®
|lAJForia( 5 : 5Paces oﬁ Paf%s lolq(1q

Tnthelecturen we have stavted +o develop fhe Theovy of function spaces
and in thistutovial we aim o add to our intuition aboutthese Jpuces

with on extendled Jh(cly of The example of he space of ,oa/%.r n o
%Poloyfca/spa(e v

A’M/H Y is & conBnuows function f [0 1] =Y Such paﬁ/u

form o set CH1 ([o,1), \/). For the purposes 4 this futonal we fake

as given thot there is afopology on This space (+he compact-open JLO/DO/DW)
such that for all x € [o,1] the evaluafron function

ev, + Ch([o,]]Y)—>Y
ev. () = f(x)

is confinuows. Thus pathsin Y ave the Pom/—: of the space CH (/o1 Y)
what are the open sek 7 Well, in pavhcular for V<7 open the sulvef

Qvopl(\/): {{‘[O)Q—B\/ch ’ f/o)e\/?

is open iin the spoice g-ﬂpcn%u. So awy pavﬁculav Paﬂ/\ starting in V'
hown an opel me[ﬁb bovhood wonsishing oF all the /ocn%s J}Lm/—z‘ny o \/

ct([0,Y)




We canfovm smallev open mel\jlnloo\/hoods o f by J/posing move cons baint,
eq. f VASRAT open and qc(l) c W then e\/o—‘(\/) 0 QVJl(WJ s a
smallev meijhlool/hooo/cff in Ck ([0/'7, ).

Chs ([071,Y)

Move genem“g) f]( 0 < A4« a,< <0, <1 ‘l‘%en’ﬂ/m (jOV\ﬁI/\MDU\/)
funchions {Q\/qL © Ch(fo, 7,y — 7 }-,zl mdu o conhinuows mop

$ - Cﬁ([oz‘—],\/) _’%—[T:;\l \/
S ($) = (£(a),..., f(an))

andl for openseb Uy, Un € Y fe preimoge &7 ( THI 02 ) 5 open
Ch ((,73,Y)




Now o brewe that if a path £ shavkin an open yet US T and Y is o imedvic

spate, Thereissome clored infewal K=12,7] such that £(K) sV

(in wovds : i L stk in U theve is some in ol segment of Finsicle U. The poinfo-ﬂ
Fhis exevuse is fo clevelop infuition, to do ot get hung wpon the assumption

Y is aymehnc spaua)

8- (f0)

This seews like a reanonoble way wﬂpvvescvilm“ng P(A’hs Gimilavto £ which
geveralires the aloove . Rqﬂqe\/ﬂ’lal/\:jm+ impose gle)elU  (ve g(K)SU
—FaJ KaPoiv’\JC> we can fMPOJ‘e 9 ( K) cU. Let wn winle ((A,H”b\ K= [—O,fj an above )

S(k,0)={9:[0i]=Yck | 9(K)eVL]

' ‘ o

This subsel is in fad open N H’\e—}opologv on C’h( [o,ﬂ’\/) s we will
Celiscover™ ﬁom ﬁ'n)']bﬁndplw in lechuren. Move ge\nemllv , it we
extend the eavlier exa\mp)e bg, veplacmﬂ Hue Po‘mh {a\,.--/o‘h} ky} intervals

K., Ku € [0/ ] we can consider the open set

S(KU) A N S(KayUn) € Ch ([0,7],7) ()



®

),\]')
S C'h([ol‘j)\/)

S(Ka,O2)

N2/

7

S(K},Us)

K|:[°)[""\“) K = [‘D"/[%PL KZ = ibqll—)

I weallow the K¢ Fo be avbihaw compact (e closed ) subreh of [o)i]
fhen the finike intew ections of- the form (¥) are a banis fov #he %opolog/v
on pafh space sothe aloove giver you queH-nj Good umdem)uhclimg of the oPenJefj.

To make ‘l/lr\eadjumch‘on Jowpev\\J wollr, you need mork Fhan j(m‘} the rety
S(K,U\ ’FD“ K Fm[\LQ, o Hhe ‘FOHDLA)W\(j Shows:

@ The wllection { eV : Ch([o,],Y)— \/}xc— [0,7] incdluen an
injechve continuouws funchon

T Ch(TY)— Tlcn V
é({') - ( f—(x) )Jcc—[oil—l-

Is this a%omeomorphf&m onto ih 'nmacja? 1-e. IS GI([D/‘].\/)
“the same o aJMbJPO((Q ot _”:e[o,nj DS



Recall that a banis for ’ﬂ){)om)dl/{cf bjbo/ogy on | /xe[v, Y 7 given by open sefr off

the form U = 7/:(/)L wheve (e €7 s open foral xe [o,1] and {1GX[UJ<=F\/]
s Hnite. Sef

{’“/"'/I"}: Jxex / Ux?':7'}

\ [e)7] N
Lef un /dem/ﬁ% 771/5.[0, ;7/ with 7/ J /ﬁéfefo%ﬂmcﬁbnr /= [D/ ’7 - / /m/"

mewuavi/y wnﬁhMDM), Then jfg U /'7§£ /[2’;)6 U)r; ﬁ/ /g 2< . Thot /‘J/
viewed an a subsef (V< Y

U=/)_[#]#c)eUx}

It follows that the subspace fopology on Cts (o] y)e Y for1] inheviteck
ﬁomﬁut(mducf %Dpo/oﬂy han a sub —basls consisting of sefr S(K,0) where
Kis a Pomt Sinwe having fhe &tcgmc%on Pwpfr/y forws #e §(F,0)'s
be open for all oompac% K, Ql above combined uth the above remayfes
shows that Hhe fopology on ch(lo/]7) wming from viewing This as

a subspacw of Y [o) = n;efo),] 1 with the pwduck Fopology dves not-
safisfy 7he acy'umﬁbm /mope/y



@ L & = Irn(é) Sbﬂflairﬂ/lecfu%'}for\ is, dos & vesvict
o a homeomoyphism Cs ( [0,1], /) = Q ¢ We show ak
for any inferval K < [01] and open UeY whichisnot a
vonnec fec| (,owlponemjroﬂ Y (+natis, for which Theve exish
/301'0*7 y€ Y\V connected by anﬁ/\ﬁJ an element o (V)
that B(S(K,V)) SQ isnot open, so the answer is NO.

qfwwb\l‘d/\‘{/‘/\e\r‘e
Note S(K,U) is nonemphy ° the wwstant funchHon /;ﬂ’;’ii gci;:\\ﬁkim
F : [O,I-] — y Jemdih?] e\/evx\o'H/Iilngﬂ‘D any choren —Fﬁxecl uec U v to 3
herin S(K,U) . Supposing F(S(KUV)) were open wve wald
/Finok on open weighbo‘/ hood. T er[olq Y such that

THeTNR < F(S(kV))
fe 27'(T) € S(KV)

C‘h([o/ q.y)

S (k)

(Ve may assume T is faken Hom the standayd. basis, 1. thepe is
Je (o) '] ffm'}-e and open sets Ux = \/ for all x € [0/ ’] such thaf
UX = 7 UV\IPU IC’I J(HCQ T= KC—(O,)__I U)( . (/UV]/"Q T = {Ol’/" V4 q“}

sothal we have

B (T) = {9 (1= wrbinuows | 9(ac) € Un, for 1=i<n ]

Nok that F& &7 '(T) 50 ue UNUa NN Voiw -



Now Ez\(ﬂr) = S(Klu) means Thal whenever 31 [0/ ﬂ — Vs
continuom and satisfies j(aa) € Vo for 1€ s (an shown )
muwt follow #hat 9( K)< U.

Le’rj e Y \U be wonnecked 4o uel by a FO\WL h, and let N be the

invevie Paﬂ\ (1-e. W(A) = l"“‘>\)>. Lejrﬂ . [O)‘—J_a Y be the PO\H/L

describecl fn*ﬁyvmanj oo follows PfckC(J(Abih+€V\/C{l Z < K\{ay.,an} not
tontaining any Az, and let g be constant at U o xd Z , amd on Z

+ hovewes I and then ™ (5o it maher an “excunion” o Y in between

fre ay.--, %) Then 3(0u)=uk€ Ua, so LIS (T but cleavly
ﬂ(K) %L U since j(z)=3 fov some ze Z . This conhadicon

shows B(S(K,V))is notopenin Q- T



