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What is areal-number” T shed some //“ghfom#/m; question cousicler the chain
of number systewns beginning ot #ne votural numbes N =10,1,2,. .} each

s}-ep in whiclh can be viewed oy mclclmj solutions o ec/uaﬁom :

x+2=1 Bx=2

x*=2 2t =—|
Ne—— /7 —Q——R——C

Whv doer x2=2 “deserve" o lﬂaueasoluﬁon? Jov one ﬂ’)mg) we can finel
o sequence of approximale solutions that appeors fo be converging. Recall
that by Newton's method we con a(apuox?ma‘e az2evwof 9 )=x*-2

lov ifemﬁ'ng he funchion F(x) = x— 3(’0/3‘&) an in Tt c{[ag o
(t]omsl/,oulc{ view o, 9 - R — Q ay funchons £ vational numben and

fhe groph below o o suhsetaf A x Q)
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So we can ﬁ’H'n}Q U£ “acld/ng fz H/'n one O‘fﬂr‘& way; :
° aclcll'ncj a solution 1o he equation x2+2 =0

« adcding a fixecl Po;'mf for £+ R — A

= > o sz

* adding a Mb fov the Jequence ("“)n=o = (1/ 2, :2 S )
As we will see in Lectures 14,15 these ave all closely velated, but-the lonfueems fo
be feohnicallv the ecwieot Ju develop (and waalglj also the mosk fundamental ).
To 3d5+a/}ed we need to be able 3o characlense when a sequence (n ] “ougm'"
+o converge (H-J’WJ+ lacks a limiF in @), and are need 4o be able ﬁu‘aj when Fvo

such sequences “clesew:'n_g Jmiks" ave oomvevgfnfjf'oﬂ/le same “lmit'"

Dof~ A fequend (%)y?io n m%lpo/og}“cabpaw X vonvergen 4o xe X if

for evewy open V)efghbovhoool U of x Hheve exisks N > O with
In& U ﬁfa/} n>z N.

Def™ Asequenw (% )n=ro ina fopolog ical abelian group A is Cauchy
if for eveuy open neighborhood U of O eve exish N 7 O with
T =2An € U whepever mnZ N we call A omplete if evey
Cauchy sequens. in A onvevges.

G Rove that i £ G—>H 15 o homomoyphism of-fopological abelion guoups
and (e )nzo s Cauc\/\g in C Fhen [fln)fﬁ-o v Canchy in H.

[02] Rove that o sequence in o Hausclorff space convevgen fo atmoJ? one powa.
(k‘/’l?}j group is Hous dorff —> {07] (s clojecl, yea Ex. LI (i;))



®

(@3] Two Cauchy sequences (1"):20/ (9 )a2o are equivalent if (%n=Yn = o

uonve\rg%-}o zevo. Reve this is an eqw‘mlemw relation on ¥he ref-of
chtcl/uj fequencer in o fD/?o/og ical abelian gvoup A

g

oo

|

(Hint:we ideow of Lecdhure W)

The veal numbersshould be a Hoaunsdorff hpo[ogiccd abelian guup which is
tomplele and contains @) o o dense subret .

Def™ A realnumber system is a pair consisting of a complete
Hausclovff %Po]ow\cal cbelion quoup (R,+ ©)and
a  homomoyphism Uqﬁi‘opologfcod quoups

(@} T O) L" (Z)Jr) O>
which safisfies
(i) jC is mhomeomoq&hism oo i :'mage

(ii) ]C(@) = 7\,,14-%6!/&’]01”%/’ closed subsetof R
wntaining £(®R) s R itrelf.

Nok%’hafwmgleﬁeneu means any decimal expansisn  O-a, 420y -~ which can
Ou A\ A+
be viewed an OLCOLMCI/Hj Jequenc T/ Tio0,) -

("U HC\WdOffﬁrwu) element o R .

e @/ detey mines a unigue

3 \7
Q Pove mefequem(e Cx”)nzb =(1, >, ) fum eavlier s Cauchy in &
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@ (Umquenafs) o (R4, o) together with £ is another veal number sys fem
pwve theve iscL unique homowmoyphisim aﬁ%opologfcalccbe(ranyvoapf 9
mak\'nﬂ fhe diagam

JC
(@,+,0) — (2/+/o)

E

ormmule, and thal this uniqhe merp is cin iso moyohism .

We call s unique thing IR

(W@ I, we sFill howe fo prove ciieal v mm/aemyslen/) exf;&)

@_. CExv’sJ—ﬂ/Ml) Let A be a bpologz“ca) abelian guoup, A the ref
diCauchg Sequenws modulo equivtlenc . Given U S A open we
say o Cauchy requence (X )nze i eventually in U if Theve exists
N> O such that Yz IN we howe Xn € U. A Cauchy requence (Xn)eo is
sa‘aloqu evemtual[lj in U if evey Cauchy requene equivalent 1o (xn)hes
s eventually in U. Define ci subsef s(U) = AS loy

S(U) = {[(X”JV\OZD—_] / (xh):zo s S‘/Z{Uy evﬂi’\{uauy in U}

Nele Tosee the PDM(‘O‘#‘H’\& ((5+D\|olujﬂ) consider U = {O(C_(@\\ < 7(} and fwo (O(ACl/lj
sequenws convergingto 7, one from abore cind one from belows . We donet
womt TT € s(0) (SOJmsPeqlz)), as S(V)should be (=20, T) not (0,



Rove that
() s(¢)=¢, s(A)=A"
(i) s(UOV) = s(u)ns(V)
sotnat {5(0) [ U A epen | is tne basis for afopology on AS

You may folee foy gravted that A becwomes an alelian ououp vt Hie
opevafion [((xn)]+ [(yn)]= [(Xm+%h)]) T hope you've seen this eliewheve.

*
@ AC an c{E‘H/}?C{ abouve is c f‘opo(ogfca( aloe(fom 9\/0(/1}9.

Hinls TF 2y€@ ond x+ye U fhen O € —x-y+U. Rove that 11/

Is any open ”efgbbthood of the 2ew eleiment Hreve x another
open Vle(ﬁ%loov%oad Vol Ouwt V+HV S W

The V\o,vmav'm'ng ‘i’h»’ngs o be checleeol: We now know &C i o fopolugfcal
aloelian guroup- We neecl fo show -

- QS s Hawsdo L (ur Ex Ll)—)))_
’ @C s me/eﬁe (appvo/(/'mak any Caucl/vy seq. in R (/ay one in @) )
Q" outaing @ an o denre subrel (ecuy)

, <. . , \
Tis will show & is aveal number syskem, and since such a f’hmj s unigue

we Can géw_ it aoncmwe : the veal numbers IR .




