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In asevier of lectuven we now develop the notion of wmpadmeﬁ , finf

for mebic spaws and then move 9enemNy for fopological spacen. Thi

is an fmpo/fum} finiteness condition fompawa) wheve the closecl mtevval
[a,o] counts an inile" but IR doves not. Recall fuovn calculus ot

the clored intewal haw vavioun 5Pecia//owpevh‘ea with verpect Fo continuous
functions defined on it, for example:

Eactreme Value Theovem = i £ [ab]— IR is confinwows Hhen £

i« bounded and afzins its minimum ancl max;im um, \-e.theve exisk

¢,de (a,b] suchthat

f() 7 £(x) > Hd)  Vxelab],

Uniform COVH’WIM@ if £:[ab]—> IR s continwoan then (F is
wmfform!y confinuows, 12 . from

L wontinwons © Y Fe€>03820 0y ( x-g1< § = | fx-fy]<s )
we mew dedute

F uniformly cks - VeroFs>oay( [xyl<d = [pa-fylee )

’)Mepwpe(//uj o}pwmpadlﬂms is “renponsible " for there and other 9ood
pLope e of the intevval, i the rense that these vesults 7{;’]@(@’)]6 1o any
wom pact subsef of-ameic space (andl in asuitable fovm, o any
compact su bjpau 4 afopologfcau/)a& ). We stucly ovmpact neys for
metvic spaces fint, bul the deep theovems will use only 7hetopology.




Recall ﬂle‘fbllowing definitions from veal Cmal&sl?s :
Def™ A subset X SR is bounded if X € [-M,M] forsome M > O.

Det™ Let X <R and xeR.. Wecall x an adhevent point A X if either
o the following o equivalent condifions are me -

(f) fheve is G sequene (Q“):io/ with an€ X fora“ n,
converging to x .
(i) Ve»0 3y eX( |x-yl< € >

Theset X is clojed if #wontains all ik adhervent Po’mh. The some

is fe in any mepic space, see Exevcise LI/

Lemmc LE-1 X s closed inthis sense iff. it is closed inthe mehic %Polow om R

Pocf Suppose Xis closeclinthe medic fopology ; and thot x € R 75 on
ad\/\evem")om’[ £ X We havedo show x € X. Suppore not. Sina
R\ X 15 open, theve is cc ball e Be ()< RN\X. Butby (i1) above,
theveexishs ye X with |x-y)|< € ond thuws ye Be (<) But this
is o Lonhodiction -

If X iscloecintheabove senre and x¢ X then ¢ i nof an
adhewszPomb 50 Je20oVyeX( 291> €), whichsays
Jero Re(=x) RN\ XK, which shows R \X s open - [}

Example Le-l [(ab <R s clored andl boundled.



T assume you have all seenthe 150//00/)‘/73 PU@WQ, but it1s worth mca/lmg :

Theovem L &-2 ( Bolzano-Weievshass) A subset K< R is clored and

>0

bounded if and only if evew sequent (a0 )p=0 n K contains

a subrequente whidh conveigen o o point in K.

Rood Suppore K'is clored and bounded, say Ks 1= [-M) m]-OV‘Q”{
KN [’M/O-]) K O Lo,M]

mw T contain Gn fD,,'/){[mLe[& many n (Mﬂfjk both O[0>_ Let I, clenote
ahalf of T sto KNIy hanthis pwperty. Bisect Iy ancl choorea half

T, 5.k KN Ty contfains an Forin{ini\elﬂ many n. Inthis wewy we onshuck
intevvals { IJ'}J'W\ s .

° I\j+' QI\J \7Ld~>/]
o |€V\3H/\d~e _'EJ — Z—JJF\M (\enjﬂ/\aﬂ I s MB

Choose Ny with On, € 1,0K . Sinw {”IQMGILNK} s infnike we
mow) choose N, > 1y with O, e T.N K ) am(con#r)wﬂg uwe

Pwduwouequewuz (QWJ> ., with al/l)- 6ZJ-’ (K 74>fj7/ [ If 10'7/ R
thewn C{h;/ av\)' € L and 5o

J

| Ry — Qv \é levgth of T = i;lLTM

HBVNL (a"‘j )J;| s Ca(/td/\j ano{ wyp\/\grg@ -f—o ae IR/ Bm‘f‘a Is then
an adhevent Po}mt J\e K, andl sina K s clored, we muwt have a e K.



Fovthe convewe, suppore evew sequen in K has a subrequence conve igingy o
a point in K. We show

o K is bounded  othevwire foreach nz | leb an € K\ -y~ ]
Thismuat howe o1 sublequene Xng which wonverges, say o x€ K.

Let mloeamnl-eger 5. x¢€ (rl/l/\,m). Lef £+ O be smallenoo\gk
so Be(x)< (-w,m) Sine 2tn; — X there existh N >0 such that

,ﬁ)raj,{izf\l An, € Be (1) € (—m,m). EWC5M‘CF(C(€V1]L|Lj )avrje n, 7
50 An: & [—V\L,f\gl Stne (- mm)C [0, V‘] this is a onhadictton

« Kis closed suppore X ¢ K but that x is cn adhevent Po'mb
with say Qn — X But Qi how asubequen@ An;
c/onVerﬁl'ng%j € K) and Gn; — X, 5o x=Ye K a
vonbadichon.

This compledes the Pbomp .

We will adop} The pl/ope#y oA [a,b] given by the theovem as ourclefinition
of compactness in an arbifrary metvc space. Butfiuf we must-clefime
convergen in this gelf)emmﬁ-

Def™ Lot (X,d) beamehic &pa&amc | (31)neo a1equence in X .
Then (An)ozo onverges Fo x € X wnbhen n—> X or [imZn =X, if

hoRN

VYero N0 VneN(n7N = d(x.,x)< &)

(I-Q. VE>03N>O( {a""}nZN - Bs(x)> )



Lemma LE-3 IF (xnYneo hanalimit, i is unique.

ﬁ@_cfg S(Al:)}‘)O}e X —> X and :(.,\—93 and et € =d (). TF €70 then
€270 and we mayfind NJ with. d(Am) < &2, d(am,y)<e/a

for ald nZ2 N Bul¥hen g
d(x,y) < O\('XJJ(V\)*d(imE’J)
< €L t&, =¢ “ £

a wnbadichion. This pwre) €= O, anclthw x=y.

Lowmon L&Y A funchion £ (X,d)—> (V,d) is confnmows ifand only -

whenever 20, — X in X we have F(xn)— {(=) in V.

Roof Suppore { is ontinuwow and that x,—x. [ef £20 be given .
Theset £~ 'Be (£ ) is open, 1o B (x) & £7'Bs(#x) fovsome d.
Let N be 5.1, {Zn}nz;\l < B¢ (9().77)81/1

{ Hxe) Yoyn S F(Bi(x) ) € Be( fx)

Whichpwm fxn) = £(x). Now suppore £ han the staded property.
To plove fis vordinuows itsuffies oy Lemmoy L6-4 o pLove

Ve X Ve703570( yeBs(x) = £(9)eB:(50) )

Suppore othevwise. Then there exish xe¥X, €>0 s.h¢d Bs(x) & 1 'Be (fx).

Choose foreach n> | an element

A € B, (=) \ §7'Be( $2) (noke a0, )



Then T — X and henw by hgpm’/hws Fatn) — 1’1[1)) which
mecins in /.’)(WHCM[C{V theve exish N with d(£(xn), f=)) < € whenerer
n> N. But them F{an) € Be( fl) whichis a conbadichion. 0

Ttis urefulfo employ Hhis verult synfactically o follows -

FOlimxa ) = lim § (o),

Nn— oo h— oo

re. confinuuouws fumcﬁom commute with limifc .

Det™ A mehicspac (X, d) s sequentially wmpact if evew sequena in X
hos o convergent 5U19J€7M8V')LQ. A mdlojef K< X is called sequentially
compact if the medvic spacw (K, ke ) (s Sequemﬁa\ly oompac|~.
(’H’\Q@MWJQ+ is allowed, and it is Jeq\)\em%‘o\\\y Oovmpad-)

Example L§-2 5’7 Theovem L3-) o subsef of IR is closed and boynded
iH. infeyuem/v‘CZ/[y com/acch (e.g. [ab])

Next we vmahejooc[ on the claim gl oompadrw_u i what is C(h%pbm?b)e .
for Yhe exheme value Hheorem.

PWPDSH“‘OV‘ L&-S Tf j[: (X;CU — (\/) d )J’S wnfinwows and K< X
s .wquemﬁ‘allj compactthen F(KYe Y i jeC{MGVWLI'OIHy oovlead.

Root Suppore Kis tompact, and let (9n)o2s be arequent in LK. Choore
for each v>> O an element xn € K with yn=f () Then otn hao
a convergent.ubregugna Tn; with M o0 Xn; € K. Then
Yn: = £ () is a subsequena with



lim Yn, = [inn JC(IV\L)

= F(Jiman) e £(K),
Whrcl/\oompld% Yhe PMDU‘P ]

In Parhcu\av it Xisc Jel:{uevﬂ‘ia\\j compact meic spoe ond £: X— R
is conhnuwous then HX) S R s requentially compact; hena doed and
bounded. Moveover £ atfains i minimum and maximum

(ovollawy L ¥-6 Let § be acconhinuwows weal-valued function on o nonemply
sequentially compact medvicspaw (el ). Then Thewe e xistc,de X st

£(c) > £x)= fld) Vze X.

foc  Sine JK(X)J‘S bounded thewve is a Jeant uppev bound A . This is an
od hevent point P £(x): Hnol, theve would exist £7 O with
Be (M) N F(X) emply, anclk A—/> would be.an uppe bound
for FOO), whichis a conbadickion. Butthensina £(X ) is clored
we mu¥ howe A€ £(x), Jaw A =F(c). Then F£lc) 7 Fx) for
all >c€ X an claimed. The other claimis similar- [7

Def™ A subet 7€ X o amehic space (X,d) is bounded F Hhewe exist
xc X gnd £> O with Ye Be(x).

Exevcire L&=| (1) Rove Y s bounded dand only if the ref {d(’/V) |xyeY =R
is bounded above .
(ir) Rove Y IR is bounded in #his renre (. it is bounded in
the sense of P- oF




Exevciie L8-2 Rovethatit K< X is sequentially Lompact Then it is clored
and. bounde@l n X (fj_lﬁ (/Eudcie M&Pmc}'ﬂuf Theovrem L?*Z)_

Exercise L9-3 (i) Rove that i (%, dx) ancdl (\/,C[y) ave somemic Then
(X/dxx s Jectuevﬁiotl\ﬂ oonr\pad ;‘{:@. (Y)d\/) IS 5O .
(jouv oncr{l\shou\d verbe view (1) beKow)\-e-inJre it

teyms of sequens ancl wnvevge\n&)

(1) Pove that # (X,dx), (V,dv ) ave mehic spaws anck
fhe assoctoted fopological spaw (X, 'J}K))(\/,ﬂ:[y)
owve homeomovphic then (X,elx) i Jec(uevnlﬂ‘ally
wmpadt iff. (Y, dv ) is so.

(This is ahinf Yhat Werpev level 47? mna(yu‘fﬁ?r
compactness is ﬂ/;eﬁnpology rothev thanthe mebic

You should] puwve this divecHy | e without woing the
notion of compachwss forfopological spaces in Leckure 7).

Exercise L4  Rowve any bouncled subret £ R" s contaarined in [qub]m
{or some a,beR .

Exevcite L& Rovethat i X< R is not seC{U\EV\‘Ha“y oompad,ﬂ/)el/‘e
exish aconfnuow function £:X — R whiehis not boundecl

(e £F(X)= R V)Oi'bouno\qc()-

Exercise LE-6 Tf (X;d) is fequeﬂ%a“ﬂ oompad” ancd Y < X is clojed

Then \7/ Is f{C{M@Vlﬁa“ﬂ Low\]jad.



Exevcise L&-7 Lef (X,d) be a mec 5Pace and \/Q X a J'btl’)Je’-
(i) Pove that the qcollow%nﬂ ave ecll/ti\/mlent for a point x€ X

(@) theve isa feq uence (yn):io in Y wwve;jinj Fo X.
(b) Ve20 Jye Y( dvy)<€ )

We call such a looinbc an ma’///emwf/oo/h/’ 0}” Y

(i) Pove that 7 is cloed in X . i contains all of it ac/heVPM/'/)omﬁ-,



