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Tutorial 10 : Dual spaces is-110119

Dual vector spaces and the duals of linear maps will be central objects of

study in the remainder of the course
,

and this tutorial prepares the ground
with some of the basics . Throughout k is a field and vector spaces are

over k
,

not necessarily finite - dimensional .

Def
"

Given vector spaces V
,

W the set

Link
,

w ) If '
. V → w/ f is linear?

is a vector space with the " pointwise
"

operations defined for

f- g E Link, W ) and XEIR by

• ( ft g ) ( v ) = flu ) tg ( v )

• C - f) ( v ) = - f I v )

• O ( v ) = Ow
.

( I . e
. O E Lin I yw ) )

• ( X f) I v ) = 7. f I v )
.

Def The dual space V
*

of a vector space
V is V* :  = Lin ( V

,
k )

.

We

often refer to vectors MEV
*

as functionals .

Clearly if UN ,
Wave vector spaces and f : U → V

, g
'

- V → W are linear

then the functions given below are also linear :

go
C - )

Lin ( U
,

V ) → Lin ( yw ) h to go h

f) of

Lin ( V
,

W ) → Lin ( yw ) hrs h of



②

DEI If f: U → V is linear then the linear transformation

v
*

= Lin ( Y
,

k ) → Lin ( u
,

k ) = U
*

h 1- h of

is denoted f
*

i y
*

→ Ut
.

IQI Pure that ( Iv )*= Iot and if f : U → V
, g : V → Wave linear

then f
't

o g
*

= ( go f)
*

as linear maps W
*

→ Ut
. We say the

dual is a functional operation .
Conclude that if f is an isomorphism

then so is ft .

1022 Prove that ( ft g)
*

= f
*

t g
*

and ( X f)
*

= 7. f
*

so that

taking the dual is a linear map
C - f : Lin ( V

,
W ) → Lin ( w

*

,
V

* )
.

Given A C- Mm
,

n ( k ) let MA : k
"

-7km
be MA (a) = Ax

. Then there

is an isomorphism of vector spaces

=

Mm
, n ( k ) - L ( kn

,
km )

A 1- MA

Suppose that V is finite - dimensional and that 13 = ( vs . . .

,
xn ) is a

sequence of vectors in V
.

Then 13 is an ordered basis if and only if

Cp : k
"

→ V
, Cp ( x , . . .

,
xn ) = Iii ,

Divi

is an isomorphism of vector spaces I it is always a well-defined linear map )
.



③

If W is another finite - dimensional vector space with ordered basis

E = ( Wii .  . -

,
Wm ) then given a linear transformation F : V → W

there is a unique matrix A such that the following diagram commutes :

MA
k

"

> km

C * )
Cp I I Ce

y x

V > W
F

We call A the matrix of F with respect to 13,
E

.
Some common notation :

• Given v EV we write ( v ]g :  = Cf
'

( x ) ( similarly [ video )
.

• We write ( F ]§ for A . We may calculate from L * ) that the

ith column of this matrix is

( CE
'

o Fo Cg Kei ) = ( Coto F) ( Vi )
= CE

' ( F C vi ) )
= [ F ( Vi ) ] e .

10€ Use the diagram * ) to show that if a : W → U is another

linear transformation and 8 is an ordered basis for U then

[ a ] I o CFI § = Cao FI I .

Next we observe that a familiar matrix operation ,

the transpose ,
is

" really
" about dual spaces ,

in the following sense .



④

Definition If V is a vector space ,
a function B : Vxv → IR is bilinear if

( i ) B ( x txt
, y ) = B ( x

, y ) t Bloc '
, y ) Vx ,

x
'

, y
EV

Iii ) B ( a
, y t y

' ) = B ( x , y ) t Bla , y
' ) ht  x , y

, y
' EV

I

iii
) B ( Xx

, y ) = B ( x
, Xy ) = 713 ( Ky ) tf x

, y EV tf te IR
.

We say B is symmetric if B ( x
, y ) = Bly ,

x ) for all x , y EV
.

IQI Prove that there is a bijection between bilinear forms on V and linear maps
V → IF where V* denotes the dual space ,

where the linear map fB

associated to B is fB ( x ) ( y ) = Bloc , y )
.

I :"'

II
in

, fine9¥ }
B I > I v t B I x

,
- ) )

I QI Suppose V is finite - dimensional
.

A symmetric bilinear form Bon V is called

nondegenerate if fB is an isomorphism V V*
.

Write down the

definition of non degeneracy purely in terms of pairs ( x , y ) for which Blxiy ) = O
.

Exampled The pairing B : k "

x k
"

→ k
,

Ble ,
be ) = Ein ,

a
.

- bi

is nondegenerate ,
and the associated isomorphism is

I *

kn → ( kn )
,

I * * )

ee . I - e¥

where e it (E) = ai
.

In particular ( et
,

. . . ,en* ) must

be a basis for ( k " )*
,

called the dual basis
.
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DEI Let V be a finite - dimensional vector space with ordered basis

§ = ( vis . . . syn ) .

The dual basis is 3)
*

= ( x #
,

. . .

,
VE ) for Vt is

vi.
*

( u ) = EEC Cubs )

which reads off the coefficient of Yi in the expansion of a a . r
.

t
. 13 .

IQI Prove # is a basis for Vt
.

IQI Suppose V
,

W
, P ,

E
,

F
,

A are as in C * ) on p . ③
.

Prove that

MAT
ten km

Cp * I Cy *

"
- I

* *

V a W
F

*

commutes
,

and hence C F * TEE = ( IF IF I
, so that taking

the transpose means taking the dual of a linear transformation .


