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f
nonempty

The following is taken from T
.

Tao 's
"

Analysis
"

Vol .
I Ch .

11
.

A subset I E IR

is an interval if there exist as b with I equal to one of the following sets :

[ a
,

b ]
,

( a
,

b ]
,

La
,
b)

,
( a

, b)
.

In all cases we define the length of I to be I It
'

 
-

= b -

a ( possibly zero ) .

A partition of an interval I will mean a

fine
set P whose elements are pairwise

disjoint
intervals contained in I

,

whose union is all of I
.

Example
P

,

= I Cos
'

b )
,

l
'

13
,

I ] }
,

R = I [ 0
,

'

k )
,

[
'

k
,

D } are partitions of [ o
, D

.

Given partitions R
,

Be of I we write P
,

E Pa ( net E) if for every
x E P

,

there exists
y

EPs with x E
y .

This is a partial order on the set of partitions of I

,

and more over given partitions
Ps

,
Be

P
,

A Pz i  = { J h K I JE Pi
,

K E Be and Jn K 't 4 }

is another partition of I with the properly that P
,

n BE Pi for ie I 421 and

if Q is another partition with Q E Pi
,

Q E K then Q E P
,

A Pz

The Prove E is a partial order

'

on the set of partitions of I
.

IQI
,

Given a partition P of I
prove

that III = Ex
e

 
p

k I
. ( Hint :

argue

the statement for all pairs I I
,

P ) by induction on the size of 9 )
.



②

DEI Given an
interval I with

partition
7

,
a function f : I → IR is

piecewise
constant with respect to P if for all JE P

,
the function

f- IT : J → IR is a
constant function .

A function f : I → 112

is
piecewise

constant if  it is piecewise constant with respect to some

partition P of I
.

Prove if f : I → IR is piecewise
constant with respect to

partitions 7,13 then

I as IT I
= I b KI KI Ck )

J E 7
,

KEK

where for JEB we have fly =
as and for KEK

,

ft K
= b

k for

constants at
,

bk E IR
. This common value He ) which is independent

of the partition
we denote by p

.

c. SIF
.

I Hint : use Kik to reduce

to the case 7
,

E 12 )
.

DEI L et f : I → IR be a bounded function on an interval I
.

The
uppers

Riemann

integral is the real number

JIf :  = in ftp.c.fzg I
g

is
piecewise constant on

I and

for all x EI
,

we have g Cx ) Z f ( x ) }

while the lower Riemann integral is the real number

¥ f  i  =

sup { p
.

c. JI g I
g

is piecewise constant on I and

for all x c- I
,

we have g
C a ) E f C x ) }

.

If Jef  =

If we say f is Riemann integrable and define

It f  : = JI f  = If .



③

Theorem Any continuous function f : Ca , b) → IR is Riemann integrable .

1042 Prove the theorem

T

Long hint : aim to show that for any
E > O ( with I = Carb) )

Je f - € f

s
E I b - a ) .

To do this
, pwduu a partition

I
.  -

-

,
Jn of [ a

, b) I whose elements and length both

depend on E) and constants
pi ,

.
.

.

, pn , 9g . .

, g n
such that

Jef E Iii
,PilJi I

,

If > Ii  Ii 9 .

- I
Ji

I

so that Jef -

If E Iii
,

( pi
-

g)
I

Til
.

Then use that a continuous function for Carb ] is unycontinuous
,

i. e .

HE > OF 8 > OH
x

, y
Eca , b) ( Ix -

y let ⇒ I f  x - f- y ) C E )
.

This isan

easy consequence
of compactness . j

IQI Prove that if f : Ca
, b) → R is continuous and as cab then

Ica
, by

f-  = I
[ a.

of t See
, by f

.

IQI Prove that the function

Ica
, by

C - I : Cts ( [ aid
,

IR ) → IR

is linear
.


