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The two “nicest” clagres of spaces are mehisable spaces, and compack
Hausclovff spacen. Affev that, the next best }2/}’)0}07—05/36((8 ove subspoce)
of Hhese kinds of spaten - subspaces of metisable spacesare wmehisqble
bul subspaces ﬁf@omlnac% spaw need ot be Lompact, so in this lalfer case
we obtlain a new and mfem}m9 Clays of spates = the /ocq//j compacd

Hausdo r P spaces. Tnthe secone half o this oursre we will prove
many theorems abouf +his closs afurpa(w. Tn this fubvial we develoP the ﬂ’\eom

O‘(Q IDCQ“U Uompad spa@, oo an extended exevtite inthe loaslc PuoPevﬁe/a e 4

compactness itrelf.

Def” A topological space X is locally compact f for evewy xeX theve exists
an open ret Uand wmpafffefK with xe USE K.

Clearly any compact space is ocally compact.
Example (1) R is locally cowmpack (butnot wmpad') sine oy X € R™ ies

in some (aylr)x - % (an, b ) which s ontaurned in #he compac/—

cef [a(} b)] X ==K {C{V\, L:n]
(i) R is not /DCC{/{j vompack (5o subspawes +f locally compact spaces

need not be locally compact).

Def™ A fopological space X vs HousdorfL if for any pair x,y€ X
d‘ﬁdmﬁncf}goim’: there exist open U, V € X with ote U, y € \/

and U/ \/ = ¢ (c(evﬁ(ojbed in L.”)

Remark (1) In a Housderff space pom\s ave closecl.
(i) Any subspace of aHausdo/ fE spauce s HausdorfP.
(i) Aww\[mfk subspace of o MawrclorfP space is closecl .



[Nl Ay closed subspace of |ocaﬂj compack space is locaHj ompetct.

Theorem TF X is locally comparct Housclovl ¥hen fis homeomoyph/‘c fo a
subspaee of a compack Hausdo/&apa(e. (e9. X = IR )

We define for lacallg Lompact H ausdo? X a spoce X that we call The
One—Poinfoompacﬁf"caﬁ'om, which is compact Hausdorff and hos
X an a Jubspace.

Def™ Asaset K =X WiV Asubret (< X which dves not covtaiin
SO s open . i+ is open in XJ and| UEX\I which wntaine 0O is
open iff. tThere is K X compact with U= K1 {oo¥.

ExamE(e X = [Rl s locaHy wmpatl’

The et KT4L {3 is N Open \neTg\'\hm/l/\ooc\ d o in >z BU Heine-Bovel
a wmpachubmi- K SR> mut be clored andl bOMWdPO(J 50 %irpl‘c-HAme

1 mcha\\ﬂ genenic, e it desciiben all open neiyhborhoodr of oo



@ Rove this is a%olpo]ojy on S{ ,

8)

13 Frove X is (,ompc«c‘r and Housdorff.
@ Frove the canonice map X — X indwer a how\eomoy/ohbm between
X ancd aJubSPa(e otﬂ )PZ (hemce Pl/ouilﬂcd the theovem ) .

This pace X i called the ome-/oomnompadv%‘caﬁ\b”\ A X. Hisned a
vew smart conshuction, 4he Stone - Cech wmpacﬁ{ﬂ‘caﬁ"ﬂn s bgﬂev/ bt
the one«po)’vd‘ meacﬁ"fv‘caﬁ()Vl hew ifs used .

[@4)  Give o chavaclevisation of the set of vontinuowo funchions
th X —> R which extend to SZ) that s, for which F:X—R

confinuous exists Mahfng] The d\\ag ram below commude

~

This clase of Funchions will be necnsan ffwo\eacimn\g the Hilber} SpOLees
L*( R ) of squave - infegmble funchons en Euclideon space.

X X

L F
R



ISOIM%DV\% @2 | The em}?%j rel does not contain oo and is open in X so 9963_9(
Theset X onfeing 00 bat X = fcu {>} and 95 i wmpac} (Fo\d you
we would have fo care mboufﬂ/lls\) JMPpofe {Uo_}LcI ir an indexed 7[uwn
Oﬁopem}e%ﬂf\ X Yhen let T={ceT | =0 €0, } and wrikk (JT°= I\T)

Ugezu‘ - UJ'c-:r UJ v U\je:ﬁ Yj
= kKU {W>-_]'hOV\) olofevvimg

h’grjefﬁef' Kj < X be compact with U N
fhat Uy i openin X for Je T (wemaiyosiume T4, ctnecuie’t s deav

U'_ UJ' v U— <UJ - U‘ej Kj-c U{w} v Ujej‘ %

J
- (UJ’GT Kf v U U) U {m}

jeﬂ‘ )

(ﬂ\,'ej e ﬂj@f UJC )Su (e}

But ecach K g s X is wmpac}* hewnce closed so ﬂJ eJ KJ N jers U'C
5 a cloed subspare of a wmpact space |< (P'ckjoc J, and nofe thad
ot J= 9{ theve I nothing o ,ovove) hemce wmpack, so we are done :
LOGT J |SoPeﬂ

IF Ve X amopen'f’l’lem are four casen:
(i) U, Ve X ave open, then UnvY is open.
(i) U=Kw{w} VeXisopen, UNV = KNV € Xisspen.
(i) U EX/ V= KL {0} rame on (i),
(V) V=K u{o) V=Lu{eo] with KL wm]oacnt,‘}/l/\ey\
UNV = (KoL) L {o] with KUL owmpact.
which shows () NV s open in )7/ henee T is cd'opofﬂyj. 7



SO\M'HUV\“O (3 Let {UQ}[GI he anopen c,ovevd‘[ ;<: ancdl fuppore 00 & UED .
Then Ui = K L {=) for come compact K< X. The open
sek 1UYier over K, 5o let T=T be fintk with 'K < U\/“e:r UJ

Then we hawve

X o= X u{e=)

— KUK“U {e]
K v U,
&)JGT UJ) v Ui,

I

N

o J U fie} s aﬁnikmlgc,oveﬁ o pwve >/(V s Hawdo/#f/ W
suffanto wonsicer xe X and obsewe that since Xis locall
covpact theve excishs x €U € K with U open, K @mpact,
but then xe U and 00 € KU {=} g0 diJjDiV\" open

~o

me‘\alnbowhoodra—f 2,0 in X . O

|SD\VAW"OV\+0 Quy | The map X i X is cleaﬂv wntinuows, sine i K € Xis
wmpackthen K 15 clored hene K s o pen. . Tt s a bijection
oo s image, and o homeomorphim since # UeXis open then 75((]) X}
open by definition. ]

Solwdionto G4 | Let Jf:)(—% R confinuowy be given. The dode of. F l?\j.M} Jome
real number N\ = F("O), ancl the fack that F is conhinuous
¥ ec,uimlewHo the conshaint that for all £> 0O the sef

~

F7B:0) = X

I open . Buttisis eC{mva/eVl)"}'D wmlpac}n,?/)/cqp 7’%0 Je/‘
{’Ce X | 1) -2 > 5}_ Sowe have our charactevisation



a conhinuows fundion £: X — IR extenchrto X if and only if Hhere exich
NelR such that f“)\ vanishe al ihfﬂnﬁ‘j) b\‘j whidh we meon fhat
for all €>0 4he jef {xeX L 1e9-2) =z <€ i wmpad\.
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