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Tutorial 1 IMegmﬁon gt dopt ol ek 30

)

The Pollowing is foken fom T Too's ((/]not/ldsix“ Vol. L Ch.11. Asubief TE R
is an interval if there exist a<b with T equal to one of the followingsets:

[a: '0]) (0‘/ b]) [a,b) ) (0')]0).

T all canen we detine the length of T Jo be |Z]:= b-a (pouilolyzevo),
A PavHHon o aninfevval T will meana finilke et P whore elements are pai\/wz'fe
dfsjo'wﬁ( intevvals contaained in T, whore union isall of T

Fxample f= { [o) I/3>/['/3)]]} > [ :{ [o, ‘/2)/ [V, |-,|} ave Pa//ﬂ'ﬂ'om: 0‘/ [2 ’7.
Given parvtfions Pobof Twewiite P=< R (vt ) if for evey X € P
theve exish yé€ B with x Y. This is apavhial order on the set-of Pav/#z‘oma-f T,

and moveover given pavtifions P, B

PAR =1T0K | JeP, KeR and TNK+¢ ]

's another PauHHon aﬁ L withthe onpe\/yLﬂ thot P AR - torr (€71 2} and
T QR is another Pavhﬁonw:ﬂx QR<hA, QLR fhen R = F’, A Pa

@ Pove < 5 a Pavﬁcd order‘onﬂ/re set 0# paw’iﬁom o L.

@2 Given o pavition Pod T pwove fhaf /I/"‘erf x| (Hint: argue
the statement forall paia (T, P) by inductionon the size of P ).



Det” CGiven aninterval T with pavtifion £ afunchion - T— IR is
PIP_CCWUQ wnstont with meaec%%o F fovall Te P, the funchon
Jc,:r T —R awns?uvsi‘{:umcﬁon A function £+ TR
is plecewise constant if it is piecewire constant with veipect-fo Jome

PaVHﬁOV\ P T,

[@3] Rovedf f = T—>Ris piecewise constant with vespect fo pavtitions 732 then

O ay|7) = 2 belK] &)

Jep Kelr

w%eveqcofJ—C’/? we have Jr'/jz Ay and for KGZJ Flx =byx ﬁDV

con stants A7, bic € IR . This ommon value () whicl i independent

o Ahe pevtiion we dende by poc-Jrf . (Hinkuse 2A% 4o vedue
fo the cane 2 < 7. )

Def" Lek *T—>R be o bounded funcfionon anintewal I . The upper. Riemarn
integval is the real number

jIJ: r= fn{:{f:.c,frﬂ I 9 s piecewite wnsioink on L ancl
forall xeT, we hawve (<) 2 £(=) |

while the lowerr Riemann inf@gm) is the veal number

f JC = SU\P{ p-< J J { g is piecewise constanton L and
for all xe T, webhowe g(ac)< £(x) }

It Tx? = _f_f-f we Say £ is Riemann infeqrable anc define

Jed = Jf - Lot




Theovem /me confinuows function 7[: [a,9]—R s Rremann :'nfegmb’e.

[@4) Pove the theorem
rLonﬂ hint: cinto show that for any £2> 0O (wiﬂ/\ I:[q']’])

j]:{l_— iIJ: < E(Lwo\)

[o olo this, pucluw a Pavw‘ﬂ'ﬁ“on 3y In o [a,b] (whore element and length b oth
depenc on 8) anel constants Py P9y -y such thof

Itgézlu P"\TL' l/ 5_11C7 Z;:H?g ITL,
wthat JoF [ € 50 (pm 90)

Jol

Then wse that a continuows function £ on faib] is um’ﬁvrmlg tontinuows
e. Yevod&»oVuyelab]( [x-y]<d = | fx=Ffy)1< &) This - an

ecy Lonsequenw of- compactnens. |
(@S] Pove that it [a)b1— Riscontinuows and a<c<b Yhen

J[q,b]Jﬁ: j[n,c]jc ’Ff[c,bjgt.

Dt A confinpomws funchion = X— R is ompactly suppovied. if fhepe is
KeX compact such that if x¢K then £(») = O.

@ PI/OU‘E,WOd iF fR—> R is wmpacHH JLAPPO\/I‘COL) omd ]:a,b] is sl WO\(‘
F iszew oukide (4%, then ftq.b]ﬁ is inde pendent of 4, b, anc we call
This )nvwixaquuamHy the. Riemann infegral of 4 -




Tujromal & solutions

@ Ciiven an infevval I} Fc«vHﬁ'On 701£ L aMc/ f: L ——>[R P/'ece—wffe
constant with vespect o £, we unike

/D~C'f1,7’7£ = Z:repq:l"j' ﬁ’fiqf

Suppore for Pl with £ piece-wise consfant wr.t. £ (nena alis R ) we could

pLove that

F'C'ft,p. ﬁ = P\C-fz(a ﬁ ()

Men for any pair P,E we know /?7\2 s aPaH—Hﬂm amic|
PAL <P fovcell1d o

v inf = pcfianf = pefunf

Jo 3t fLA’HLl\UU)*'DP\/OV‘Q (%) Given T €A lef ],)T= {KGP/ /K QT}.

This is o pavtthion of the infevval ) and moreover sina K< J we have
7C(K = Ay forak K& ) ! (where Az & . constank value of Lon j)_

Hene | WV(’n‘npj bi fov Y constamt valie of £ on any ke / ;

F-C-yz,nyC‘ Z‘OK(K‘ = Z, b | I<]

o 5
= 2_aslkl = 2 (2 IK|>
Jeh JeR kepd

KGET

(CE) Z)a;lil = F'C’II,PZ[-

Ie/z



@ Since £ i umfo\,mlv conFinuons ( see Ex. 16-0 gnd ifs sol w‘ion) uemay
given E>0 find §70 Jucln at [2-y)<& = 1Px=fy|< €. Clypore
N an IV1+€9€V withe: N > —1— 2= ond divide I =10y b | fnte N equtodlj
sized subinfevvals Iy, TN so thot if 2;yeTe for soma ¢ then

_ b-x TNole that Hue e ave
t1_3l£ ‘j—fl’ N < 5 @l‘O\H clored sing we
neec\ to avoid weﬂc«,of/
so e.q . take
(o) (FX_F‘jI< é—(UQIQ" 3 b&
[o, a+ 35 ),
L—o~
pe = sup{ f£x /1(—7?} [ar 55 et 27 .
QJ = (mf{ g / 16—75} [b ’(7\'_)) 'DJJ

ancl leF g be the piece—w)}e(,omfunff-uncl—ion-faking‘]’l/w values pg on T
and h the ﬁnch‘onmkinjﬂmvaluew 7¢ on Jo. Then £ < 9 and h < Lo

Jope Sirlnl, Jof> Shaclnl
I—I_F —5170 s ZC,(PI‘—%)E‘

Now wewontto argue pr—9c < €. Ikistemphing (buFwwng)do soy:
well pc= Fa for sorme x €T and C{L':ftj +for some yeTg o Sine [ x-Y < 4
wehave [Po=9c]=1Fx-Fy1<E Thisis wiong becowe Ji s not newasarily
(/ovvxpacjr S0 wecaymtﬁ' &zP ‘f’l/LL Extene Vale Theovem. But it DI< ure
(an argue C[lV‘CCHj. ﬁvamy 2,YeTl we have |Fx—Ffy|<& s

fx < fg+ &
p.=sup fx< fyt+s forany yeJ.

IGTL

P, = mFFj + g =9 +&.
yeTw



]—'ey)& PL'—qL' £ < C(V)Cl So

—_—

514’\— [_ﬂﬁ < Ztl £ % = £:(b-a)

whiclh wmpfeJ@/) e ‘DUMf -0



