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Tutorial 7 : Construction of IR 1719119

What is areal - number ? To shed some light on this question consider the chain

of number systems beginning at the natural numbers IN = 191,2
,

. . . }
,

each

step in which can be viewed as adding solutions of equations :

Xt 2=1 32=2 22=2 22=-1

IN . , I ' , Qc ,Rc > ¢

Why does x2=2
"

deserve
"

to have a solution ? For one thing
,

we can find

a sequence of approximate solutions that appears to be converging .
Recall

that by Newton 's method we can approximate azewofgcx )=x2 - 2

by iterating the function floc ) = x - 944g ' GD as in the diagram

( you
should view fig : Q → Q as functions of rational numbers and

the graph below asasuhsetof QXQ )

a
XZ - 2

I ffx ) = Ext I
"

fz
"

\ 20=1

I
- ri x

,
= f ( Xo ) = Z

I I I I 7 x✓!
I -5 z xz= f ( x , )=

'

I = 1.416

- l -

'

• Xz = f ( Xz ) =

54%21.41421568
.

. .

- 2 - -

52=1.41421356 .
.  -

The function f has a unique fixed point in C 0,0 ) ( but not  in Q obviously )

x=ffx)←→ Ex =L ←→x2=z
.
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So we can think of "

adding E
"

in one of three ways
:

• adding a solution to the equation of t 2 = 0

• adding a fixed point for f : Q → Q

• adding a limit for the sequence ( an ) To = ( I
,

Z
,

E
,

3%8
,

. . . )
.

As we will see in Lectures 14,15 these are all closely related
,

but the last seems to

be technically the easiest to develop ( and probably also the most fundamental )
.

To get started we need to be able to characterise when a sequence in Q "

ought
"

to converge C it just lacks a limit in Q )
,

and are need to be able to
say

when tho

such
sequences

"

deserving limits
"

are converging to the same
"

limit "

.

Def
'

A sequence ( an ) neo in a topological space X converges to see X if

for every open neighborhood U of x there exists N > O with

X n E U for all n 7 N
.

DEI A sequence ( an ) F-o in a topological abelian group A is Cauchy

if for every open neighborhood U of 0 there exists N > O with

Xm - xn E U whenever m
,

n 7 N
. We call A complete if every

Cauchy sequence in A converges .

IQI Prove that  if f : a → H is a homomorphism of topological abelian groups
and Gen )F=o is Cauchy in A then I fan ) F- - o is Cauchy in H

-

IQI Rove that a sequence in a Hausdorff space converges to at most one point .

( atop . group is Hausdorff F) {03 is closed
,

see Ex
.

Lll - H ( ii ) )
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IQI Two Cauchy sequences ( an ) F- o
,

( Yn ) F-o are equivalent if Can .

yn ) F- o

converges to zero
.

Prove this is an equivalence relation on the set of

Cauchy sequences in a topological abelian group A
.

IQ4I Prove the
sequence

C an ) F- o
= ( I

,

?
,

'

I
,

.  - - ) from earlier is Cauchy in Q
.

( Hint :  use  ideas of Lecture 14 )

The real numbers should be a Hausdorff topological abelian group which is

complete and contains Q as a dense sublet .

DEI A real number system is a pair consisting of a complete

Hausdorff topological abelian
group ( K

,
t

,
O ) and

a homomorphism of topological groups

( Q
,

t
,

o ) #( K
,

t
,

O )

which satisfies

lil f is a homeomorphism onto its image

Iii ) = I
,

ie .
the smallest closed subset of 2

containing f ( Q ) is 12 itself .

Note that completeness means any decimal expansion O . a , azaz - . . which can

be viewed as a Cauchy sequence
To

, tff
,

.  - - . in Q
,

determines a unique

( by Hausdorff ness ) element of 12
.
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* *

( Uniqueness ) If ( K
'

,

t
,

O ) together with f
'

is another real number system

prove there is a unique homomorphism of topological abelian groups g

making the diagram

f-

( Q
,

t
,

0 ) - ( 2
,

t
,

o )

eatin

commute
,

and that this unique map is an isomorphism .

We call this unique thing IR

( well
,

we still have to
prove a real number system exists )The.

( Existence ) Let A be a topological abelian
group ,

A
'

the set

of Cauchy sequences modulo equivalence .

Given UEA  open we

say a Cauchy sequence ( Xn ) Feo is eventually in U if there exists
A

N > O such that Vn > N we have an EU
.

A Cauchy sequence ( Xn ) neo is

stably eventually in U if every Cauchy sequence
equivalentto ( xn Theo

is eventually in U
.

Define a subset s ( U ) E A
'

by

s ( V ) :  = { ( ( xn ) F- o ] I I xn ) F- o is stably eventually in U }

Note To see the point of the "

stably
"

,
consider U = 19 C- Ql 9C Tt } and two Cauchy

sequences converging to IT
,

one from above and one from below
.

We do not

want  IT E s ( u ) C so to speak )
,

as s ( U ) should be ( - a
,

TC ) not too
,

IT ]
.



Prove that

lil s (4) = to
,

s (A) = Ac

Cii ) s ( Vnv ) = s I u ) n s ( V )

so that Is I U ) I U C- A  

open } is the basis for a topology on A
'

.

You
may take for granted that A

'
becomes an abelian group with the

operation C ( xn ) ] t C I Yn ) ] = I ( Xntyn ) ]

,
I hope you've seen this elsewhere

.

A
'

as defined above is a topological abelian group .

Hints If x , y EQ and xtye U then O E - x -

y t U
.

Prove that if W

is any open neighborhood of the zew element there is another

open neighborhood V of O with V t V E W
.

The remaining things to be checked

:
we now know Q '

is a topological
abelian group .

We need to show :

• Qc is Hausdorff ( we Ex Lll - I I )
.

• Q
'

is complete ( approximate any Cauchy seq .

in Q
'

by one in Q )
.

• Q
'

contains Q as a dense subset ( easy )

This will show Q
'

is a real number system ,
and since such a thing is unique

we can give it a name : the real numbers IR
.


