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The two " nicest
"

classes of spaces are meth 's able spaces ,
and compact

Hausdorff spaces .

After that
,

the next best kind of space are subspaces

of these kinds of spaces
: subspaces of meth 's able spaces are meth 's able

but subspaces of compact spaces need not be compact ,
so in this latter case

we obtain a new and interesting class of spaces : the locally compact

Hausdorff  spaces .

In the second half of this course we will prove

many theorems about this class of spaces .

In this tutorial we develop the theory

of locally compact spaces ,
as an extended exercise in the basic properties of

compactness itself
.

DEI A topological space
X is locally compact if for every xex there exists

an open
set U and compact set K with x EU E K

.

Clearly any compact-

space is locally compact .

Example Ci ) IR
"

is locally compact ( but not compact ) since any x C- IR
'

lies

in some Car,
bi ) x . .

. x C an
,

bn ) which is contained in the compact

set Lai,
b D x . .  . X Can ,

bn ]
.

Iii ) Q is

netlocally compact C so subspaces of locally compact spaces

need not be locally compact )
.

DEI A topological space
X is Hausdorff  if for any pair x

, y C- X

of distinct points there exist open U
,

V E X with a EU
, y E V

and U A V = Of
. ( developed in Lll )

Remarks C i ) In a Hausdorff space points are closed
.

liil Any subspace of  a Hausdorff space
is Hausdorff .

Ciii ) A compact  subspace of  a Hausdorff space
is closed

.
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IQI Any closed subspace of a locally compact space is locally compact .

Theorem If X is locally compact Hausdorff then it is homeomorphic to a

subspace of a compact Hausdorff space . ( e.g . X = IR )
\

We define for locally compact Hausdorff X a space
I that we call the

one - point compactification
,

which is compact Hausdorff and has

X as a subspace .

DEI As a set I = X I { 03
.

A subset VEX which does not contain

a is
open iff .

it is open in X
,

and VEX which contains 00 is

open iff . there is K E X compact with U = Kc I { a }
.

Example X = IR
'

is locally compact

,
11/1 ' ' '

'

,%
k
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"
' '

"
'

I X
l ' I I l I I I

The set Kc I to ) is an open neighborhood of in I
. By Heine - Borel

a compact subset KE IR
'

must be closed and bounded
,

so this picture

is actually generic ,
ie .  it describes all open neighborhoods of no

.
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IQI Rove this is a topology on I
.

IQI Prove I is compact and Hausdorff .

IQLI Prove the canonical map
X → I induces a homeomorphism between

X and a subspace of I ( hence proving the theorem )
.

This space I is called the one - point
- compactification of X

.

It is not a

very
smart construction

,
the Stone - Cech compactification is better

,

but

the one - point compactification has its uses
.

10¥ Give a characterisation of the set of continuous functions

f : X → IR which extend to I
,

that is
,

for which F : I → IR

continuous exists making the diagram below commute :

X > I

I
,

F

f S
R

This class of functions will be necessary for defining the Hilbert spaces
L2 ( Rd ) of square

- integrable functions on Euclidean space .


