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TUL%OWKOI 8 : |~\l'8]/l€r—OVd€V ODEs via #XEC’ Fo,’y,)-; updaled 2r[9[19

This tutonal walks youﬂ/u/vugh the 9ey)@m[;}a}7’0m d‘f Lecture 15 H
évjfems ()‘fg ODEJ' anc[ 7%(/1]7"0 higher—order OD& This amo(/m}j 7’77
a solufron of Ex L15-1, LIS-2 of the lectuve nolen. But fint, vecall the

om‘ginai JeJuF: we have an ODE /()= h(x, 50(1))/ an intial value
F(xe) = Jo, and we sef up « contraction mapprng

F(NE = Jo +th(t,f/f))dﬁ

on some space of functions. Suppose Fis not a solufion. Thenthe “error! up
T some point x s (arsuming ¥ is continuounly diffeventicble and Fe) = Yo )

E(8)() = [ (518 = nigie)) )t
= 9 =F0) = [ bt vee))dt
= P(x) — F(¥)(=)
Tatis, E(¥)=F = F8). A weiterste wing f, 5oy o, 5.
with fo=F7(F), fhis enor can be wiitten o

sop{ [ER)D[ 26 T§ = doo( o, F(R)) = deo (%0, 5o,

and it i;eowj o chech bj induction that  deo (fn) T ) < P>\mc(oo(ﬁ>/ﬁ )

Thus the erroy decreas es exponen Ha//g fout with n. However it decreasen

fom an inifial value deo (%0, %)) thatdependoon L = [2e=d, 214 [ vince
x

%= Yo wehave doo ($0,%) = sup{ [[ h(t,y.)at| | zeT } s,

there is m]on'orc' some hadedtt between conve gence and the size ot L.




é«ﬂsfems of ODEs.

lonsider a system o v fvst-ovder ODEs, wheve the $: (%) are veal-valued

P2 = Wz, $@), o fu ) % 0x)= 47
e L

/ (1)— ha (2% 09, % (%)) fu(%s) =Y°S

nt

Let h:U— R" be comhnuows wheve U< R x R*=R"™ open,

then a solution of the above TV P on anintevval T€ R conkaining

Xo is afunclion F+ L —> R" (whose wwponenh ave the . (=))
which is confin uowaly diffeventiable (Vwecm;'nj each fr(x) isyo)
withthe PVOPQV)V that ar functions (where jﬁ’(i) = (T(/(X)/..-,yl\(’())>

F/'=he<,¥>, Pla)=y" = (95, Y% ).

Suppo)e X >0 exish wifh

U h(’()&>‘h(") vy “é Aflu-v || Vsuwme)el

W}'H/\ ” —“ : |Rn—%(R ﬁ(\/ﬂn loy H_‘:J_H = E;\:\ Hil -Also assume
’H’)Oﬁ' (Xo/‘j_o)e U

(@] Pove that fieve exishs &> O such fhat F0a TVP has cunique solufion o
e interval [o—3, 2%+ S 1.



Higher-order ODE s

Consider an order n. ODE Afor asingle real-valued fundhion J, in explicit form

PO (x) = h(x P&, PG, -, P (=)) ()

wihinifialvalies $(e)=Ye, $'bo)=95", . F" 7 0e) =y."
Agolution o (F) is o function () which is n-timen wntinuo uely differentiable
SQthymg &) ancl hmw‘nj The Jpec;‘,ﬁ,‘ecl nikalvalues. Heve h-U — R

is o confinuowr function clefined on an OPGDJeJr e Rnwwmming-lfhe

Poinjr (56, Yo, -, jo("-‘) ).
Associated 1o this hl’ghev—om)er ODE is the Jydlem £ n frt-order ODEc

© Y (=)= " ()

© F(x) = %(x)
l -, @&

D V)= k(%) e (=)

T . nt)
Tnthe frome work of the previows page , with worclinates %, U, U, on R
we have 7CAV|C‘HOns }\o/.- - hn—l U R wheve hg = U+ ][Dr Osc<nN-2_

and hn-i = R The inikal point is (20, Yo, -, ﬂo(“-')).

@ For any intevval T<R Fvome there is a biJ‘ecﬁow beﬁt/epn soluhons
P A® on L and solutions ¥ =(%,... K_, ) of G on L.

@] Solve the TVFP 30”:—30) j’(o):o/ fl(o):j—-



SoluHon Ql Let §20 and bn/-.-,bn >0 besuch that TxT = U where
T=[%-§%td and T = 7_)—.2. [y5—-be, Y7 *LG—J. Sinte U is conhHnudua
andd T xJ is compact, [, u) € ™ for some Fxed M and all (u)eTxJ.
Wemav assume o5 <1 and M§ <b: for all J<{sn. Define

Fich(LT)—— Ch(T,T)
A= (90 + [Th(E T e)ae )

Ao =1
We put fhe d,-memic (e //-//) on J &= R:L and aim fv/owm that with
vepectto the induced dbo —mepic an Cfs (Z, T), £ i awonbaction moipping.

Note thaf 10 check. 76)? well-cefined it suffiwr an before 70 check thaf
JC(@(I) =) for all ¥ € C (7 j) which ﬁ//owxﬁom

Johele, 2t < [ hite,sm) 4t € M§ < b
To check § is a contvaction, we compute

do (59, £¥) = sup{ | (D))~ FX | | xe T ]

— wp 2,

[ohilt, $16D)dt = [ ha (£ YO [ | e ]
e ] D7 helb ) — hi(6¥O) it | aeT ]
— supd [ R TIO) — (v iE)) [Jdt [ xeT)

< swpf [Zoll e1t) = ¥ie) | dt [ xe 1]

< SUKF{ j)::o( doo(f/\f)cu‘laféI} < dédoo(:—?/“i)) Q



Solution 82 Let S, Sux he the reopective seb of solutrons. Define

A S— Sew by AP =(x % ¥"")

Thisiswell-defined since it € Ssc i is n-timen diffeventiable, so all devivatives
upFo PO ove diferentiable bence wontinuows, ancl i isclear /A (¥)€ Srx.
Define (B« Sk — Se bj @(Nra/'“/\ﬁ«—l> = .. Thrs is n-fimen
ontinuowly differentiable with Y =", g =+ d

YUx)= hix, b)Y (x),.. b))

Jo J(l/\af- \f) € 5* Since cfeavly A@ = ‘;C(, @/_\_:CC( 7%)&401/71/0/2;2% 71772 /DI/DU7/0

Solulion @3 Tt is equivalen! o solve the syshem  (wordinales 2, uu on R?)

“7&/’——%, t{)=0 he = W
}ﬁ/:—ﬁ_ ¥ (0)=1 hy= —Uo
Zo =0
which we may o 65 ]fevaﬁng e conbaction map/Dirg 5_0 = (o,1).

§ ch(T,T)— Ch(3T)
J[(f)(x) = (foxho(é/”f;/f),f(d)cff} i+j:l1,(f,\ﬁ,(+l)‘f,(ﬂ)o#)
= (Lx\%(adf} 1 - ff %{t)df)

sjravh‘ng with some inihal ¥ = (0/'> Nole W is definedon all o ()= /Rg)
and\if wechoore by =b, =5 then || h(x ) || = [wl+v) € b+l+b =2L+1.



Note that
” L\(D(}V'/V) - l"(")"‘)/\/)) ” = ” (V/_“) - (vﬁ -"L/) ”

= “ (V—Vl) w-u ) “
= |v-v'|+ [u-u' l

= || (wv) —(abv) ||

50 qny A7 | will do. We wantto fabke & an lavge o Pou‘ib}e with o<1
5o we Jake %=1, We Fake M =2b+| svthat

‘O/M = b/zb(-\ .

Tak(ng b avbﬁmﬁ@ fow’ge (Q/M is an clore 7o {/2 ) We wif‘\} and we can anange
ME<h by jmkl‘mj § o be any fixed valie < T2 Thisfisescld Phe hypotheses,

and on Z=1-8§ 1 we wmpufe that the fo//owfng sequence Lonuerge)
\AV\T][DVW\Iy to « um‘quem ution :

_(ol

S = (o2 +)

Flo7)= (x,1— 2

F(#*) = (-1 4271 -427)
(I’) (x-+ 7= 3 1 —4x*+ fixt)

andso cleally fhe limif is Y™ = (sin(x), 0s()), yielding he solution
sin(x) o the original TVP
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