ev!3ir’>s}ai spa@ anc
iswmalhj denoled 2. Pove D3 is not mebisable.

So net evew topological spas is mehisable, gnd moveover hose that arve
may howe their topology indued by move than one memn -

Exevcise Lb-L Classfﬂa all +he Aropo\bg)\\@/) ontFhe jer X = {0, ‘}.

Def" The one-point space s X = {*} withib unique fopolegy.

Ded™ Ctl‘vem‘)‘twfopologieo T, T2 on X we soy T, is finer thon T2 F I, 272
(1re. movesets aveopen in J; ). The dixcrefe fopology on X cleclares evely
seto be open, while the incliscrele %Polbgﬂ s 1 ¢,X} -e- only ¢/ X
ave opei. Cleavtj the discreletopology is finer than any topology
and amy-bpblogj is finer Thanhe indisaete ﬁPb/Ogg.

Def" Leb (X,T), (¥,8) be fopohgical spaces. A continuows map
jci (XJT) E— (y) S) I 0176/”(:7901’) f: X — wam%epu')/jeié -f/l/-,a}.

Yvey(veS = (Ve T)
Toe fxex £ eV}

We clenole by Ch((xT),(7,S)) (orjmt CH(xY) iFthe ‘10}90107)‘% awdf’ar)
the set o a|l conbnuwows Functions (X, T) — (Y, S).



Exevtite L6-S  The ide nﬁﬁj Finction is oonﬁnu,ou/J) ond the ODVV!POJIF)Le
0‘# Nt nwous ﬁAVlC'HN’)S’ X coyini U (We,xouj that
‘opolegical spacsform a categowy )

Exercire L6-6 Theveis a‘oU’ech‘on Cf (%Y, X) — X sending
a function £+ {0 =X b F(REX

Lemma L6-2 1ot (X/T) be Q%Pologica\ spaw. Thereis g bU‘ecﬁow
(Z heing the J)erPiJ)Sfl(‘ spoce )

Ch(X, ) — T ()
F — 710

Puog@ Sine 3173 is open the funcfion ?W\QV\ is well-defmed . To define the
inverte, Jet U< X he open and take it chavaclenshc fundhion

Xu: X — {Ol\}
XU(“)= {\ ey
O else .

We claim Thisis tonFinwous when we qive 10,1} the Sievpinsh¢ fopology
We neechPwme X (¢ ), 7((;/({0)’}) and X5 (F11) ave open - Suf
Theseserave @, X, U vespectively , so X iscontinpons, and o
X' (3IMM=0 Thisgivesthe clesired Tuwo-sided inveneto (¥) -]

Upshof + the puvpore of a.fopolegy T is fo tell you which functions out of X

ave contnpons . Tf You knocww hat, you can recover the bpology.



©

Lemmalb-3 If (X,d) is aomeh spage and T the associated topology , then
() Be(x) €T forall xeX, $20.
(i) evewy UE T is a union of o retof such open balls.
Piocf (1) Given ye Be(x) we haweto find § sd. Bs(y) < Belx).
Thisis equivalent fo —an\fnﬁ $s53. dlzv)<§ = d(z)<¢E.

But we know for any 2 thot

d(z,x) < d(z9)rd(y,*)

sotaking § < 2=d(0%) will ensure et B6 (S BslX). D

Lemma L6-4 Let (X, dx ) and (Y, dy ) be meic spa@s and Ix, Ty
the associated fopologier. A funchon £: X— V' is

conhinuous if and only if

Ve X ‘v/woﬂho( ye Bs(x) = F(9)eB: ($0) ) (6.)
e dx(xl“j)((( = dy(‘p’bfﬂ)<£

Froo? Suppose (6:1) holds aud lef V€Y openboe given. To puove £7V) 15 open
we have to fake a qiven o€ 47 (V) and produc a T 7 O with Br(x) < F7Y(\V).
But F()eV and Vis open, so by def™N fhere is €>0 with Be(4x) € V.

But by (6.1 thevefore, we may find § > O with
Bs) e £ (Re(4#)) 7'V

Ta(z'mca T=§ we are done .



@

Inthe oppoﬂ‘redil/‘ecﬁon} SUppOse £ 35 voninuows, and thet xeX, €70 are
given. Now hy ¥ previows Jemma Bs (fx) €Ty amd hene £~'Bs () €Tx.
Bu+his meoms Yhat therve exists §> O 5.4

s () = f'Be(f=)
or whatisthe tame,
d(z,x)<d = d(f2, ) <€ .

Now, yon checked in feinclergaﬁi?n that vaiows functions R™— R
are continwows inthe sense of. (6.1), which is the woual contin uiﬁ/ o
(multi-vaviable) cglculun . We will freely use that-these functions ave,

Q) a Lonreguence of the lemma/ also onhnuowy i the newdseme . For
example, Sin (1’3 ++) descibes o continuowo ymap R — /R

Teo deal with comtin u'HLE) Of-ﬁmmlfum R — R" Litn mu/ﬁp/e LOW’PD”Q"k)
it will be eanier Fo inhocluce he /m/odud space Yo which we will do

nexHeaLuue) ml'ong with c’qwoﬁ‘et/ﬁ/ spawes anc| 51(“”’79; which ave
ol convenient Ways of gememﬁ'ng new spac) fiom known 0N1en.

Exevcite L6-7 Let X be oo %apb[ocjrca\ spae, and xe X a Po,’nJ. Let

Sx - {(U/JZ) ‘ U is0P€‘”)x€Uand ]C"U_% R s C-h}

Pove Yhat ~ defined b (U)Hw(\/,g) = JWcUnV (VV is open, e \/V ond
£ lw=glw ) is an equivalene relotion on Ix . Anequivalena closs [(V,£Y]€e 7/~
s called a gevm o aveal-valued funcion at x .



L{chth, e%uimlenu}. Twometncs dy,ds on X are l—f'pfclnijrz— ec{uimleml’
iFthere exist h k> O such that for any 1,96)(

hd, (xy) < d(29) < kda(x,9).

Exevcise L6-8  Check this 5 an eq\AIM\eVu relodion on me%\cs/ dy~ dy

Exevcite L6-1  Povethat if d,~d, then Hhu indued ‘ropolofﬂe/)
ave fhe Jame ;10 J4, = Ja,.

Exevcise L6-10 Recall the metn'es dy, deo on \'RQ

dilzy) = 2o lre-yel

deo (x,9) = moxd [xe-ye) [r2cen)

Pove that d),da, deo ave all Lipechita equivalent, o
(R%, Ta) =(RYTa, )= (R, Taw).

(Hint:  di(a9) > da(xy) > deo (09) > 7 d, (k) 2 0 (k) )

Exevcire L6=Wl  (onsider the ﬁ)taoloafca\ spetce (KJTB with X = [qu
and T=1&, X, [0,2], (5, ‘FH. Classify all the wontinuow
functions X —> R

Exevciie L6-12 Given o sel X with the discrete medvic o (see Ex. L2-1)
descibe the associated fopology  Jd.




