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Dual vector spates and the duals o lineav maps will be cevtval Ob\j@(‘)‘x of
5¥1Ac{(j inthe vemain der of-the couvie, and this tutovial prepares the awunol
with some o the han)cs- meghouf R is a feld cncl vector Spawnore

over R, not necwssavily Finite-dimensional.

Def™ Civenvector spaces V, W the sef

L (vyw) ={f:N—oW][L£ishnear}

is o vechor space with Fne “pointwise " opevations detined for
fr9€ XV, W) and AeR by

« (F19)(v)= F(v)r3(v)
(-£)(v) = —F(v)
O(v) = Oy (e O €X(VW))

c(AF)() = A FW).

Def”™ The clual space V* P awec%or.quuz V s v = Z(V,R) We
ten velev to qu‘fom/UkG \/*a/) +fun ctonals.

Cleavly if UV, W cive V€C+DVSPQCQ/) ond f:U0—=V, 3:V— W ave linear
then +he fundons given below ave alse lineay -
ge(-)
Z(U,V) — Z(uw) h +— 9oh

e f
Z(V, W) — £ (V,w) h—s hef



Deft 6 F: U—Vis linear thew the lineav transformation

*— _ *
N' = 2(V, k) — #(v,k)=U
W —— \/\O-ﬂ

*
is denoted DC*" Vi— U

(&) Pove that (llu)*z 1o= and if F0—=V, 3:V— W ave |ipear
Men j*" £ = (gef )*a/) liwea\/mqps W — U*- We say the
dual is a functorial opevation. Conclude that if f is an somovphicim
Then so s jt*.

* ¥ ¥
(@2] Rove that (£+33*= f +79 amcl*(%ﬂ = W%’*;Dma}
Jrahmﬂ Yhe dual is a linear map ) X(Vw) — Z(w¥ V*)A

Given A E Hm,n(h) let Ma i R™— R e MA<1): A X Then theve
is om isomovphism of- vector spa@n

M (R) —— Z (R, R™)

A%—ﬁMA

Suppose that \/ is finite ~dimensional and that P = (Vi V) i5 o
Sequence of vectors in \V. Then B is an orclered bavis i cnd only 7f

7 \/3 C/3<>\‘/"'/>\h)= Z(V;l)\i\/d

is an Tsomovohism 0‘£ vector spaws (4 is a[ways ceovell-clefined //'Wearma/o)



TF W is another finite-dimensional vea‘omlﬂqa& with ovdered lbcwrs
C= {WU"‘/W“"} Then given a lineav hransfovmation F:V— W
there is aunique mahix A such Hhal he -Follown‘nﬂ diagrum vommuteo -

M
RV\ A > hm
Ce Jg =tee (%)
V > W
F

We call A the VVIC{}VIX U'IQ FWW/\ V‘M}%@(fﬁ; ,B, ZJO Sowme common mof—qh‘ovlf

o Given V€V we wiife lj\/]/'g = C/all(v> (similaly [w]g )

G
* We wyike [F]/B for A We may calculate from (¥) that the
(th column of this mahix is

(Cg e FaCp)lec) = (cgoF)(ve)
= C¢'(F(v))
= [F(v) e

@ Use HAQ leck(alr'avn (’\‘3 fo Sl/\ouo 4"/\0& i@ C\ W_%U (s cmo‘H/\eb’
lineaiv ﬁmmfﬁ?vmaﬁ&m ancl P s an ovcleved banis ﬁw U then

[e]g- [F17 = [c-Fl;

Next ure obsewe thal o feamilior matvix operation, 1he hanspose, is
“really " abouf dual spaces, in the following sense.



Recall hom Tutovial 2. that +here is a loO‘eULIDn

bilinear Pmin‘nas < b1 lineav maps
VxV — k vV — v*

B | >{Vr—> B(V,')}

(4.1)

£ o bilineav Pamn\c] Bis sgmlme‘}nc (l . By w)=B(w,V) forall w V)

‘hen s associatecl lineay map V— Vs aniromovphitm pmcuelj

when B s Mondegememl‘e wheve

Df™ A svmmev‘m‘c bilineav paiving R is mmdegemmfe if

\’/‘\']é\/ B(x,4)=0 <= x=0.

Examgle The Pain/mg

is \nomdeqem emke_, and the associated. isomovphism (s

= «
I{VL___H (RV\) (4-2>

S
C; ——> €«

where €¢5(2) = ;. Tnpadicular (e, ,el) muak
be o banis for (R )/ callecl the clual banis .



Def” Let \/ be o fgnite-dimensional UedDVSPOLQ. with ordeved baonls
)3 = (Vi.-,Nn ). The dual bonis s }B* = (™5 ) arctated
+o the isomovphism

4 . (Cp)
(s:1) RW? (}3“)

—_

B r -1 X
> V nole (C) (')

which sends e; Jo ec* ond then o the fumcﬁona/

— K
C/; ec

V — RF—— k.

By def” VL'* is the image in \/*aﬁ e under (1), anclwe I/lOwPJ‘WJf'
calculated that this is the functional

v (w) = el ([«]p)
which reads off. the coefficient of Vi in the expansiondf w wrd. .

[@Lf l SMPPoj.e \//\/\/))3, Zf) ]:, A Ve O TN (’{‘> on P@ leoue Hhat

" MAT
R < k™
C@* l J CG*
X /s\<
v —— W

* T
commutes , and hence [F*—J;« - ( [Fj; ) ; o that feling

the hownspose means tuking the dual of alineav hans foymation.
(Hin?: feike the dual of the entire dragram & )



Adjoints Let (V, B) be apair wheve V'is a finife ~climensional ve clor space

ond B: VUxV— R s anomlegewemfe b;’//nearpa)'n'ng . We sy

o pair of lineav bansfovmations F, G:V—V ave ad joint
with m}J«ZCf'/D B 7/

B(Fv, w) = B(v, Gw) Zv, we V.

@ Rove that F, Garve ac(J'oiw/' if ancl D”{j it the C[;'a@qu

}

V

F

>

"
< <L

wmmuter, wheve the vevtical maps ave #he isomovphisms asociated +o (3
p

@ Lejr}) = (\/./.../\/n) be an ovclered ba/jjj of \V, Ps V — \/Qkﬂ/)e map
associaled o 13 and Q = [FB ],FB 7 mohvix. Pove that

[v]; @ [Wleg = B(ww)  VvweV.

and hena show F s adJ'D}'YHL‘fU Ca with r&)}?ec/'f'o B if and only A

Q[FIZa = ([c15)



