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Tutorial 6 : Towards Fourier theory

Last week you looked at the construction of R from Q
,

as a completion

in the setting of topological abelian groups .

the overall chain of constrictions is

IN > Z > Q > R
additive multiplicative limit of
inverses inverses Cauchy sequences

You also know R/k± Sttastopological abelian groups ,
so you should

find it plausible that completing QIZ should give Rlk and hence St
.

But it doesn't make sense to construct QK torn 747<=0 ! So how can we

extend the chain

? ? > Qlz >
" 42=51

limit of

Cauchy sequences

backwards to find the " finite
" mathematics whose

" continuum limit
"

is 51 ?

Recall that St=U( 1) as topological groups ,
where U ( 1) EE is the multiplicative

group of unit modulus complex numbers .

From this point of view the

obvious candidates are the subgroups of nth roots of unity

±

<7nz - Un - { zeelzh - 1 } a)

1 1- Edith
.

IQI Warm-up ) Rove that

Un , ,Un= {eMi0 1 OEQ }

and give an isomorphism of groups
Qtke Un >nUn

.
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IQI ( i ) For any two integers m ,n72 we have Um E Umn
.

Prove that

±

74mnz → Umn
^ ^

Tmn
,m

| | inclusion

>4mz → Um
=

commutes
,

where the horizontal maps are as in CH ) above and the

map Tmn
,

m sends I ton
. All arrows are group homomoiphisms .

( ii ) Describe the group homomouphismdn
'

. 74mL → Qlk which

makes the diagram below commute for all n72

Ln

Zlnz - Qlz

-
this  is the in OYZE Un Un

* I I Eta.ie#emYId
, , ×

Un - U ( I )
inclusion

IQI
,

We can turn this around and use it to construct Qtk from the cyclic

groups , using a categorical notion called the direct limit
.

Consider

the oriented graph whole vertices are

74Mt for m72 and where

we draw an edge
ZIMZ→ 74122 if ml K

.
We label this

edge with Yk ,m .

Part of this graph ( usually called admen ) is

Y 4,2 .422
7432 7442 7452 %z .  • .

E
-
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A oowne on this diagram is an abelian group
A together with a family of

homomorphisms { fn : ZINZ → A }n>,z with the property that for every

pair m
,

k with mlk we have fko Yk
,

m
= fm

.

For example ,
all the triangles

below with
"

green base
" commute :

Y 4,2

.422 7432 7442 7452 %z .  • .

⇐they ,

A

Pwve that given such a co cone there is a unique homom orphism of abelian groups

f : Qlz → A such that to an = fn ( dn as in QZ ) for all n 72 . We say

that Qtk ( with the dn ) is a w limit of the diagram ( since wlimits are

unique ,
this actually completely characterises QK )

.

#
47

, Identifying the topological abelian group
St with Rtk we have the

canonical homomouphism of topological abelian groups Qlz - St
.

Composing with du sits Zlnz as a subgroup of St The circle is the

4 completed wlimit " of all these subgroups in the following precise sense :

pwve that if ( A
,

{ fn : 74mL → A }n>,z ) is a wane in which A  is

a complete Hausdorff topological abelian group ,
there is a unique

homom orphism of topological abelian groups I : St  → A such that

the diagram below commutes for all n 72 :

1

74

nzc
> S

r±
f

fn )
A


