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The aim (/f this futonal is fo make You comfoviable with the 67140717‘6’%)1' 7LD,/7°/°§/L7-
Recall that & X s a‘)‘o{oolojica’ space and ~ s an ec;w’m/eme velatron 7hen
the quotient X/~ is he set of equivalence classes with The fopology

j;/’v = { U< 7(/,\, ( /J#\([)) s oPeVl}
whewﬁ : X — X/~ is the 7%07519”/.

&l SuPPOIe 7(1 K o —Y s om[w\ch‘ovw) Y another %?Dlog\"ca\ space.
Rove jC %) wmﬁvmbuw"ncf. 3C°/0 s Lonbnuow.

Lemma Theve 5 a bojjection between open subsetr of K/~ and
sotuated opent subsets of X, re. open subets U< X
such that & x~Y ond x € U then alro ye U-

Rk  (Foo A) The map Txiv = Tx sending T= ¥/~ p7(T)
TS ir\JecH\pe since T=/0(/D-](T))) and. cleavly /0,\[ T) s satuated
stace if 7(~lj and 1(—/0—\(7) then /O(y) —‘—ﬁ(l) T so0 36/9—'(/_)_
f V< X is satwated we clarm U‘:/D—l(/o(())).—ﬂ/m ncluson
O/ Efq(/”(u)) s automatic , and forthe revewe inclunion it
yepi(plo)) then Pl €p(0), 12 ply) =p(=) s ome xe U,
Thuw x~Y and by saturated VLUUJGUM claimed . Hene the
image of Txj~ — JIx s )vvecffe’y he set o saturated open Jefr.



(Puock B) Obsewe that by Lemma L6-2 Hie vows inhe following
rommudohive c\fagjram ave [o\ijedfve 2 s Sfey/ai;fu}u‘ )

R

Chs (X~ ) > Tx/e
(O L lﬁq (%)
Ch( % =) = T

So % swhis o waeﬂ/\e LHS vevical wmop is mjective, and i#s image
is the set o chavactenstic functions of soturated open ret. Eu)‘/o

s Jw\/]’e_cﬁwe o f\njec\vivﬁy is cleavy and Ay X — 5 05 inthe
image 2. Xy (x) = X oY) whenever x ~Y (by Yhe anivenal
PuoPeHy oP the qwoz"felfl{')) or ec[uil/“alevﬂ’{y xeU & lj@U whenever
x~Y, whichis the definition of saturated. [

For the vest o the tutonial we 57L1Aclj The fol)owing example X = [D,[Pawo(
~ fhe equivalence relation ﬁememfed by he Followivxg paiv

(o) (1) (1) (»0) ~ (1) 0<he |
.\'[ (O;ﬂ)”('MA) 0 Mms |
(0//0 / ," ) One chiecks thatr ~ is Yhe wef
// L (o,00) | oenst}
/ v{ ((»1,(0) |o=As)
(00 (9 (o) Of (Cop), (yp)) o pmety

v { ((‘;/’\)) (0,/\/«)\ lOgJ/lgl}
o (v, (vm) | 0 pmet]

o) { ((0/1\)/“,0)), ((\/O’\)(O)O}/
(Co,0), (1,1, () 1), (9,°)) }



Letwa 51Luc|lj the saturated open jubsels of X with w/)pec%%o ~.
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Anj open et U< [0 ‘—szhl‘cl/\
cloes not meetthe bouwdal/\t/

s sotuvoted. In mefcular
T = (o) *x(c,d) s satwated

Pwv?dg& 0<a<b<) o< ced < |.

bsl ©O<ccd<)
/ Y

The open set [0,6) x (c,d) 15 not
sahuated ginte (0,%)e U for
cex<d bul (,x)¢ U,

The open Jets

U= [o,b) XCC/d) % (%qx(C/d)
Vo= (5% [0,6) v (65)% (1]

ave soturpbed (ocr=s<)

What about the cornens ? An open squave afcmy one, fuo or Three covnews

cannot be open on ibown.



1) A W)

//ll" ".‘-// _ open se
///l} l:L//% The ope ref

W = [o, a) % [0, b)
. o v [0/0\) x (c,, )]
A i v (d, 1] x [0,%)
(0,00 ~ * (1,0) v (d,7]x (¢, 1]

is satuvated.

[@2]  The open sets _’-;,L)C,O\.,Ua,\o)gd ) \/rls)}/m and Wa,b)c,cl form
e bowis for the setof saturated open red, ond thus induce
& bani s for the +0P0]071j s K]~ (ectually a emallev subyet will

C\0> canvouJu uulfuj ) ) .

TI/\ecluoHeM K/~ = oY/ is of coune (homeomoyphic to) the Tovus

(0,00~ (LO)~(0,)~(1,1)



1331 Rove that X/V = SlXSiwlneve agig R* i e unit civele .

| SolP]  Bntwe wnshudh o bijective continuowe map between these spocs.
The idea is that \ljout shoald alwcuj_c let univew ol Pl/opevﬁm duv owo

much of the hQQV& quj (‘,U)Ljeu\ can * so we prefevfo wn@wmch
X/N >S ><J ra‘\’l/\ev-l/ho]v\\g XJ —%X/’V

Consider f,j - [o, qz’—? IR* 37’qu by
F(29) = (wS(ZTx ), sin (270¢) )

3(3{,\7) = (coS(Zﬂy)) 55/\(271'3))

1
both ave continuoun, ancl induw wntinuows maps {j [0 §

Cu/\d hence by he un;yewM /DI/OP\OWyOfﬂf)e}JWClMC'/* @ LoNfinmous map
[0 ‘T’ —> S >“S e%ned bj

% (2y) = (£, 9(29))
Sine ® iclentifies pain related under ~, we get-by he univeva
PUOPQV@ of ﬂveqmﬁema WM U0 W0 mop

& LT/ — 'S8T
i} ’:seow\ﬂvchech;# is /;y'ec{v‘w. LeFthe invene funchion he Y, fo we have

OwljﬂLOdht)oo Y s continuovs . Butfor this it sutfiwsto Show ot

The Pve';maqe under X dﬁ ony element of our cliosen boants i OpEN .



Fov this if is achml_t; (,onvvemet/\'\' o we e arc lewgﬂx\ mehic da on J:L

with open botlls (0) csS* ~ since for exam]o)e,

f—\)'/—%_’rx—sjznt%:r"z/j%—’y) = (—?—E( E—E,A-FZ/j—”l)jJ‘ﬁ >

= &( (x-€, 0+€) % (92,9470 ) )
Biq”( p) x gi{; (‘l) < Sﬂ;\fi

whichis open, asr shown below -

P .-
/ o ((wos(2m2), fin Zﬂx»
da
/_/_: B ()
2Tz
(ws(zrrg) Un(2wy))
_Tx—slus) y="1,9+1 , 1TZ (‘7)

The oYher casen gve handled J}mi/arb. |

[@4] (The Tow wePVP/Jerﬂx “bi-periodic" -fmnd-ion:) Pove hatfor
any space Y theve is o loiJ‘ecHor\ between vortinuons functons
£ RxR—7 which ave bi-pevedic , in the sense thal +heve exist
Py R> 0O with

Feo) = £+ P y) YayeR
$op) = Fla9+R) ¥y e R

and continuows funchons from the formo S EDEE A



