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What is a real number? This queotion is mofreaﬂy W‘BH—PQSEC/. A better
c]uwh'on: what is the systewm ofreal numbers 7 What kind of 7'?)1'/79 i it ?
We say it s q fvpo/ogfca/ abelian guoup Lontfetining R cnc 1 which all
Cauchy requenwn «f vational numben converge o o unigue I/ mit.
(Mour fundamental undevotending of what R is can't hinge on i coneptwhich
pre-supposes e exictence o R 1 So metnic spaces cveor bif-awkward heve)

Daf™ A fequene (J(w)y?io n a%opo/ogfca/spauz X vonvergen 4o xe X if
for evew open mefghbovlaoool U of x theve exisks N > O with

A€ forall nz N

Def™ Asequena (% )nmro inaﬁpologi(d abelian group A s Cauchy
if for eveuy open neighborhood U of O teve exish N 7 O with
A — Ay € U wheviever VVI/VL7/ N . We call /‘} wmg)e’re_ ﬁ( @vetﬂ

Cou,td/\j sequena in A Lonvevges.

(@ Rove thot i f: G—H is & homomoyphism of-fopological abelian gudps
and (e )mzs i Cauchy in (o then [101'1) =o i (auchy in H.

l,@ Rove that asequente n o HaMJC’D/r[/ gfgaa conve rges) +o at most one Pofw’\.
(odv/g.gvomF is Housdof = {0‘3 (s clojed, see Ex. Lll—ll(ﬁ))

@ Two Cauchg jec(memuw (Zh)::o/ (%)nozoa are egw’m!ewf if (9(“"4"):—?0

Lonve vy o 2ev. Rove this is an equft/a/el/lm relation on the ref-of

Cal/tclxuj Jequemws n & fvpo/ogi(af abe/fam 3|/o(/1/0 A

We will eventually define IR fo e fhe seF R of- Cauchy Jequenan in (A mod His vel ™



The veal numbersshould be a Hausclorff %opologicalabeliam guup which is

tomplele ancl contuins B an a dense subret.

Def™ A realnumber system is a pair consisting of a complete

Hausclovff Jopelogical abelian qroup (R,+ ©)and
aninfective homomoyphism of-Jopological quoups

(@, +,0) —— (R,+,0)

with the F“’PQV{”I that thesmallest closed subretof A containing
F(B) s R ikell, and F induces a homeomorphism @ — £(B) .

We pLove theve is (upto /‘Iorwoqol'lfJWI) exacHﬂ one real number system (that'ts IR ! )
No}e%afwmgleﬁeneu means any decimal expansign  O-a 420y -~ which can

ou a\ Av
be viewed an o Cauchy Jequence 7o / o "0, - h @/ defev mines a_unigye

(b'j HQWC{Off@ws) element- of R

)_@ (Umiquewﬂ) ¥ (R4, ) together with £ " is another veal number system
pwove theve is g unique homomoyohisim a'ﬂfopblogfcdqbe[l‘anﬁlxompf 9
mak(nﬂ fhe diagmm
UC

(&)Jr/ O) — (2/"—/ D>

E
PN

ommule, and thal this uniqe merp is an iso moyphism .

We call this unigue thing IR

(well, we sl howe o puove oy veal numbersysem exisk)




[@5] (Exislene) Lot A bea Jropologz“ccll) abelian guoup, A the ot
of Cauchy sequences modulo equivtilenc . Given US A open we

say o Cauchy reguence (X )neo is eventually in U if Theve exishr
N > O such that Y7 N we howe Xn € U. A Canchy requence (xn);fo i

sbby evemLual(Lj in U if evey Cauchy reqnene equivalent 1o (xn)0=s
s eventually in U Define a subset s(V) = AS by

s(V) = T[] | ()20 is stubly eventually in U }
Rove thal
() s(¢)=¢, s(A)=A"
(i) s(UOV) = s(u)n s(V)
(7)) 5( UrezVi ) = User 5(0) T awny inclex e -
Hewa {5(0) | U= AopenY s a fopologg on A°

Nele Tosee the Poinl‘oﬂm ((S‘*'D\lolﬂ“) consider U = {C’(C_(@\ \ < 7(} and two (a(ACl/l_Lj
sequenus convergingts 7, one fm abore cind one from beloow. We donof
womt TC € s(0) (o fospeak) | gs 5(V)should be (o0, T ) not (o0, 7]

You may folee foy gmmjred Hat AC beomes an alelian ovoup ot e
opevafion [(xn)]+ [lon)]= [(XV‘)FLJ“)]) T hope you'veseen this elrewhere.

(@] A 0y eh ~ \
(&6 | an defined above is aﬁ),oo(ogfca( abelicn gvoup.



Hints T 2y€@ and xrye U then O € —I‘U*U. Rove that it W

Is amy Opent V‘effjlﬂlﬂo/hw@( of the zew eleiment Hreve K another
open me{ﬁ%loovlauod Ve Ouwit- VFV S W.

This is already ( (way) move ) than enough for atutonal. Butheve ave
the wevma;'mmg #’lfn’ngs o be checleodl . e now know & i o ﬁ)Polugfca’
aloelian Guoup. We neecl fo show

° @C s Hawclofff (ure Ex LN~)))_
JNAG complete (approximate awny Cauchy seq. in 2 (/;y one in @ )
* A° outains A an o dense subref (ecry )

This shows R is areal numbev system, and we already laviow Hhere
s (ot most ) one Juch thing up fo 1s0mdepohiim, so we aue en Ftled
to give s ‘f’MMg a neyme owid cave albout Tk.



