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| ecture 7+ Conshuctingfopological spacen

The oim aﬁ%oday’: lectuve is +o learn a set of tools v con shuching new
h)po/og{ca) spaes fon old onen. A useful org ani's "”j prin ciple in thiy

endeavouy will be he iclea of a Mm'l/emallpwlpe;/éq, which is a conepF

fom cafegowj Meovy. e will éegm with /DUOC(IACILJ cﬂeraw, for which
i will be convenient fo wre e conaplof o baaiy.

Def" Let (X, T) be ahpolog;‘ca/ spac . Aset P& J of open ek

is called . banis fov the fopo(ogy Tif for evew paiv (2, V) where
U & J ancl D(GU) theve exivk 86}3 with. xeB < U.

Exeveie L7T-1 (1) Rove that JBE T s cbonis (F. evey U ET can be uriden an
the union selof asubset & € F (rearacunion of b
in ]5) including infinite unions andthe “empty union" whidh s 56)
(it) If B s abois for T and £:Y — X is o function with
Y @ fopological spaq then £ s comtinwom . £7'(BYe Ty VBGﬁ.

(i) T# (X,d) is amebic spae then { Be () \XGX;”O} s o
benis for The asrociated JmPoIDgLJ.

Levma L7-I Lt X be asetand B o co\lection o subretrof X sahisfying

(Bl) Foreachh xe X theve exist 86]3 with xel5.
(B2) Given B, B, 6)23 and xe B, (B, there exiSfr 33 6}3
with 1683213//75:_. Q}/]BL I e univn zr,éfe/?ﬁ»mﬁ

h Uxelg;ﬂl?;, Ba
Then theve is aunique fopology T on X for whiche B (5 abanis. We

call J the fopology generated by J5.




foof  This cleavthat 5 can be abuis for at-most one Jopology , so we

need only puove that the natural candidale fx| 3Cet wifhxec)

T ={Vvex | 3cep(v=0c)}

is in fuctatopology. e vevf{j ecich axiom infurn -
(T’) Zf:‘}é j/U\?A CPGTcmd & ‘—‘ﬁ jl‘m X= U/>> by (BI) 50 XE&J .

(t2) Suppore V) Vo €T with V, = UCIJ\jLT UG, . We claim
ViNV,eTJ. Lel G £} betheretof all BES with BE Vi1V,
Tf xeViO\Vy then fhewe is Bye Gy, B, € €5 with ze B ‘\/u
xe B, eV, and by (B2), theve s B3 =B (B, witha& 55 .
Bufthen B3 € B.NB, € ViV, s0 B €G- Thiv proves
VW, = U8, so VNV, eT.

(13) Tf {\/iqltc—]: ave open, say Ve =UG8:, Yhen with v=U,¢.
we have J;Ve = UG, fowe ave done. []

Remavke Lef {1 X; }L\el be anindexed WCGW\;\‘j trefe. Recadl the P_l/oClLAC\‘ s

Tl ¥ ={ Dier | we X frallze T

ﬁ?fcxamp)e l \ IR (stJer:efevchﬂ /(ma JeC{[/lel/l(?/) (QO)"“)%; 3)
£ we take X, = \/ some fixed set, for all 26 I Hhen HL(I /:SJWJH’Me
set o funchions £ T — )/ Jurtan asequence of veal numbers comn be
viewed ar a funchon IN—> R.



Def™ Lef 1% et be anindexed family O‘F%opo]ogl‘(al spaws. The

pvocluu;’r spale TTeer X is the wmual Pvec\acl‘felf with the +opolugy
jevmem#ed [O‘j We baw's /3 consisting of sets

—l_-cc—z Uc‘ = { (2:)iet € ‘”-CGI Xe

A €C UL' 1%fC{” L~}

wheve each Ui S X¢ is ppen andl fheset Lo T] U #X: ] s finile . Move
]WQC"JE\B‘ the banis is

)—)) = {Wiei U(’ \ U¢<—:-XL' 15 OPQV\‘FDW(%” ve L
and {iei( U;#Xz} is finile \%

E xeveie L7-2 Pove Yhat the Tl Uy as defined a[ooue_ya'ﬁsﬁ,, (BN, (P2), so
Hhat Yhe Topology on Tleer X¢ s well-defined .

Remavk As wonal we wvite XY/ for _mel Xe where T =1 '/2}) Xy =X, X, = Y
However the Cjememi onohkdr notation is useful becawe i+avoids

c(ueﬂh'ons like : ir X=xYrZ = X*( VrZ) ov (X*Y)%2Z 7 which would
avise iFwe insisted only or defining binaw puootuCh. We scy -

><’(\/7< Z = Tl-(*e—g ‘XL\ I:{[@/%} X‘:XJ Xz:\/] Xg:Z.

Remark In he care where T /'Sﬁm'fe {L‘GI/ Ue + ¥, } Is q/uurujf 74’,7/7{/
sothe bants consish of all product: of open sefs Iz U

For examp/e i Si clenofen the %Pofog ical space associated fo (57; C[q)

then U= Bg ((/,O)) is open in Sianc{ 5o UX(L‘T)%F < Slx [Oﬂ 15 open
(JQQ Ol/@lr/eamﬁj,
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DLJM A continuo ws map f’ X —Y is a. homeomoyphirm (or Uomowo)/”‘;m)
i theve is acontinuous map §- Y —> X wifh feog = iely, gof= cefx.

Exevcie LT-2 Rove o vorhinuows mop FiX—Y s a homeomovphism Tff .
RN bU‘ediouA andl F(0) Y isopen whenerev US X open.

Qive o ounterexample foshow not-all ontmuows bi\fecﬁom

are nomeo moyphisms-

Exercie LT-35 Lot X e aseb. Rove () that i Ec < X=X is an equivalene
relation then so is ﬂgéx Eeo.
(i) Given g subgel Q= XxX prove hat

m{VC X=X 7’1:omec(wv el M 2 73@}

s an e,c[u{\ralevue relahion. This is the equfm/et/lal velodion

g/enemhlecl by @.

(i) Given Q,E a» above suppose £:X—=Y i a fonchon with
£(=)=F(x2) whenever (x,%.) € R . Rove F(n)=F(%2) fovall (x,x)€E

Exevcite L7-4 () Powe R (withthe medc fopology ) is equal cv a Jopological spaw
o The Pwduc# of n wpier £ IR, inthe above sense.
(if) Is ﬂ/\e SPace Rw':- Wne{y\j ’R VV\eJMSalo/e? Prove i]L) eiH/le\r wagj.

Exertlle L7-5  Puove that 75 X — XJ' defined by ‘JTJ' ((’(6)531) =Xy
is continwowr . We call T the J-E\/ojec*\'fon.




Lemma L7-2 ( Univeual Pwpeu}wj 010 the lowdl&d‘) Lel { X; }1\6_1 be FB‘W’"{‘%
UfTLOPO(ij\‘CGISPQLO/J andl >/ another hPo\o?ch( spaug_ Thewe
1S a lo'U‘ecﬁon

&
Crs (Y, Thiez Xe ) = Tloq s (Y, X )
() = (T f)eer.

Thatis, given f¢: V=K continwow Fhere i o unique
conbnuwown moif F Y= T X with T-of= £ forall ce T .

Roof  SinuYhe T ave continuows ancl composite of continuoms functions
ave confinpows , P i at legnt well-defined. We define a candidale
inverie &7 by sendling a family of continuews functions (£2)¢
o the funcion ]C clefived by f(tﬁ) = ( Jcc;(ﬂ) )CE—I € 77'5(.1 Xp.

If we can show £ it confinuows we areclone , as cleaily 35/@4
ore mufua(lg nveuye. Bv Ex L7-1 i) 1 rufficen b show f" sendn
open seh inthe boa's o open sefr in V. Suppore U S X, 11 open ancl
b @=4¢eT | Uc# X | whichis fnile. Then

F( Meez0:) = $yev | £9) e T 0 )
= {yeY | f(el: prallieT}
= 9eV | fiy) el fr ceq t

= mgeq {L/\(Ut')

which as a finike intevection of open set, is open - []



Exevcire L7-95 CtiuenJrDPDI()rjfcal spaten {Xd}gez lef ﬂ_;l:’[ X¢ denofe
the sef Teer X; with the alternate ')’O/po/ogy which haw
an o banis the sefs TF&IUJ where U X is open +or all ce T
(i-e. we donot mpore the condition that [ (€T U #F X}
is finile ). Fove that this is a valid baers, but give & counferexample
fo show //LcI K dres be have the univena /JVD/DeY/y of
Lemma L7—2 [obv/ouwy T muwot be infnte).

Def™ Lef § XiTcer be anindexed -me\lj mﬁJropo ooy(_o( spaws . The d cu;om unjon
ov woprduct space Ll et Xois P dujalml union Jef

A e Ko = Uiez AR

with +he fopolvgy qoen \oﬂ The subsets

J_L-ej; Ue ={(‘3)1§ l CGI,xeug} (5.0)

wheve U € X¢ s opem.Nore PVeciJelg Weﬁapolom C/\ IS

T =1 (v

Ui e Xe open fov all L‘EI}.

Evercite L7-6 (1) Pove (£.0) s cm“opologj avdl prove LJ‘ " XJ — M(c—:r: X
sending X To (J‘;Y) is continwoun -
() (Univenal /900/99141/) Rove that fur any Jpa&yfl/)evt’ is
2 bjjection

C'l‘S(J_LLeLXC/Y)—_a LCIC‘]LS(X \/)

Note +a|/<im3 V=5 (Sievpmshi ) are see Hhot the univenal
PVOPQ\/M dictates the hJPolbgj.



Ded™ Let X be atopehgical spaw and ~ an equivalenu velahon on X.
‘ﬂxmec{mﬁem Spa X/~ s the set o4 equivalenc clasren withe

the fopology given by ( P K— X/~ devvles Y ctuwﬁemmap)

T = {UEX/N \f_l(u>i:opev\ {\/\X}_

Cleavly Hﬂe!f\p is o onhnuowo map.

Exevcie L7-7 Rowvethis is od‘opo\ogy on K/~ and hat —ﬁ;rqu spaa Y
anel any continuous £ X =Y s.b f(x) = f(x2)

whenever 2, ~X5  there isa mm’gue L nhRnuwow) ap =

ma(a\'mg the diagmm below commule
S
X — X/N
| F
J‘_ v
Y

_D’&ﬂ\ SLAPPDHE jiU@V\OLPan"ecOV\HVHM‘)W) mp‘pj jt" X — y/ 9: X— Z.
The )oushoul' 0{ the (umovrdev?d) PC{W ‘F,E) is The spaw

Yiucz = (Yunz)/~

where ~ is Yhe smallest equivalence velodion conteining the poius
(#),9()) for alh x € X.

Exeveive L7-8 Rowe Hnafmmaps Ly Y — Y—LLXZ) L+ Z2— Y1 x /.
Aeﬁ'meclmp by Ly (9)= [U] and (2 (2) = [2] ave conbnusws.



L omma L7-3 (Univenal loaopevkjo‘fﬁe P“J("WH | et f,g an abouve
be given. Given wnfinuous maps w: Y —>W and v :Z— W

such that Yhe cl\‘agvavm

§
SE—
W

commuates (1-e. uof = V°9> Theve Is a unique CLOVTTNUOUD
map f:YLxZ — Wsuchthat the two mcvhed M\OV@/M

in the ol |ow:'m9 c\\\a{j\@m Lommmie

o
N & X

_—
N

Roaf Fchf'WJpwue unigueness. Tf tols =tols and tFoly= tlo ly
them we calculate

H((57) = tlLr(9) = t' (o (9)) =t ([97)
L([2)) = t(ta(2)) = t'(ta(e) = t'([2])

ancl since evew element-of Vlx Z iseither [] Poruopu Y ey
ov [t7 ﬁwfome zZc Z/ this /JM)UI% +=T ! So #rufﬁawh qu@ exfd}-El/!U?.



By Exevcite LT -7 4o define £ YuxZ —= W onfinuows if hemov@\ﬁm
define 17+ Y 1L 2 =W ovtinuow s.t. t/(F00)=t"(9(x)) forallxc. But by

Exevcire L7-6 thefunchions u,v defesmive a contfinmows Y 4L 2 — %
with this lﬂwPev}j , SInw bg hypo’nuwiy u oqC = VoY Thisshows

1: /02— W

EC [v]) = uly)
t([27) = v(2)

is 0\U\/€H'deﬁngo((/omﬁmwo(,wmap, and cfea\/f‘/j tely =y, Lol =\,
Jo we aut clovu - [J

Example L7-1 (’ﬂ/\e c(rde) Lebk ~ be the ec(uiua\em&velaxﬁon on 10, 1]
3emem-¥€d by O ~ 1. Theve is a IOU'GCHon

Chs ([0, 1 ~, X) =1 £+ [0 T— X ok | £0)=F(2) §,
Cive a homeomoyphism S*= (o 3]
Exerciie LT-10 Letuwrwrik {%o,%1 o= {3 W{*Y and £: {%o, ¥} — [0,7]

for the inclusion of the evldpoini? F(3)=0, f(£)=1. We
may form The Pz,w]nowL

eyt —— {1

! L
[0))]] ——— P = [Oll_.]]—l-{%/*,}i*}

Rove fnat P2 s T



Example L7-2 (Thetorvs) Let C == Six [0,1] be the cg[mdev/

and lef J- S*— C be “bolom" and jtfﬁ—ﬁc
e “]LOP”/re.

F(x) = (>,0) e "
3(1) = (:{,1) \{JCGJ‘Z

We defipe T = C/N wheve ™ s 1he eC(ui\falei/lw.
velodion 3emem4—ed bj e paiin £ () ~g(x) fovall x€ st
“Tis 5 the torus

Ll

Example L7-3 (M&biws ship ) Leb M be [0/7]x[o,] [~ where

~ is e equivalena reladtion ggnemjred hy

(L,A) ~ (0, \-N) peAr<l.

This s called The M5 biwo SMP .



We have now cleveloped a gvod set of fools for wms/mcﬁnﬂ new space)
ancl n?a/aom'nj about Hhem . Buf-we lack any umolevaawClm_g of how'to
compave flne mulﬁng objodj'. Forexampfe

Question  How con we move M 2 S % Joi] (wher = wwans l/)OVVIQZ)VVIOq,OWc)
o T ST
RE s
o (o Yhot moter IR*%E R/

@w\‘ckawswem c 5‘ X [bz\_] is onentable but M is ot
(et we hovedo show “oview‘l‘D\U)\'ﬂ'ﬂ“ s Puvc\j%Pdvafd)O

o I contaiins “nonbvivial" loops, S doeo ol
(this leads anto think a\oouhl/l/mﬁmda//l/lemalﬂwuf)

- ST compact-but R s net
- R™E me when n £m butthis is not ‘ML/[Q]J Q.9

2
Peano - theve is asuvjective coufinuous map o)1= (o]
( T +old you moﬁ'%o)rvmjrjow infuition about J‘DP-SPQLM_))

The puoblem d}po{isﬁngmishmﬂ fopological spaces is o deep ene, and we will ovly
ciscuss the most e\emeV\erj Mpech inthis ourse . An a(ocjoz,w puo blewns for
spaws with addional shuctuve ave cenbal o e.9. algebraic geomehy,
chfﬁcwnﬁa(jeome@ ) algebaic fopelsgy ... see the final page of these
nokes for o brnefinho.



Exertire L7-11 Tt above fewhion, explain howto 3lue‘huo wopies of
the disk D =4 (wy)e R a+y* e '3 along their boundan
civeles 1o obtaina spac lhomeomoyphic fo S* = R®

Exercire L7T-12 (i) Puove (2,0) s %omeowmvplflfc% R jcpfaﬂy a< b

(i) Pove T2 s« Sj—. (T defined an in Exomple L7-2)

Exorcise LT7-13  Chawactevire the open subsel of the fonws wmjraivn‘nﬂ a po'er
[(x, l)] onthe “jlued Qc\ge”_ (Rint - wse Yhe Sievpinshi JPOIUZ)_

Exercie LT-I4 Frove that any linear hansformation R™— R™ is
o mhinwoun (Uomcat/\‘h,j wingthe mehic, but isimuch

eanier wning Puoc\udz and Ex L7-4 ).

Exevcise LT-1S Lot V laeaﬁnfle—climemfona/ue(forspaw. Ci'ven a

lbanis JB = {b_\}.__/ bn} we Moy we Waﬂou‘a%ed
isomovphfdl/n V=R Puﬁr aGrDPo(og;y j}g on V.

Prove this %opologq 5 )V\ClelpendQ VHLa?QJ,E_ Thuy any
Linite-dimensionatl veal-vector spac haw a canonical %pblojy.
Rove thatif V, W ave {-dl. vector spates with Hhe canonical
topologies , any lineay moip V— W is continuoud .

Exercie LT-16 Lot X, Y be +opologjical spaes and A< X ambspam. Brove
ﬂ/\a‘raﬁmcﬁm Jfr\/ —> A s ool/lﬁmu\owj ]Ff. c° F\/’%X
s coviinoous wheve ¢:A = X i fhe inclunon.

f
Exevcise L7-17  Given space’ { Xi}géL and \/J prove a function ¥ — 1. Xe |
with comporents £ Y X; &5 continuwows #. . is contrnuou forallc.




Ded™ Fov n7O mm—sp\f\ew- and n—disk ave the subspaws

nt\

St=1xeR”' | Jxl=1]<s R

D= {xeRM | 21} = R”

with S°= {'\)‘} and. DL: ["'/ GER while D°= {*-}
We denofe by L - S"T'— D" the incluayon for nz |, e.q.

L L
S° e 5D S e—— D?

100

Example L7-4 (amphs ) spawﬂ Let (X be afinite onented Smph/ witih
vevkex et \/ (assumed nonemphy) andedyefef E . We define
aﬁfoologkm spaw X(Q) on follows: lef Xo be \V withh the
discrele J'opoloyj and let E = {ev---/en}_&/‘ven an edge €= (\"/‘fa)
of fo 0 ST Ko be =l Vv, 1V, (in fack the space we
wnshuct is /nde/?evldeﬂ/' Uﬂ’f%e oviewfaﬁon) CLef X(Q) be e Puwhoud‘

_J_J_SO JC /Xo

ec &=
L | j

LD ) X(G) = Koll b

ecE ALed

wheve f reapriced Yo flu wpy d}ﬂfo/‘ncfexeal loy e s ]Ce .
The space X(G) is o finike setof /‘mfeum/.fylued ozfcovc{inyn’b C.




De)” e call a commutative dingrom of continuoun maps
§

SAE

— W

o pwhout squave  ( sometimen indiaded with ™) i unique map
t YUx2Z —>W o Lemma LT-3 is o homeovnovphism.

Def " We say atopological spaw ¥ is obluined fom X by attaching n-cells (for n>1)
iftheve is oo fumily of continuous maps (£ 8"'— X Jaen and a
pushout squove of fhe form

r T T~ m; Le-fbvg Hhis reamch

\_L 7 — X fo foc onthe - labelled
X EN (’OPV UWQ anﬁ.
.t | X
—
1o Ly
e A

That is Y is oblained from X by g!w‘njﬂ the n-cells D alongthe
aH-oxc[/\ing maps fu. The seb A moy he emply.




Def” A Hopological spac X s a finite CW-complex if theve is a sequend
Xo,.--, Xno), Xn=X UHQ‘{‘OPOlng\CGI\SPQCQA wheve Xo is evfinile ret with
The dl‘:tvekhpologj and for 1Scsn te spae X¢ is o btained from
X1 by aHmch/nﬂ o finite num%ewﬂ? (~cells (re-tha A above it Fnite ).
A pvwenizdion ot X js such a fequence 4@9@ﬁﬂev wiflh Hhe aftechtng mops
(LS — X, :}«e/xg wed at each stage, re. N inclexer ¢ ~cells alfached

Example L7-T" Thespaa X(G) asocialed fo a.graph Cis e finite CYU—tomplex
with V] 0-cells (e %o |=|V] ) and |E| I-cells (e INMI=1E])

Exewise L7-1& Present thetows an a finik CW—romplex with one 0l (e VLOIZ’L
Yo 1-cells (e A :ZJ and one 2 —cell (e |As| =] )

Exevciie L7-19 Wrike DW/SH_\«]Q»/ The c{woﬁet’)fépaaz D)~ where ~ i e

smallest equivalena relation with st~y for all ;(,je&"‘—'_c_ D

(i) Fove Dz/S] = S~

(i} Rove D'Js"™ =2 & for n > 2.

(i) Pove S"is afinike CW—tomplex by ab‘uchinﬂ adingle n—cll o o
single O-all (r-e.allinfesmediote sfoiges have A emply ).

NOTE Tor this exewrise Qﬂl_‘j , youmay use Yhat a continuwous b)\jed'lbm Fom
a vompact spaw o o Pausdorff spawis c.homeombuphism (seelectures ).

Dedt For nZ | define real puo\jecﬁvx? spaw Y Clwoﬁemhpa&
RP = (RN {2})/~ wheve (o, 00)~ (bey-/bn)
e exidr A€ R\o} withe Da; =b: foralk 0 < C<n.

*
Exerclie LT-20 Rove RIP ™ is o Afinile Cl/l/’complex (fheve awe mul{ila)e
Wouﬂs +o do ﬂ/\is ) )




Finite CW -complexes will be an excellent source of compact Howsd orFl Spacy)
lates in the cowne. They also plowy a.wentral wie in algebraicfopology. Further,
any wmpact smooth manifoled 7s homotopy equivalent (o weaker form of
equivalena than homeomovphism,, but sheng enough so invawiants like ()
l/lomolo% agrea ) fp a CW-complex having one k-l fpr each cvifical point
ot index R o o ﬁxecl Mowe funchsn (wre discusred the inclex a;ﬁ o cviticod.
po}n’r in Tutonal #2) This fuctis, needliss Say, oulsidethe scope P 1hix
oune, but /#is one of many c(eep and beautiful connections befureon
fopdogy and gnalysis (where tie theow of Move functions belongs ).

Example L7=6  Consider the indexed frumily of spaces {X"\}vmo
where X, = EO) 00) for n7, O, and lef

I [0, 0) — A f(x) = nx.

77/1i5qcam{l9 detevmines a funchion F - [0,00) — [ Xu

n7zo

F(") = (7{1"’(1))14’7/0 = (V"C)VO/O

whidnhis contimuows with vespect o the /ovoclmc# %Po[uyy but not

Fhe (naive” Pwduc%%Polow n which we declarve avloﬁvavy /DI/OCUMC'/]T
TE\ Url_ < Wk\ X‘m 7% be OPQVI JP]L Uln S Xh /s 0/1)(21/\ [’-Q. WQC{VDP f/he
Lnileness vondition ). To see his , obsewe that

F'(TTmo 1)) = 220 | a6 < [ forall n 3
= {120 2<k forall ni= fo

i VE{_‘ open in [O,D.



Exercite L7-21  Civen P> O lef~ be the eC{W'va'emce relabion on IR N
generntec loy x~+ P fovall e IR Rove that R/~ = S
anel hence thot Yheve is o bU‘ecHOn for any space Y

Chs(5*Y) = {1 F R—=Y | §is continuous
and F(x)= F(x+P) forall 3(}

The civcle is the space that zept’e_remlj peviodic continuons funchons.

Coda: why Jmpologl\ca( 5?(3{60/)7

Topological spaws ave, acmibedly, quite abshact. So why do cwe neecl

them ot all? l/l/hy nof stHck with me'c spaw 7 One vecwon i Hhat-not

all imfemﬂv’ing J@Fo/ogica) spaw) ave metvsable. But let uo even gmz/nL thalF

all the spaas (%, T ) we caveakout are metvisable, e T=Td for romed.
SHII Yhere ave reavons 4o work with (X,T) vether thon (X, d ). Heve ave jome -

(D Tere may he mowny meics inducing $ht yame fopology, e.g.
(R*, jzfz) = (”32/ Jd, B - ('Rl, Jd w ) . Warking with the

fopological spac is like wovking withh metvicspaces moclulo this
“topslegycal equivalenu !

@  (onshuctions likeg wotients are awkwavd -for mepic spacea, but
it is vew convenient fo build spacs s way .

Exqmp e (,oVV\EC{dVLO/J_(
rerults

) Many impovtant Hheorems are more “n aw‘uml{g”/atoufn wing 7‘0/301095/.

&) Einskin says you should getoverglobal vulers, alveady.



Aside on ;'nvaviavﬁz Jﬁ&pam

This lecture weleaumed the loeuic constuctions in 1he theow ob 7%/00/09th01/
spawes ( procluct, cl;&/'o/n/umom, 7u,o+7‘emhr and pm}zow‘:) and vaised

tne fundamental question o how to tell if +uo fopological spaces X,V
ave “the same’’ re. howeomoyphic. Theve are seveval avecn of mathematics
fnat have avisen out of the quert+o answer such quentions, including
homotopy theow and alf/ebmic JTJPOIOW There subjects cure O@anbec/
awund avawants which ave 7uamﬁﬁ@ (typically numbers, guoups or
Finitedimensional vector spacw) associated hupauw X — T(X)
such that X =Y = T(x)=T(¥). 1 pouticular

I(X)+ I(Y) = X# 7

So one accumulotes imvaviants {Iu,Za, .. T and guen o poi- X,V Hieg
them atl unfil either Tn () + Ta(Y) (hey ave not home omoyphic )
o/ one uns out of invavianlz (50 then onecmfghf hy ond)ng X 3\/Jomel«0w).

Example The ﬁmdamemb’gwup T, (X,x) and. S('nyulav hbw\ulow H,L(X/'Z) .

The whole point of this game s that X is complicated and T(X) i simple
(e-q:his anumber ) so comparing T(x) o I(Y) s feanible even if covmpaving
X, Y c{/mcHy ik not. So by definition most-vt- the information in X hon
heen “thrown awa " (in Pvmdphz) in forming T (X) (and tnicexplains

why ue need many diflevent invariants).

Fuvther msac[mj‘- Hatcher's K/-Hyebm/o%oloo/oyj "



