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We have defined (X, R) +or an infe&m! pair (X, I) 1o be the
covaleﬁ"on oF +he novmecl space (Ch(X,R), 1=l Y. That means
a vector ]CG LA X, R) is acha”j an equiraleme clasr dﬂ(amch\we?menm

jﬁ = [(7(’,\)::0]) fni)(—ﬁﬂ{ LoninubLs .

A more common way +o intwcluce L2~5che/) s o) eﬁ,u{l/a/emre closres d’z
square—infegrble (buFnot necensanly continuows /) functionion X
The puvpore ot 7Loclay s Juforial is 9o veconcile these fwo defrnitions, so
fhat when yon leavin about the Lebesgue infegrul you ave preparec

b m?/'rlf‘evpvef the content o‘f MAST30026 jn thal /anguage.

FI(RST : Examp/e L1182 ﬁ)m lectures. Withe X = [o, ’] his

conshuch a Cauchy sequence (fulnmo in (Cli(X,R), el2) which
coer nof converge, so that

f= [(Fa)o=o Je LZ(X, R)

's not in the image oL the canonical inclwion ( Ch{x,R) = L(XIR).
Nole that £ = [IMn 00 LFn) in [Z(X,R), and sorme how #hrs

limit Cwants” Fo be the funchon JCFJCW [0, ]— R which is

the porntwise [imif & the £..7s -
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However qC i not continuows So jc & Ch(R) Tna formal senre
we will ow explain £ st UCPJW/ alf’hough Fhere ave subtletion. The Followmj

is adapled friom L20. Set X = [o,b] h"‘l/mwcbﬂowihﬂ

Lemma L20-[§ SULPPO/P 3" [ql\’]_% Ris a ﬁmcHOﬂ which s Riemann
in%egm\o]e on [2/%9). Then

05 : Ch(x)ﬂ)\')\_}'k, (pj(F.):YEn,b]’F
is confinwows and linear

M Lineavfﬁj is o banic PwPe”l'j of H\eivﬁeamk. Conﬁnu”\j with L"Mped"}b [I-ll2
follows fwm the Hslder iner{ualiw (he pwdﬁwf whidn gues ﬂ/\wugk inthe
projent care, (/uiﬁ/\a Riemaimn integvable buf not mca/)mvi[y continuows ) sinc

Uwcj — 45 | = ‘I({’F')S \
< 5 | (719 |
Ip-p 1ol o sl =] bl

By the univenal puperly of the vomiplefin of anormed spate we know that any
vonfinuow linear 05: Ch(¥R) — I (withverpect fo ll-[l; onthe domain) extencln
u\m‘quehj% a ontinuown lineav @ L2, R) — R (Theorem Ll&’—”l)j o in



B‘j Theoren L2013 theve is acomonical continuous bilineav pcﬁvih(j

(X, RY x 12X, R) > R

< (a“)hogo) (L’h)\:ib > = [\m Sa“]on

n- 0o

so that for any G el (% R) there is a confinuows linear map
-, 05 (X R)y—R.

B\j the Riesz vepvmemi‘aﬁ‘on theovem (COVD”O”/‘:I L20—4) evewy conh nuoms
inear functional on (2(X%IR) avireathis way , anol in palﬁt?\cmlaffor cny
5:X—>IR which is Riemann infegrable fhere exish o unigue jAGLL(X, R)
such that

<= 5% = O (xR)— R

hat s, for all confinuous h: X—2 R, supposing 5:‘ (3"3;2@

lim fham = Wy (h) = ka.

n-="a oo

This vector 9 is The “avatar"” of g n Lz—spa(e.

fov
Example Inthe (,om[—ex/‘a'ﬂ Example LIE-2, the Q/\emann)'nkgmb/e j[/)
mclute @;P*W L (SR) = IR which wonesponcls 7o
the Caucl/lg sequence f, that s,

j o= f



Inwnclusion, we howe a diagvam of injechive linear mops (X=[a¥])
LOGR) 5 \

{Tm’retjm\o\e 9: X— lR}
/a.a. Qc[ucxlﬂy

Ch(X,R) ©

However mo’reveuj element o [ *(X,TF) can beobluined an é\ / The nokion o Riemamn
inTe@ra\oilﬂy s th“fz‘mllj restictive , the co meck netion is Lebesgue fnfegralo;‘lu'@/ andl

it ishue thal evew vector in L* (X, ) vepveoewh o Lebergue in iegmble ﬁmd—ran] 50
that there is an isomoyphism

|eben _inteepmble 9rX— IR
>(X,R) = { Lebesgue square-inkegetle 3 )

almoit evewwheve ectuctlh‘y_



