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Tutorial 10 ( rough notes )

Example48-2_ Consider X - [0, D and the sequence of functions fn :X → IR
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The sequence ( fu )F4 convenes pointwise to ( Ch ( X, IR) , dp )
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but this convergence is certainly not uniform (as the uniform limitof continuous

functions is continuous) . So ( fu )F=4 doesnotwn-e.ge in ( Cts ( X, 1121, doo )
(rt it converged , it would have to beto f) and hence is not Cauchy (as this space
is complete ) .

However we claim the sequence is Cauchy in (Cbl Xi IR ) , dp )
but still does not converge , where throughout tepco .
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Hence ( fn ) Fro is Cauchy in ( Cts (X, IR), dp ) . Now we claim this

sequence does not converge in ( Ct (X ,Rl , dp ) . To say fn→ g writ - dp
says that V-E

>OFN Fn>N 1×1 fn - 91 P s EP.

Pwbtem 1×1 fu - g IP small # fnfx)-g (x) small any given x .

Suppose for a contradiction that fn→ g in ( Cts (X, IR) , dp ) . Then since

the restriction function for Cc , d] E ( Yz, D i.e . ( Cfs ( X, IR) ,dp) → (Ctl kid, R) , dp )

is continuous so fnlcc
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claim that 111 - 911ps E for any positive E and hence 111-914=0 .
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To see this let E be given and find N such that H -fn- g Hp CE for n>N

and fnlcc.dz = I for n>N . Thus 111 - 9 Hpd
'd]
C E

,
as required .

But since H - Hap
' "

is a norm 1 - g = O as claimed .

( ii) since Cc ,d) was arbitrary g (a) =L for a> Yz
.

Ciii ) similarly g (x ) -0 for x c Y-

This shows g is not continuous, a contradiction .
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Exercise Give a counterexamplefilmshow that convergence fn→f in
( Cts ( laid, IRI , dp ) for kpc doesnot- imply pointwise convergence .

( Hint : -A- ) ( However fu→ f- does imply pointwise convergence
"
almost everywhere

"

in a precise sense we will define later) .


