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Dual vector spates and the duals of lineav maps will be centval objjedj of
Jvludtj inthe vemainder of-the couvie, and this hubovial prepares the 8wunol
with some of the hanics- 7%1/01/13240(/1/' R is c Held concl vector Spauwnore

over R, not necessavily Finite-dimensional.

Def™ CGivenvedor spaws V) W the sef

Lin(V,w) = { f+N—W [ £1s inear}

is wveckor space with Fhe “pointwise " opevations defined for
f,ﬁ(— Lin(V, W) and AeR by

f+5) (V)= $(v)+3(v)
£ = —F(v)
O(\/) = O, . (e O € Lin(vw))

C(AF)) = A AL,

Def”™ The dual spac YA of avector spaw V is V= Lin(V, k). we
tlen vefev o uec‘/'om/ué \/*0,/) +unctionals.

Cleavly 7f UV, W cive ved-orspauz/) and £:0—=V, 9:-V— W ave linear
then +he fundisns given below ave alte lineay -
ge(-)
Lin (U, V) — Ll‘h(U)W) h +— 9°h

e f
Ln (VW) — Lin (W) = hef



Def* T f: U—Vis linear thew the linear fransformation

U= (Y, k) —> Lin (U k)=U"
h — ‘/\O—JC

is denoted OC*" Vi— U

(&1] Pove that (1\;)*: 1os and if f:0—=V, 3:V— W are |inear
Men jfd‘ ° Skz <3° f )*a/) [fWQCI\IVV\a)DS l/\/*—3 U*- We say the
dual is a funcovial Opemﬁon. Conclude that if fis an W DIMouyphicim
Then so s %,

* * X
@) Rovetnat (F+9) =F 7+ 9 cmcl*(%a) = A F 75 tnat
taking the dual is a linear map () Lin(V, W) — Lin(w™* V¥ )

Given A€ Mmn(R) Jeb Ma ' K= R be Ma(x) = AX. Then tnere

is om isomovphism of- vector spa@n

Mo (R) — Z (R, R™)
A +——— Ma

Suppuse that \V is finite ~dimensional and that p= (v, Vo) fsa
SQCI[/{QV]LQ of\/ec;}ow in \/. 77491’1/? s an orc{ered bowis /"Fanclom(tj /"75

Cp - R — \/, C/A(X,~--An) = 22 Ve

IS an TSDWIOV»OLH’SWL 0‘£ VeC/‘Df spawes (/% is a[ways cewvell~cle fined //'Wearmap)‘



TF W is another finite-dimensional vea‘omlﬂqa& with ovdered lbcwrs
GC=(wy. ,wm) then given a lineav hransformaotion F:V— W
there is aunique moahix A such that the -Follown‘nﬂ diagrum vommuteo -

H
RV\ A > hm
Ce Jg = | ¢ (%)
Y% > W
=

We call A the VVIC{}VIX 0‘£ FWW/\ V‘M}%@(fﬁ; /3, ZJG Sowme common mof—qh‘ovlf

e Given vEV we wiife lj\/]/'g = CF(") (similaly [w]s )

G
* We wyile [F]/B for A - We may calculate from (¥) that the
(M olumn of this mahix is

(Cg e FoCp)lec) = (Cg-F)(ve)
= ' (F(v))
= [F(v) e

@ Use HAQ leck(alr'avn (’\‘3 fo Sl/\ouo 4"/\0& i@ C\ W_%U (s cmo‘H/\eb’
lineav ﬁmmfﬁ?vmaﬁ&m ancl P s an ovcleved banis ﬁw U then

[e1g- [F17 = [c-Fl;

Next wre obsewre thal o feamilior matix operation, 1he hanspose, is
“really " abouf dual spaces, in the following sense.



Definition T Vis aUEC}DrJPace} a function B+ V¥N —= IR is bilinear if
(i) B(x‘*ll/%):B(%/V)*B(IH) Vx,x’,yé\/

(i7) B(a(,tji-j’): B(J(/\j)f’B(D(,lj,) \7‘*)7;\})6\/
(i) B(Ax,9) =B(% Ay) = AB(xY)  WxyeV YAeR.

We sy B s ngrnebfc it B(=yv) = B(4%) frall LY € V
la__ﬂ Rove that there is a k)iJ‘ecHon behween bilinear formson V' and linear mops

\V — \ﬁ( where \/* denofes he dual 5})001, where the linear map )CB
associatedto B i f)CB(JQ(‘j) = B(X/U).

bilineav parirings ( [ l'neav maps
VxV — k VvV —s v*

B | > 3 Vi B(Vr)}

(@S] Suppore \Vis finite - dimencional. A symmetic bilinear form Bon V is called
mondegememk if f5 is an tsomogohism V —> V. Wik down the
definton nondegenemuj puvely in ferms od pars (x9) for whith. B(xy)=0.

Example The paiving B+ R™x k™ ——k, Ble, ) = Zin b

is nondegen evate, and the associated tsomovphism s

s (R (+X)

Sk
e, /> €

wheve €L‘*<C—L—> = ac . In pavheular (efk/ . €VD\K) muwt
be o banis for (R )*/ callecl the clual banrs .



Def™ Let \/ be o finike-dimensional UedDVSPOLQ. with ovdeved boyls
B = (voun) The dualboapis is B = (¥ M) for Vs

VE(w) = e ( ["'”]ﬁ)

which reads off the woefficient of Vi in the expansiondf a wrd. .

[@6] Rowe P is c basis for Va

R

@ SMPPOIQ \// W) )3; Z)a) ]:/ A ave an in (’{‘) on P@ Fove Hhat

M/_\T
R" < R™
X /3\4
y —— W

* T
commukesn , anc hence [F*]éi - ( [Ft{; ) 5 So that 7"a[em9

The henspore means fuking the dual B a lineav vansfovmatkion .



Sblv\‘kDY\S

\@. Nole Yhat \/LK is the lineov map

—\ £
C@ e

V—— R — >k
" +
sothat theve is a well- defned )meaw/ma/ﬁ ng* CRT— \/ :emdiﬂg

et \/L-’kj and MJqur need +o show s is an isomovphism. But
his follows flom commutarhivity of

() %ﬁp Y

N

which we can vem“{vj onthe bavis e, ..., en b\j oJofevvmg ok

(¢, e (ele) = & (x)(ey)
- [vc*acfgl(ed‘}
= [ezko CF_\o C(;F](e\j)
= Cf(ej') = ocy

I-ence (C(A)*Cﬁ* (Gg) = 65\; o clarmed.



@ _ED Chedl 'HAQ#

. M/_\T > €¢
R < ™
VAR w*

commudes, | sufficento check ona banisvector e, bul
*
U—_*" Cpx Ye:) = F*(WL‘*) —w'eF eV

ancl

(Cﬁ“Nm)(ee) = cpr (ATe)
J_,<A e) Vi
= Z Ay

To wompare these vecfon in VAl cufliento evaluak on the bansis }}/ wheve

‘Hfmj o\@m since
(wfoF)(v)=w (Fvw)=A

(2 = J '*>(Vog3 = Ala.



