Tujfohal 3 © The civcle as o cjromp 27|g|19

This fuforial is a (ve) examination of the circle, as o quoup . This will be
impov/tent when we awive af +he Hilbert space L>(S*) offunctions on § ?

Def™ A 'f'opologicali]voup is aset X equipped both as atfopological
spate (X,’I) and an ot group (X, ) e) such that

(i) The function o - YXx Y — X s combnuwows.

(iv) The function C—)~l= X— X s confinwoun.

An isomoyphism oﬂhpological guoups s L %omeomouphl‘dm ot is also

cun isomoyphlsm of guoups.
1@ Rove thot (R, O> s ahpoloyfcalﬁuow/;

@ Pove thott (QL(Z/ R, - TZB is a‘]‘opo[oafcal gweup, where
CL(Z,RYS Ma(IR) s ¥ne set of invevtible mohis . Hence
show SO(2,R) is also aﬁPgiogicalgqu, (wlnajraloom%)%egemem(caoe?)

We wnke CLL(Z\) 30(2) for CxL(l,fR)) JO(Z,R)_

T
(831 Rove fhat the bijection S —> SO(2) sending (w0s0,50) 1o
the votation mahix  Re is a homeomovphism, wheve § Te R®s
the unitcircle. Hene 35 is a'fbpoll?g;‘ca\ group with shvcture maps

$ x S" 2 so(2)xSo(2) — s50(2) = ST

-)
st= SO(@)y — So(2) = 51



@ Rove S i;‘s isomonphic an aﬂvpolog/’calﬁwup 7o

Uy ={e®|oerje C
uncley muthiplication, with the /ncucec fopology.

[@5] Let Ccbea Topological gwoup and H<S & anovmal subguoup .
Lef ~ be the equivalenw velaon ijj . dheH witlc 9= hﬂ 5
sothat G/H = Gl~. Rove that G [H is o fopological Guoup when
9anmqwﬁenHDpology

~ 1
Qd  Rove /7 =5 w ’}'DPDIOW‘CQIjUDMIDJ-
Note that 31 i< pot (((qnon/'ca//y - group, since nobocly lells Yyou wheye

o start meanwing your angles from, so it is move mccuvate o Jaj
$0(2), V1), R)Z_ ave Fopolsgical groups, all homeomovphic 4o St spaen.



Solutions

@1 Lel fiR*R—R be f(xy)=x+y and g: R—>Rbe g(x)=-X.

There ave hothh ineav- henice confimuous .

a2l (e iclentify M (R) with IRLt giving it aﬁpologg , Then VV\\A\-H}Jll‘coLHO)’\

Ma (R) % M, (R) > My (R)
R’ R4

is ineach coordinate a polynomial function, hence Lonfinuows.
This reahnch fo a_vonkinuoms map on. GL(2,R), given the subspace
‘l—oPologj:

Mo (R) % Ma (R) ——— M, (R)

J J

CL(2,R) x GL(2,R) N GL(2,R)

The fumchon () GL(2R) — GL(%R) is continuows

since the Lom Posffe

CL(2, R) — GL(2,R) =< M,(R) = R
a b> ‘ | (d\ -V
(C d | g od —bc \—¢ @«

s wnfinwows  (we mowy checle this ooorclmc«)‘e—wue/ and the OV‘L}j
\
‘W\Mgﬁ) check is thal  dd—pe s confinuows U — R wheve

U 2 RY is wheve thisfunchionis deﬁned} namdy U = GL(2,R) )
Hence GL(2,1R) is ahpo(bgical guoup.




o — |
@3] L QR — R® be mm/%)o)/“caz%n with Q= (, o ).Then
fhe map ST —50(2) makes the oliagmm (A s the

diagonal, L the ?mclwiow)

A LxL A xQ
st —— stxs® R« R Rx R% —
0030 J incluaion
sm(9
S0(2)
coJlQ fsin®>
UOVY\W\MH hence 1s w\nJﬂV\u\ovm S‘V‘@ cos®

We 0\'&’801(3(3 kviow s o Bijecj‘l‘on. To show W is oo homeomovphym we
need\to show the invewe is tonfinuows, bu} thoi \J eany | The inveve

makw the following diagram vommule

wl L o\ 2o

so(2) = > R*» R®
l l ijediw\ T, onto fint feckor
S« — [R*

andis T Lonfinuows .

@ Let v G/H =&/ — CIH and ¢ - /14— G/H be the
mm\ﬁplfcaﬁon ond Tnveve, andlet U< G/H be open., /- a— G/H

)
1he c,u,oh'emf. We howe o show m™ (U), '(0) ave open. Let
o point (ffﬁ, [97-]) em (L)< &/H *&/H be given . Since

(08



is continuowy, we can find V, W £ G with neV, 926 W such that

(9,9.) e VxW < (pomc‘)~\ (U)

/

1. YacV VbeW ab G{OF'(U)

Obsewe thal m(‘n,—) C O G is vonfinuows (why?) fo

V = UI/\GH hY, W = UL\GH W

ave open (fcdum%ec”) subrelrof &, and f aeV, be W and h, h'e H
Yhen (ha)(Wb) = Wb «ﬁ;rdome h'e H/ but this shows HFhat
(ha)(W'b) ~ ab ~wn forzome e J 5o (he) (W b) 6/~((U) and hence

(3‘)97—> & \7X \(/-Vv < (P bmc\)-\(U)
But #hen in &/H XC’/H
([, (1) € p(D)xp(W) € m™ (V)

andl Since (0“7) "f('/?) s 0pen This wmp&}% he /01/00’}0 The cane 07»” L

is clone Jim{’avlv.

@ The mop R—> (C/ Or— QLW
o sw(jech'are wnﬁ‘nuowmap R — U(1) which facton via
a o nhnuoun b\))’ed‘l‘on /R/Z — U(1). This is clear! y &
hovmo movphism frﬂjwupf, andl it only vemotns 7o check. it is
open, hutFhis ir esrentially the same ar what-we did fo check [01])~= S

is contrnuou, anoljil/‘e/)



