
①
24/9/19

Tutorial 8 : Higher - order ODES via fixed points updated 2519119

This tutorial walks you through the generalisation of Lecture 15 to

systems of ODES and thus to higher-order ODES .

This amounts to

a solution of Ex Ll S - I, 45-2 of the lecture notes .

But first
,
recall the

original setup : we have an ODE 9
'

Cx ) = h (x, TH))
,
an initial value

9 Coco ) = yo , and we set up a contraction mapping

f (9) Cx) = yo tf! htt, SHI )dt

on some space of functions . Suppose Y is not a solution .

Then the "error " up

to some point x is (assuming Y is continuously differentiable and Tko )
= yo )

E (9) Cx) = %( 9 'Itt - htt,YIH ) )dt

= y Cx ) - Tho) - f! htt , Htt Idt

= Tlx ) - fly ) (x)

That is
,
E ( 9) = T - fly ) . As we iterate using f, say To , Ty . . . .

with Yn = f
n

( To )
,
this error can be written as

sup { I Eth )Itsee I } = do ( Tn , fun ) ) = do ( Tn , Tnt , )

and it iseasy to check by induction that do ( Tn, Tnn )
E X
"

do ( To
,
'll )

.

Thus the error decreases exponentially last with n .
However it decreases

from an initial value doo IYo
,
Y, ) that depends on I

= Go - t
,
Kott ] since

it Yo = yo we have do IYo, 9, )
= sup I If! htt, yo ) at I I x c- I }

.

So

there is a priori some tradeoff between convergence and the size of
I

.



②

Systems of ODES .

Consider a system of n first - order ODES , where the Yik) are real-valued

Y
,
'(a) = ht x , 9,64, . . . in (x ) ) 9. C Xo ) - y ?

K' (x ) = h:(x ,9. ( x), . - .in (x)) Ll Xo ) - y :

y
'

Cx) = hnlxihlxl , .

"

. .ink ) ) In
o ) =you.

nLeth: U -7112 be continuous where VE 113×1122-113
" '

is open,

then a solution of the above IVP on an interval IE IR containing

Xo is a functionI: I→ IR
"

Iwhose components are the Y.- Ix ) )
which is continuously differentiable (meaning each life ) is so)
with the property that as functions (whereItG) = c HM, . . ihlx)) )I' =Kohl,I> ,Iho) = I = ( y; . .

. ,y°n )
.

Supposed > O exists withHklx, e) -Ktx,e.)HEthe-Illthx.HN, EU

with H - It : IR
"

-3112 given by

HEH
-Ei, Hit . Also assume

that (Xo, EU
.

1701 Prove that there exists t > Osuch that the IVP has a unique solution on

the interval [no - S , shots ] .



③

Higher-order ODES

Consideran order n ODE for a single real-valued function T, in explicit form

Y "
'
(x ) = h( x, Ted , y

'

(x )
,

. . .

,
y "

- ' ' (x ) ) Ct)

with initial values Tko) = yo , Y
'Go ) = you

,
.
. .

,
9
' " - ' '

Coco ) = y!
" - ' l

.

A solution of ft) is a function %) which is n - times continuously differentiable

satisfying It) and having the specified initial values .

Here h : U→ IR

is a continuous function defined on an open set U E IR
"

containing the

point (xo, yo , - . .

, yo
" -" ) .

Associated to this higher -order ODE is the system of n first -order ODES

⑥

To
'

Cx ) = Y, Cx)

① Y
,

'

Cx ) = Ya (x)
, ;
.

:
:Kik
) - hee, Yoel,

. . .

,
xn
. , c.y .

I
In the frameworkof the previous page, with coordinates x,
no

,
. .

, um ,
on Rn

"

,

we have functions ho, .
. .

,
hn - I : U→ IR where hi =hit, for O Ei En - 2

and hn - I = h . The initial point is (xo, yo, . . .

, Yo
" " ) )

.

IQI Tor any interval IER prove there is a bijection between solutions
if of⑤ on I and solutions I = (To

,
. . .

,
Yn
- , ) of on I

.

1031 Solve the IV P Y
"
= - Y

,
9101=0

,
T

'

(o) = I .



④

Solution-01 Let 8 > O and by . . .

, bn > O be such that IXJE U where

I = Exo - f
,
scott ] and J = THE,

[y : - bi
,
Y? tbi]

.

Since his continuous

and IXJ is compact, 11hlx, a) HE M for some fixed M and all (a, 1) EIXJ.

We may assume 28
LI and Mf Cbi for all Kish .

Define

f- : Cts ( I, J)→ Cts (I, J)

ft E) Cx) = ( y ? t 1!hilt, Itthat )
,

We put the di -metric C ie . It- A ) on J E R? and aim to prove thatwith

respectto the induced do -metric
on Cb II

,
J)
,
f is a contraction mapping .

Note that to check f is well-defined it suffices as before to check that
f-

(1)
(I ) EJ for all

LE
CtsA

,
J) which follows from

I hilt
,
Itthat Is I.! I hilt, ICHI lat s MS a bi .

To check f- is a contraction
,
we compute

doo (

ff,FI
) = sup { It ft

Ikx
) -

HI
) Ix) It I see I }

= sup { Iii, I hilt
,
Elttldt - I! hilt, Itthat I I see I )

⇐ sup { SE, f
.
! I hilt,HH ) - hilt, Itt)) Idt I seeI }

= sup { f,! H htt, Itt) ) - htt , Itt ) ) Holt I xeI )

⇐ supI I.! all Elt) - Ict ) Holt I see I }

E sup { JI! a do ( I, I )dt I see I } s as do ( I , I) . D



⑤

Solution Q2 Let Six
,
S** be the respective sets of solutions . Define

A : S*→ S ** by Atl ) = ( y, Y
'

,
. . .

,
Y
" " ' )

This iswell-defined since it YES* it is n - times differentiable
,
so all derivatives

upto Y
" - "

are differentiable hence continuous, and it is clear ACT ) C- Stix .

Define ① : S**→ St by (To
,

. - -Mn- i ) = To
.
This is n - times

continuously differentiable with 4=40 's . .
.

,
Yn - , = To

" -"
and

Tom Ix ) = h (x, Yok) , Yokel, . . .

,
Yo "

-"(x))

so that Yo E Six .

Since clearly A = id
, A = id this completes the proof .D

Solution Q3 It is equivalent to solve the system (coordinates a, ugu .

on 1123 )

Yo ' = Y
,

Yolo) = O ho = uh

Y
,

'
= - Yo

.

Y
,
(o) =/ h,= - Uo

Xo = O

which we may do by iterating the contraction mapping I = Coil ) .

f- : Cts (I, J)→ Cts IFJ)

f(E)Cx) = ( So
"

holt, to Itt , 4. ItHolt , It )! h , It , Yolttiflttldt)

= ( So
"

Y
, IHdt ,
I - I? 4. It)dt )

starting with some initial I = (O, t )
.
Note his defined on all of 0=1123

,

and if wechoose b
,
= b
,
= b then Hk (x, air ) It = I ult Iv ) E b t Itb = 2b t I .



⑥

Note that

It h (a, u, v ) - h Ca, ul, v1 ) It = It ( v, - u ) - (vs -ul ) H

= It ( x - v ', u' - u ) H

= Iv - v ' I t tu - u ' I

= H I u, v ) - Cut, x ' I It

so any
47 I will do

.

We want to take f as large as possible with a fat

so we take 4=1 .

We take M = 2bt I so that

byµ =
b/2bH .

Taking b arbitrarily large 4M is as close to
'k as we wish

,
and we can arrange

Mt c b by taking f to be any fixed value 8<42 .

This fixes all the hypotheses ,
and on I = I - t, 8 ] we compute that the following sequence converges
uniformly to a unique solution :

I =( o, 1)
It = ft to ) = (x, 1)
IZ = HI ') = (x

,
I - Ex')

E3 = f (I 2) = ( x - I . Ix3,
I - Ex' )

It = f ( ¥3 ) = ( x - I . Tx 3
,
I - Ex- t LT

.

x 4)

and so clearly the limit is I
*
= ( sink )

,
cos K) )

, yielding the solution

sin Ix ) to the original IVP.


