Tujfor(al lo - Zom's Lemma and vector spaten

The axiom of choice, inthe fovm of Zovn's lemma, ploys o foundational
role in much of mathemakes, and ofen in gmesomefj technical ways- One
impovtant application isfo show that fora field R, and vectov space V4
ovev k, any linecn//y indepenclent set G = 4 (Pofr//:/j emply ) ir conteiined
habams Bof V (e GC<B). e rag: any lineavly independent sef
may Le exiended +o ci lbbasiy. In Fayﬁ‘cufar) /‘qkmg o= 525) +0/s chocds

that quy vecior space hos g basls (which is not clear a prord unles v4

on be s{:anned ‘07 o finite Jevl/ in whch cane if /s eqny ).

We begin with 1he stutement af the oxlom oF choiw . This doeo npf requite

(or have! ) Ot)smdf * that 15 why if is called anaxiom . We assume ik,

AX/DW’ 07'061”0’.(9 (AC> If {Xi}L‘eI is an undexed 7%1””')3 :f}gfeﬁ
and X, + ‘]5 'FZW eadn c\GI/ then T(_,_‘._LT_ XL’ *[J: }6

Recall an indexed femil {XC}CGI isju/ﬁa suvjeCHVt ﬁncﬁ'on 7(‘ T— A
with domain T, and £(¢) =X €A and

_I_(_ X, = { { 11— UA J 7C(QE><Q 'E)Ta‘lier}_

ceL
Here UA isthe union sef with xeUA <> JaeA (:ceQB) ov 5F o
like, visualiie UA an obtained by “c\ismluimﬁ“*]’he bound avies befweein
evew clement A& UA. Afunchion [ € Tliex X, chooren one element per ¢ -




Def” Lef (J)Dé) be a PCWHC‘“ﬂ ordeved fet.Then a subset Q =7
called a chain if \V/ZILj €® (7( sy v ys 1> The emp)y rel

is \/acuouﬂlv a chain.

Def” Let (P/ <) be o\pavﬁ‘a“j ordered jet, Q < P Anelement &P
5 an uppev\oouwd for QL it \/jC-Ci (y<=x). Anelement me /S
is maximal \7/j€ P( ms Y = m=y )

Exaw\@e Tn the Powenef P( fo} \} ) with |'nc[w3ion, the subret
Q = 1/, 117} ts mot a chain.

Zovn's Lemma (ZL) TL evew chain in (/3 é) hew an upp ev bouwd, Then /D

conteins a maximal element.

Proof By hansfinike incluction , which vequires the language of ovdinals and
fis does not FFin a futonal. You can see the “Banic Set Theovvn
noten on my webpage foraself-contarned FVMQI/I‘}U'HOV) Arom scrafch.
Sine Zown's Lemma i eﬂuimlenf (3iufm‘l’buz othev axioms ) o AC
You ave safe in f‘ahm?me atbitude that Zovin's Lemma is con oxiona

in tjourPevsonal unijverse - D

The stotement P AC (vhich “obviowly should \oe’hME") is included heve in ovder
fo \oul\\j You into be\ie\/\\na Z L (whfcl« looks less 'ebvious “) viae AC&= ZL_.

Theorem Lel k be a feld and \V/ a vector spoce over k If 6=V i //'mean//y
indepemc(enf then there exish a baﬂl‘s/j for V with /B 26.

Roof Lef P be fhe following sef, pav#ally ovdeved by inclusion



P = { X cV l X s /mead’y mdependev* and X 25 }

Nok that &€ P sothis sef is nonempty (C=¢is q”OUUGd). We claim evewy chain

in P ha an upper bound. Let Q € P be a chain. Then UQ = V and
we claim This s a “Vlea\/'j }nc&eloehc\eerJa_Jr. Given {V‘J-"/V"\} s va
we have V¢ € X for some X €Q, and by (nduction and Jfl/;ec(uumpﬁoh

that Q. is o chain we have that one of the Ig‘/ suy %Co, contains all
The OH’\QVS. Buf’ﬂ‘lm {V‘)---/\/n} S %do muot }aq LZ . f}f€+ ’s (T

. all ik finite subsets are LT, so UQ s LT Sive X < UQX
whenever X € Q this shows (0 hew on Wp pev bound.

aX

Hen by Zova's Lemmor P contpins o maximal element Q@ Suppase

SPC{V‘(QMOX> a \/) say oo € v\ SPan(QV‘"O" ).Then {W?]U Qmax
LT and bene 1419@"€ 2 tupsin

oo = QM

max

this conhud i cfs maximali’y of @7 This wonbadickon shows Q s a
bevis fov \/; and by conshuction & conteins G- 17

Covollavj Evemj vector 5pacehao a banrs.

ot G = ¢.0



Addendum : (S ecvet uses of AC)

Let (X,d) bea mehic space., 0=X an open subsef, and for evewy xel
)€J(' gx> ®) LJQ Juch ‘H/)cd" BEI (DCSSU .

Yow just nsed The axiom of choice ! TMa.m‘gwfmemL x > Ex is an element of
J

_[_[‘ { 56R7o l BS(X)SU}

ey

Each ot the sek {£] Belx) SU} is nov)emﬁy ancl you usec that-the

chtuchs vonemphy | Fhatis, you could simultaneowoly choore pne
€ foreach 2. This is e axiom 03[ chorce .

Suppese you could Pwué Hhat for each x Yheve wow a wnique Ex > O
SaHsf\Jir\S Be, (1) =0V and sowme other PwPe‘(}ff §b(a:, g) (this rlands
fov aformula. i which x , £ occur) . The formula

B(xe) ©  £€Rve ABe(x)2UA $pl(ne)
detevmines, bythe Axiomm of (ompre hension, a Subref

{(5€)e UxRoe | B(€) holds |

and This suborel is precisely the graph of the funchion U — R>o aJrigning
Jo xe U thir “spec al” S~ . Tnthis way we avoitled inVO{<m9 AC,
bul in Pmcﬁce this is not always /Dom’b/e (ov convenient).



