
④

Solution -01 Let 8 > O
and by

. .
.

,
bn > O be such that I XJE U where

I
=

Exo
-

f
,

scott ] and J = THE
,

[ y :
 - bi

,

Y ? tbi ]
.

Since his continuous

and IXJ is
compact

,

11hl x

,
a) HE M for some fixed

M and all ( a

,

1) EIXJ
.

We
may

assume 28 LI and Mf Cbi for all Kish
.

Define

f-
: Cts ( I

,

J )
→ Cts ( I

,

J )

ft E) Cx )
=

( y ? t 1 ! hilt ,
It that )

,

We
put

the di - metric C ie
.

It
-

A ) on
J E R ? and aim to

prove

that with

respect
to the induced do -

metric
on Cb I I

,

J )
,

f is a contraction
mapping

.

Note that to check f is well
- defined it suffices as before to check that

f-

(1)

(
I

) EJ
for all

LE

Cts A
,

J ) which follows from

I hilt
,

It that Is I
.

! I hilt
,

ICHI lat s MS a bi
.

To  check f- is a contraction
,

we compute

doo (

ff

,

FI

)
=

sup
{

It ft

Ikx

)
-

HI

) I x ) It I see I
}

=

sup { Iii
,

I
hilt

,

Elttldt
-

I ! hilt
,

It that I
I

see I )

⇐

sup
{ SE

, f
.

! I hilt
,

HH )
-

hilt
,

Itt ) ) Idt I see I
}

=

sup { f
,

! H htt
,

Itt ) ) - htt
,

Itt ) ) Holt I xeI
)

⇐

sup I I
.

! all Elt )
-

Ict ) Holt I see
I }

E sup { JI!
a do ( I

,

I )dt I see
I

}
s as do ( I

,

I ) .
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⑤

Solution Q2 Let Six

,

S** be the
respective

sets of solutions
. Define

A :

S*
→ S

* * by
Atl ) = ( y

,

Y

'

,

.

.
.

,

Y

" " '

)

This is well - defined since it YES
*  

it is n
- times differentiable

,

so all derivatives

upto
Y

"  
-  "

are differentiable hence continuous
,

and it is clear ACT ) C- Stix
.

Define ①
 : S

*  *

→ St
by

( To
,

.  - - Mn -

i )
=

To
.

This is n
-

times

continuously
differentiable with 4=40 's

. .

.

,

Yn -

,

=

To

"  
-

"

and

Tom I x ) = h ( x

,

Yok )
,

Yokel
,

.
. .

,

Yo
"  

-  
"

(x ) )

so that Yo E Six
.

Since
clearly

A
=

id
,

A
=

id this
completes

the proof.

D

Solution Q3 It is
equivalent to solve the

system ( coordinates a

, ugu

.

on

1123
)

Yo

'

=

Y
,

Yolo)
= O ho =

uh

Y
,

'

=
-

Yo
.

Y
,

( o ) =/ h
, = -

Uo

Xo
= O

which we

may
do

by iterating
the contraction

mapping
I

=

C oil )
.

f-
: Cts ( I

,

J )
→ Cts I FJ )

f (E) Cx)
=

( So

"

holt
,

to Itt
,

4. It Holt
,

It

) ! h
,

It
, Yolttiflttldt )

=

(
So

"

Y
,

I Hdt
,

I - I? 4. It )dt )

starting
with some initial I = ( O

,

t )
.

Note his defined on
all of 0=1123

,

and if we choose
b

,

= b

,

=

b then Hk ( x

,
air

) It
=

I ult Iv ) E b t Itb = 2b t
I

.



⑥

Note that

It h ( a

,

u
,

v )
- h Ca

,

ul
,

v1 ) It = It ( v

,

-

u )
- ( vs

- ul ) H

= It (
x

-

v

'

,

u

'

- u ) H

= Iv
-

v

'

I t tu
-

u

'

I

= H I u

,

v )
-

Cut
,

x

'

I It

so

any

47 I
will do

.

We want to take f as large as
possible

with a fat

so we
take 4=1

.

We take M
=

2b t I
so that

by
µ

=

b

/ 2b H .

Taking
b

arbitrarily large
4M is as close to

'

k
as we wish

,

and we can
arrange

Mt c b
by taking

f to be
any

fixed value 8<42
.

This fixes all the hypotheses
,

and on
I

=

I
-

t
,

8 ] we
compute

that the
following sequence converges

uniformly
to

a

unique
solution :

I = ( o

,
1)

It
=

ft to )
=

( x

,

1)

IZ
=

HI
'

)
=

( x

,

I
- Ex

'

)

E3 =

f ( I 2)
=

( x
- I

.

I

x3
,

I - Ex
'

)

It
=

f ( ¥3 )
=

( x

-

I
.

Tx
3

,

I
-

Ex
-

t LT
.

x
4

)

and so clearly the limit is I

*

=

( sink )
,

cos K ) )
,

yielding
the solution

sin I x ) to the
original

IVP .


