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Lecture 9 : Compactness It updated 2718119

In today 's lecture we prove that compactness is a purely topological property,

and in so doing ,
we establish the appropriate generalisation to arbitrary

topological spaces .
The generalisation is phrased in terms of covers .

Def
"

Let ( X
,

J ) be a topological space and8=1 Vili EI an indexed family
of open sets

.

We say 8 covers X ( and we call 8 an open cover ) if

X = Ui ez Ui
.

( often just
"

cover
"

We say E covers a subset YEX if { Ui AY ) ice covers Y
,

i.  e . if
Y E Viet Ui

. The cover E is finite if I  is finite ( I may be empty ,

in which case Vice Ui  
= of ; so the empty set I a cover of the empty

space )
.

A subduer of 8 is an indexed set I Uj } for JEI
,

which

is a cover in its own right .

Remark An indexed family of sets is not just a set of sets
. That is

, the

objects { Ui ) ie  I and { Uil if I } are different things .

In

the former we have a set U i assigned to each i c- I and if Ui  = Uj

for itj then so be it ; in the latter case we just accumulate all

the Ui and if Ui  = Oj the two sets are identified . For example ,
if

U
,

= { I
, 2,33

, VE I 1,33
,

U ,
= I I

, 2,3 }

then

{ Ui lie { 1,4333 = I Ui
,

Va
, 033 = { { 1,433

,
11,333

.
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whereas { Ui } ie { 1,2 , 3) actually denotes the function

f : { 1,2 ,
3 } - { Ui

,
Uz

,
Us }

f ( 1) = U )
,

f- ( 2) = Ua
,

f- (3) = Us
.

If you wish
,

this function is identified as a set with its graph ,
which is

f  = { ( 1

, { 1

, 2,3 } )
,

( 2
,

{ 1,3 } )
,

( 3
, { 42,3 } ) }

.

( 2. D

So
, compare ( l .

l )
,

( 2
- I )

.
This is a bit of a technical point,

but it is worth

getting it straight .

A good reference for this kind of thing is T . Tao 's

" Analysis Vol
.

I "

Chapter 3
. Obviously any set X givesrise to

an indexed set { x }xe× which is just the identity function X → X
.

So it we say
" the set QEJ is a cover

"
we mean the associated indexed

set is a cover
,

i.e. X = UQ
.

Example L9 - l I i ) { X } is a cover of X
.H

) A basis § for the topology is a cover
.

liii ) { th ,
n ) }n>, , is a cover of R

,
but not a basis

,
and { th , n ) ]n even Is a sub cover ( note that

{ th - tz
,

ntt ) }n>, , is not as ubwvev
.

The relevant

point is an inclusion of indeyeb ,
not of open sets )

.

DEI A topological space X is compact if every cover of X has a

finite sub cover
.
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Example 19-2 IR is not compact,
as the cover I I - n

, D) na has no finite sub cover .

Exercise Lol - I Rove that ( X
,

T) is compact if and only if for every subset

Q ET with X = U Q there exists a finite subset Q 's Q with X -

- U Q
'

(so it does not really matter if we view covers as
" indexed families of open sets "

or just subsets of J )
.

Exercise 19-2 Prove that if ( xn ) Tio is a sequence in a metric space ( X ,
d )

converging to x
,

then any subsequence also converges tox
.

Lemma L

9-0
Let 13 be a basis for a topological space X

.

Then X is compact

if an? only if every open cover consisting of sets in 13 has a finite sub cover .

Root One direction is clear . Suppose every open cover in 13 has a finite sub cover

and let { Ui ) ie I be any open cover
.

For each ie I are may write Ui  = Uj E Ji Bj
for some set Ji and Bj EP .

But then with J = Vie I
Ji

X = Ui ez
Ui  = Vic IU

,
-

etc . Bj  = Uj et Bj

and by hypothesis there is J
'

e J finite s . t .
X = GET ' Bj . we may

assume Jin Ji  = of it  it i
'

,
then I ' =L i E It Jin T

'
t to ) is finite and

for every j ET
'

there exists i EI
'

with je Ji and thus Bj  E Ui
,

so that

Viet ' Vi Z Uj ex Bj  = X

which proves { Vili ex  is a cover of X and completes the proof . D
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Exercise La -3 Rove that in a metric space ( X
,

d) any convergent sequence ( an ) n
-

- o

is Cauchy ,
i.e .

VE > OF N Fm ,
n 7 N d ( xm , an ) a E

.

The following argument is a slightly modified form of J . R . Munk res
"

Topology
" f 28

.

Lemma Lol - I Let C X
, d) be a sequentially compact metric space .

ai ne n E ? o

there exists some finiteset Xy . . .

, an E X such that

{ Be ( Xi ) } , coven X
.

Root Given E > O suppose no such finite cover of E - balls existed
.

Choose some

x
, E X

.
Then Be ki ) t X so we may choose xz EXL Be Gu )

.

Since

Be C xD U Be Hr ) # X we may choose xz E Xl Be Gulu Belk ) and

in this way construct ( xn ) F. o
with d Gen

,
am ) 7 E whenever n # m .

By hypothesis ( an ) n -

- o contains a convergent subsequence ,
but this

subsequence clearly cannot be Cauchy and so we have a contradiction - D

Theorem L

9-2
Let l X

, d) be a metric space with associated topological space ( X
,

J )
.

Then C X
, d) is sequentially compact if . I X. T ) is compact .

Root Suppose ( X
, d) is sequentially compact and that b = { Ui } iet is an

open cover .
We need to show 8 contains a finite sub cover .

Claim : there is 870 such that for every y EX
,

there exists

an i e I with Bs I y ) E Ui .

Roof of - Claim :

suppose not
.

Then for n an integer ,
there exists yn EX with

Byu ( Yn ) I Ui for any if I . The sequence ( yn ) info

contains a convergent subsequence
, say y n t → y .
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We have y E Ui for some i
,

and thus Be ( Y ) E Ui for some E > 0 .

there exists NS.t . for t 7N
, Ynt E

13%19
) . But for t > > 0

we have Ynt < 42 and thus for ZEX if dft , ynt ) < Ynt then

d ( Z
, y ) E dlz , ynt ) + d ( Ynt , y )

< 42 t E 12

= E

which implies

Bynt ( Ynt ) E Be IY ) E Ui

a contradiction . D

Let S > 0 be as in the claim and use Lemma La - I with E = 8 to produce
a set of points xy . . .

,
xr sit

. { Bs( x i ) }iI , cover X
.

But each of these

balls lies in some Ui
, say Uiy .  . .

,
Vir respectively .

Then

X = Bs ( x , ) u . .  . U Bs ( xr )

c- Ui ,
u - -  ' u Uir

so { Ui ,
,

.  .
.

,
Uir } is a finite sub cover .
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For the convene , suppose ( X. J ) is compact and that ( xn )F=o is any sequence
in X. Suppose it contains no convergent subsequence and set A  = { xn Into }

.

We claim A is closed
.

If x¢A  is an adherent point of A then we may

find n , with dpcni ,
x ) < 1

,
and nz > ni with d ( xnz

,
x ) < Yz

and in this way find a subsequence converging to x
,

a contradiction
.

So A is closed
.

Now
,

as no subsequence of ( Xn ) Fao converges to any

particular XK
, given 1270 we may find Ek > 0 such that

{ n > / o 1 xn e Bektxk ) }

is finite ( if for all E > 0 this set were infinite , taking E = t
,

Z
,
}

,
... we would

construct a subsequence converging to xk as above ) .

But as A is closed
,

oo

{ XIA } v { Beklxn ) }k=o

is an open cover of X
,

which must have have some finite sub cover

{ X\A
, Ben

, Km )
,

. .  .

, Behr ( xnr ) }
.

But then some Ben.
( xki ) must contain xn for infinitely many n ! This

contradiction shows that
,

indeed
,

( xn )nFo must contain a convergent subsequence . D

the theorem shows sequential compactness is actually a property of the

topology . Henceforth when we say a metric space ( X ,
d ) is contact

we mean ( X
,

Ja ) is compact ,
or equivalently ,

that ( X , d ) is

sequentially compact ( but we will basically stop using this terminology )
.
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topological spaces

÷
.

.  
-

.  
- ÷LakinI. -

. 0,9M¥

sequentially compact spaces

Now that we have generalised the notion of sequential compactness to compactness
for arbitrary topological spaces ,

we can proceed to generalise various facts from

Lecture 8
, in particular Proposition L8 - 5

.

Once again given a space X
,

a sublet K is is called compact if ( k
,

Tx Ik ) is compact .

Exercise L9 -4 Rove a subset K of a topological space X is compact it .

for every indexed family of open sets { Ui }ie= with KE Viet Vi

there is finite I '
EI with K E Uieti Ui .

Proposition L9 - 3 If f : X - > Y is continuous and K c- X is compact
then f C k ) c- Y is compact .

Roof Suppose f I k ) E Viet Ui for open sets Ua
.

Then

K c- F
'  '

( Viet Ui ) = Viet f-
 '

( Ui )

and so since K is compact there is I 'eI finite with KE Viet ' f-
 '

( Ua )
.

But then f ( k ) E Viet ' Ui so we are done
. D
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The Extreme Value Theorem also holds in this generality :

Corollary L9 -4 Let f be a continuous real - valued function on a nonempty
compact topological spaceX.

Then there exist - c ,dEX sit
.

f- (c) 3 fix ) > fld ) Axe X
.

Root Same as Corollary L 8-6
, using Proposition L 9- 3 . D

Exercise 19-5 Every closed subspace of a compact topological space is compact .

Exercise Lol - 6 When is a discrete space lie . a topological space
with the discrete

topology ) compact ?

Exercise La -7 Let ( X
, d) be a metric space and KEX a nonempty compact

subset and x E Xl K
.

Set

X.  a
in fld ( k

,
x ) I ke K )

.

Prove that there exists ko C- K with

d ( ko
,

x ) = Xx
.


