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nonewmply
The following is foken fom T Tads “Analysis” Vol- 1 Ch.11. Asubief T€ R
is an interval if there exist a<b with T equal to one of the followingsets:

[a: '0]) (0‘/ b]) [a,b) ) (0')]0).

T all canen we detine the length of T Jo be |Z]:= b-a (pouilolyzevo),
A PavHHon o aninfevval T will meana finike et F whore elements are pai\/wz'fe
dfsjo'wﬁ( intevvals contained in T, whore union isall of T

Fxample f= { [o) I/3>/['/3)]]} > [ :{ [o, ‘/2)/ [V, |-,|} ave Pa//ﬂ'ﬂ'om: 0‘/ [2 ’7.
Given parvtfions Pbof Twewiite B=< R (vt ) if for evey X € P
theve exish yé€ By with x Y. This is a pavhial order on the set-of Pav/%‘oma-f T,

and moveover given pavtifions P, B

PAPR =1T0K | JeP, KeR and TNK+¢ ]

's another PauHHon aﬁ L withthe onpe\/yLﬂ ot P AR - torr (€71 2} and
T QR is another Pavhﬁonw:ﬂx QR<hA, QLR fhen R = F’, A Pa

@ Pove < 5 a Pavﬁcd order‘onﬂ/re set 0# paw’iﬁom o L.

@2 Given o pavition Pod T pwve thaf /I/"‘erf x| (Hint: argue
the statement forall paia (T, P) by inductionon the size of P ).



Det” CGiven aninterval T with pavtifion £ afunchion - T— IR is
PIP_CCWUQ wnstont with meaec%%o F fovall Te P, the funchon
Jc,:r T —R awns?umi‘{:umcﬁon A function £+ TR
is plecewise constant if it is piecewire constant with veipect-fo Jome

PaVHﬁOV\ P T,

[@3] Rovedf f = T—>Ris piecewise constant with vespect fo pavtitions 72 then

O ay]7) = 2 belK] &)

Jep Kelr

w%eveqcofJ—C’/? we have Jr'/jz Ay and for KGZJ Flx =byx ﬁDV

con stants A7, bic € IR . This ommon value () whicl v independent

o Ahe pevtiion we dendle by poc-Jrf . (Hinkuse 2A% 4o vedue
fo the cane 2 < 7. )

Def" Let *T—>R be o bounded funcfionon anintewal I . The upper. Riemarn
integval is the real number

jIJ: r= fn{:{f:.c,frﬂ I 9 s piecewite wnsioink on L ancl
forall xeT, we hawe (<) Z £(=) |

while the lowerr Riemann inf@gm) is the veal number

f JC = SU\P{ p-< J J { g is piecewise constanton L and
for all xe T, webhowe g(ac)< £(x) }

It Tx? = _f_f-f We Say £ is Riemann infeqrable anc define

Jed=Jof - Lok




Theovem /me confinuows function 7[: [a,9]—R s Rremann :'nfegmb’e.

[@4) Pove the theorem
rLonﬂ hint: cinto show that for any £2> 0O (wiﬂ/\ I:[q']’])

j]:{l_— iIJ: < E(Lwo\)

[o olo this, pucluw a Pavw‘ﬂ'ﬁ“on 3y In o [a,b] (whore element and length b oth
depend on 8) anel constants Py P9y -y suCh thof

thézlu PL'\TL' l/ __S‘_I]C 7 Z:';l?( ITL'
so that jIP_iI_jC S Z:\m(Pi_ OLL)
Then wse that a continuows function £ on fai¥] is um’ﬁvrmlg tontinuows

e. YevoddroVyyelab]( [x-y]<§ = | fx— fy)1< &) This is an
ecny Lonsequenw of- compactnens. |

Jol

(@S] Pove that it [a)b1— Riscontinuows and a<c<b Yhen
J[q,b] jﬁ - j[“:‘]jc +ffc)b]§'

Q6] Rovethatthe funchon

f[“'ﬂ(—) - Chi([ab]l, Ry — R

's linear.



