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Tntoday's Jecture we prove tat compaictness is a pu rely hpolocaical pz/ope;/@).
and in so doing , we ertablish the q P,owpn‘afe 7ewemhmf7'0n 7o a\//oifmy
Jopological spaces. The genevalisation is phrased in fevms of covers .

Def"™ LeF (X, T) be a Jopologic al spate and G =7Vijcex an indexecl ﬁzm:/y
of opensefs. We say 5 covers X (andwecall G an gpen wover ) F

(O}”'C - 1_(( n
' V\J(/l/l Coveyr
X = ULC—I,UC :

(We say C covews a subref YS X it { U f]\/};er covews 7, - i

Y < User U The wver E is finte iF Tis finite (I may he emphy,
inwhich cone (Jrez Us = ¢, 50 the empy et is o Lover of the emply
SPQ&) A subcover o G is an inclexed set )IUJ'}J'GT for TS L, whth

is a woverin i own m\g?/n[.

Remark  An inofexeolfamilj of sefs is MJMfo«Je’raﬁJeh.Tho& i, the
objects TU:Y et and TU:]ceT] are different fhings. Tne
e former we have arel (J; ass ‘gned }o each ceLandif Us= UJ

for L#:j' then so be it ; inthe lalfer cae We\/‘mfaccummlak all
Hu Ug and it U = (& the 4o refs are identitrecl- For example, it

U/ = {lfz/g}) UZ; {I/g}) UJ = 3112(3}
Then

fucleefna3)y =1{u,v, U5 ={f1,233,{133F ()



whewreas { Uc }ie {1,2,3) 0L0+Ma)lg denoter The ﬁmoh'or\

£33 — {000
F()=0, f(2)=VU:, £3)=Us.

i ﬂomwiéh, His funchion s identified as a jet with ifs gmph, which is

][ = {(I){]IZ/B} )) (2/£113})) (3/{[/2/3})?. (2'/)

5o, compare (1.1), (2-1). Thisis a bit of-cjechnical poinf, but it is worh
96147149 )'mefgh}, A 7000f refevent for thir lind of f’h/’ﬂg x T Taols
“Analgs(‘s Vol. " Chapter 3. Obuiowly any set X gives vise 3o
an indexed sel § ¢ Jyex which /‘fjva?/ve identify function X — X.
So it wesay “theret @< T i ccover " e mean the asrocialed incexeq
setis a cover, 1e. X = UQ.

Eaxample LI-1 (1) {1 XT is a woverof X

(1) A banis )23 fov The Topology is a over:

('lfi) {(‘V‘;“)}mzl is o cover o IR, but not & boanls
ond {(’”}”)]nevem s a Jubcover (woJrQH/\al'
{(“V\‘%-,V\‘“\L)}VP/\ is ot o sublovev. The velevanh

Po'u’ﬁ- is aninclusion of index jets 5 nol crf Open ek )

Del™ /]rJero[oafca‘ spaw X is compact it evew cover of X han a
finite subcover .



©)

Example LA-2 R is ot compact, an Me vover ZJ(‘”/V?)]W/; hew no Fimke subcover.

Exeveise L9-1 Rovethal (X, T) is oompatmL i and only Tncqﬁo\reveuj suloret
Q< J with K= UR #eve exists af<nite Jubief 62/9 A with X= UQ

(soit dves not wza“y mottev iF we view covews an “indexed families o%opemeﬁ «
mehubeﬁoﬁ T)

/

Evewcie L1-2  Rovethatif (4n)peo is a sequence in G mehic space (X,d )
convergingto X, then cmy subrequena also wnverges Fo > .

Lemma L9=0 Let B be abasis fora%bpologica/ space X . Then X is compact
iﬂFand only Y{:eveuﬂ open wvwcomidﬁmj of seb in/B han afinite subcover.

Pt One divection isclear. Suppose evew open cover inp han ecfinite subeo ver

and let 1U:}:eT be any open cover. Foreach ce T we may wite U: = UJ'GJ—L. By
forsome set-T: and Bj € P. Bub then with. ' = Upez T¢

X = UL&IUL’ = U@&IU\/QJ’L QJ - UJG_’J'BJ

anclby Lwofhm theveis T'= Tfinilest. X= Q/‘eg’ @/ We m oy

assume T 0T = pibitd! fhen T/={ceT | TenT'=+ ¢ 1 finite emd.
Hor eveny 1T theve e xish ceT with (€T and thw B = Uc 5o that
“YJ J J J

Uaei’ Ue 2 Ud‘c—:r’ BJ = X

which puoven Zrué }gerf is a wovev ot X and completes The ,DI/DO‘/~ )



®

Exercie LA-3 Pove that in aametvic spete (%,d) any oonvevzdewh{c{mw& (2n)neo
is Cauchy 1. Vero IN VmnzN d(xem,an) < €.

Tre following agument is a slightly modified form of T.RMunkvea “Topology” £2.8.

Lemma L9-] Lot (X,d) bea Jequewﬁa\lﬂ wmpact memcspace. Given €70

theve exists some finite set Xy ) An € X such thal
{ Be (x)}Z, covew X.

fodd Given €70 suppose no such finile cover of € -balls e xisled!. Chvore some
2,6 X Then Be(xi) % Xso we may choore =, e X\ Be (=). Simce
Re ()L Be (11)7& X we mow choose Xz € X\ Bs (x)v BL(X;_) ay;g(
in thisway conshuct (x))om o with d(3n,2tm ) Z € whenever nakm.
By hypotheals (F)n=o wrains a convergent subrequente, butthis
subiequence clearly cannot be Cauchy andso we howre a ondadiction - [

Theovem L9-2 Let (X, d) be a mefw‘cs/paw with assocrated fv/Jofogl"ca/Jpace (X, 7).
Then (X,d) s Jequemh‘a//j compact iff. (X.T ) is compact.

foof Suppose (X,d) /‘.rfeq{/lewﬁa//y wmpacf and that G= {Ud};ez iy an
open cover. WeneedFv show & conteins afinife subcover

Claim * theve is §2 0 suchthat for evew y € X, theve exists
anceT with Bs(y)E Ue.

Pocf of-Claim - Suppore not. Ten for 1 aninteger, theve exish SV\GX with
B‘/v\(ﬂ“) % Ud ‘FD/ any ce L .T}IQJCCLMSVIC@ (‘Jw);\go
wntains awnveigent JuloJequeVl(L) sy Ynp —> Y.




We howe ye Uc for soma ¢, and thun Bs (4)<S O forvome €7 O.
There exish N 5.1 'y%r t7/l\’) Yny 685/,_(3) But fo/ t>> O
e have %/lt-< /2 and thw «Fov 2e X if d(?/ynf)< Yt then

d(z,y4) = d(2,9n) +d(Yne ,y)

< to + &y
= £

which impliea
By, (Yne ) = Be (9) €U,
a wonhudicfion. O
Lef §7 O be aninthe claim and wse Lemma L1 with € =4 Jo produe
cvset of poinks 2y, e sb LBy (22, cover X But cachof these

balls lienin some Ue, say Uy, -, Uiy respectively . Then

X = Bs(aDv--UBs(a)
< Uguv--—v Udr

So {Ua,/,_./ Uo‘r} Is aﬁml—ejub(,ou\er,



fov the wnveve, Juppose (X,T) is compacf and that (%n)nozoo 3 any requence

in X. Suppose it contains no C/OV\VQqu(/]l'J[,(lojeque[/]CQ arcl ek A= | v o}
We claim A is cloed. If €A s anedheventpoint of A then ure may

7anl N, with d(D(m,x)< 1, and ny>n, with d(DCv\-L,I)< /s

andl in 1his way fincl asubreguenc wnverging fo X, a wonbacliction.

So A is closed. Now, an no subsequenc of (X)nZs tonveges o any
particular Xk, given R>0 we moy find Er> O such thal

{nzo I An € Bih(i‘(h)}

: , ]
is fﬁv]il-e (#’FN all €>0 this ret were infinite, foleing € = + ‘72‘,3].-_ we would

/

(,onsMc'Fa J(Alafeguel/n,& conuelfymg o A O aloove ) ; Bl/d' 0% Ay ClOJed)

EXAA T U B o) 420

s an open covera X, which mut howe hawe some finife subcover

{ X\ A, Be, (Xkl })..-) Ben, (xe,) }

But then some thg (;(flc‘ ) munt wntain An o Mﬁn/’/ﬁ{y mony n / This
onbadliction shows that, indeed , (%+)n=o muat contein e convergent Julmequem@. []

The theovern shous feq{/temﬁq/ compactnes is actually qupevr'yo‘,[ he
‘/-Dpo/ogy. Henwforth when we sy a metvic spac (x,d) s compack
we mean (X, Td ) g aompaa‘/ ov equim/em"(y) that (X,c() Is
sequenfially compact (but-we will banically stop using this fevminology ).



'hvpo\ogica\ spac

meacF

™

Seqv\evr\'ia\\g wmm& spaws

Nowthat ave hewe genevalised the moﬁonmejeqmenﬁq( tompactngns fo compactness
for avlo‘n’rmuj JroPologica\ $paw), wecan pvocawUm gevievcilite voows Tacts fom
Lecture &, in Fai/ﬁ“cu(ar ﬁopou’ﬁ‘om LE-T One qyam ﬁiVEV\C{JPaCQ X)

a subyet K is is called compact if (K) ‘Tle) s ompact.

Exercire L4 Rovea subret K of a%opa/ogf(a/s/oaaz X is compact .
for evew inclexed fumily a;ﬁopen el U er with K S (Jeer Ve
There is ﬁnik T'eTwith K < Uce—_r’ Ue.

PUO,POIHV'O” L1-3 If fF+ X— Y is wntinwowr and K< X is wmpac}
then F(K) < Y is wmpac/'.

Rgi )ulopoje F(K) € Ueez Ue ﬁrolpen/eﬁ Ue. Then
K e £ (Ve 0:) = Uber £7(0E)

and so since K it compact theve Iy T'eT fnitewih K< (Ueez (Vo)
But then F(K) S Uez’ Ue s0we ave done. [



The Exheme Value Theovem also holds in *hisaenemlibj .

OOvOHauj L9-4 Ld’ j[ be cL c,onﬁm/t/ow vea\—\/aluedﬁmcﬁon oN Cy monemp@
compact fopological spac X . Then Fhewe exiskcdeX st

f(©) > fy = fld) Ve X.

Roof  Scume an ODVOHaIAj L &6, wing Pbo,posiﬁon L9-3. (]

Exevcire LI Evew clored mb:]pacwf a.compact fopo(ogz‘ca} spaw 1s wmpaul-

Exevcise L6 (When is a discele space (te-atfopological spac with thediscrete
fopology ) compact?

Evercise L4T  Let (X,d) be ce mehic space and K€ X a nonemphy comp ack
subset and xe X\ K. Set

D= infld(k=) | ke kY.
Rove that theve exish R, € K with

ol( Ro, x ) = Ax.



