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Tutorial 9 : Around Stone - Weierstrass

This tutorial consists of material copied from 46,47 which was not presented

during lectures
, plus solutions to some of the Exercises in those lectures .

The highlight
is the proof that trigonometric polynomials are dense in real - valued functions on Sit

J Poly ( S1
,

R ) = Cts ( St
,

R )
.

Ultimately this fact is "
responsible

"
for the Fourier transform for periodic functions

,

as we will see once we have defined the Hilbert space
L2 C S3 a ) which is the

natural setting for such statements
.

Def An IR - algebra A is a vector space over IR equipped with an additional

operation . : AXA  → A ( multiplication ) which satisfies axioms

( i ) f ( gh ) = ( fg ) h for all f
, g ,

h

EA
( associativity )

Iii ) F1 E A sit . If  = f I = f for all f E A ( namely I G)

=
I ) I unit )

I iii ) f ( g th ) = f G t fh for all f
, g ,

h

EA
. ( left distributivity )

Civ ) ( g th ) f  =

g f th f for  all f
, g , h EA

.

( right - distributivity )

I v ) ( A f) g = f ( X g ) = X. fg for  all f
, g EA ,

X E IR ( bi linearity of  . )

The algebra is commutative if it satisfies in addition

Ivi ) f g = g f for all f
, g

EA
A homomorphism Y : A  → B of IR - algebras is an IR - linear map which

satisfies 911A ) -

- 1B and Yl f 9) = 91ft 919 ) for all f
, g EA

.

We know Cts I X ,
IR ) is an IR - algebra for any space X

,
and a topological IR - algebra

as long as X is locally compact Hausdorff
.



②

Claim I Let j : X → Y be a continuous function . Then

R : Cts ( Y
,

IR ) → Cts ( X
,

IR ) RC f) = foj

is a homomorphism of IR - algebras .
If further X

,
Y are locally compact

and Hausdorff
,

R is continuous ( a homomorphism of topological IR - algebras )
.

Roof of  claim :
• R ( fg ) = R (f) R (9) for all f

, G
Ects ( IR

"

,
IR ) :

{ Rlfg ) } ( x ) = I ( f g) oj } C x ) = ( fg ) ( j Cx ) )

= f C j C x ) ) . gcjcx ) )
= ( foj ) C x ) - ( goj ) ( x )

= I Rcf ) Rls ) Xx )

• RCI ) = I RCI ) Cx) =D o j ) Cx) = I C jlx ) ) = 1=164
.

• R ( ft g) = R (f) TRL 9 )

RC ft g) C x ) = { ( ft g) oj } ( x ) = ( ft g) ( j C x ) )

= f- Cj I x ) ) t g Cj C x ) ) = ( foj ) C x ) t ( goj ) C x )

= { RCH t Rls ) 3 C x )

• R ( if ) = X RIH

R ( X f) ( x ) = ( If  oj ) ( x ) EXf) ( jcx ) )

= X . fcjcx ) ) = X - R (f) ( x ) = ( X - RIH ) ( x )
.

The claim about continuity follows fwm Lemma 42 - I - D



③

Deff A function f : IR
"

→ IR is polynomial if there exists a function F : IN
"

-7 R

I where IN = 10,1
,

. .  -3 ) with the property that { Ne E IN
"

I F ( e) to } is finite

and for all x E IR
"

( w  vile I for ( Ni
,

. . .

,
Nn ) )

f- I x ) = I F ( I ) Th l x )
N '

. .
. In ( x )

" "

I C- IN
"

where IT i
 '

 
- IR

"

→ IR are the projection maps

Tila
's . .

.

, an ) =

Xi
. We denote

by Poly ( Rn
,

IR ) the set of polynomial functions IR
"

→ IR
.

Lemma Llb - I Every polynomial function f : IR
"

→ IR is continuous
,

and Poly ( IR ? IR )

is the smallest subalgebra of Cts ( IR
"

,
IR ) containing Ty . . .

,
Tn

. We

say that Poly ( R "

,
IR ) is generated as an algebra by the set L Thy . .

.

,
Tin }

.

Proof The polynomial function f of ( 4. I ) may be written as

£  = Earn Ff I ) IT
,

"
.

. . Team

where the products Ce - g .

IT IN '
= Ti .  - . IT

, )
,

scalar multiplications and sums

are all the algebra operations in Cts ( IR
"

,
IR ) as defined a bone

.

Since the

set of continuous functions is doted under these operations ( and the IT i are

continuous ) ,
f must be continuous

.

Moreover if a subalgebra A E CH ( Rn,
IR )

contains { Ky . . .

, Tn } it must contain f
,

and the subset Poly ( IR
"

,
IR ) is

closed under addition
, multiplication and scalar multiplication ( and contains

1) so it is a subalgebra , implying the second claim . D

T
Recall i if j : X → IR

"

is an embedding then

Poly ( X , j ,
R ) =L foj I f E Poly ( Rn

,
IR ) ) E Cts ( X

,
IR )

-
I



④

Claim 2 : If 9 .

.
A  → B is a homomorphism of IR - algebras ,

then TCA ) is

a subalgebra of B
.

Proof of  claim We have 1B = T ( 1A ) E 9 ( A )
,

and if  x
, y ET ( A )

, say

x = UH
, y

= 419 ) then

xty
= TCH t Tcg ) = Htt g) E TCA )

ay
= Y ( ft Y (9) = 71 f g) E Y CA )

so 91A ) is a subalgebra . D

Exercise 46-3 Rove Poly I X
, I IR ) is the smallest subalgebra of Cts C X

,
IR ) containing

the functions { IT
,

o j
,

.
. .

,
Tino j ]

.

Solution .

.

Let
j :X → R

"

bean embedding .

The induced map

R : Cts ( IR
"

,
IR ) → Cts ( X

,
IR ) RH ) = foj ( 23.1 )

is continuous by Lemma 42 - I since IR
"

is locally compact Hausdorff . By

definition Poly ( X , j ,
IR ) = RC Poly ( IR

"

,
IR ) )

,
and by Lemma Ll O - I

,

Poly ( IR
"

,
IR ) is the smallest subalgebra of Cts C IR

"

,
IR ) containing { Tty . .

,
In }

.

We know by Ex
.

16-2 that both Cts ( IR
"

,
R )

,
Cb ( X

, IR ) are commutative

IR - algebras I in fact by Lemma 46 - 6 they are topological IR - algebras )
.

Moreover by Claim I
,

R is a homomorphism of IR - algebras .



⑤

Hole
that by Claim 2

, Poly ( X
, j ,

IR ) ECB ( X
,

IR ) is a subalgebra .

It contains

it , oj ,
. .

.

, Tlnoj }
.

To show  it  is smallest with this properly let BE Cb ( X
, IR )

be a subalgebra containing I IT
, oj

,
.  -

, Tlnoj }
.

Then for any ( formal ) polynomial

F E IR I Xy .  -

,
xn ]

,
say

F  = I Fe a
,

" '
- .  - x ! "

Fe EIR

I C- IN
"

The function

F ( I oj ) :  = I Fe ( IT
, oj )

" '

. . . ( In oj )
" h

I C- IN
"

belongs to B
,

because it is obtained from the Tlioj by a finite number of

multiplications ,
scalar multiplications and additions ( and for I - Q we use If B)

.

But we have also the element

F I It ) :  = ,€µnFe IT '
-

. . In
" "

E Poly ( IRN
,

IR )

and since R is a homomorphism of algebras

R ( HII ) = RC Seenu Fe I
,

" '
.

. . Them )
= I

ive inn Rl Fe IT '
.

. . Them )
= See inn Fe R ( IT '

.
. . Them )

= Zee inn
Five R I Th )

"
- - . R ( Tn )

" "

= F ( I oj )
.

We have shown R ( FIE ) ) EB for any polynomial F
,

which shows

Poly ( X ,j , IR ) EB as claimed
. D



⑥

Example 46 - 4 Consider the embedding

j : 113/2×2 → IR
'

, j I O ) = ( wsd
,

since )

where 112/2 TIE is the quotient of IR by the relation 7 -

M it X -

M C- ZITI

( see Tutorial 4)
.

We claim that A  = Poly ( 113/2×2
, j ,

IR ) is the smallest subalgebra

of Cb ( 112/2×2
,

IR ) containing the set { cos I no )
,

sin C no ) ) n ez . By Ex .
46-3

A is the smallest subalgebra containing cos O
,

since
, so the claim follows from

cos ( no ) = Re ( eino ) = Re ( I cos O ti since ]
"

) E A

sin ( no ) = Im ( ein O ) = Im ( ( w so tis in 01h ) c- A

using the binomial formula I this does n > O
,

but this suffices )
.

DEI With S1 :  =
" 42172 and j as above

, we call T Poly ( S ? IR ) :  = Poly ( S7 j ,
IR )

the set of trigonometric polynomials .

Def
"

We say a subalgebra AE Cb ( X
,

R ) separates points if whenever a
, y EX

are distinct points there exists f EA with floc ) t fly )
.

Lemma Llb - 2 If j :X → IR
"

is an embedding then the subalgebra
Poly ( X

, j ,
IR ) E Cts ( X

,
IR ) separates points .

Roof If x , y E X are distinct
, then for some Is is n we have Hi C j x ) t Ii ( jy )

,

and so Ii  Oj E Poly ( X
, j ,

IR ) will do
. D



⑦

Lemma 46-3 The element of T Poly ( s
'

, IR ) are precisely the functions

f- ( O ) = ao t Eng ( an cost no ) t bn sin ( no ) )

for some ao
, ay . . .

,
an , by . - .

,
b N E IR

,
and N > I

.
This collection of

functions therefore separates points of 11212172
.

Root clearly these expressions give functions in Poly ( MkII
,

j
,

IR )
,

so it suffices

to prove functions of this form compose a subalgebra of Cts ( IR late
,

IR )
.

For

this it is enough to observe that these functions are closed under multiplication :

sin I mt ) cos ( ht ) = If sin ( I m tht t ) t sin ( C m - n ) t ) ]
sin I m t ) sin I n t ) = I ( Ws ( C m - nlt ) - cos ( C mtn ) t ) ]

cos ( mtl Ws I htt = If cos I ( m - htt ) t w s ( C Mtn ) t ) ] .

The claim about separating points is now immediate from Lemma 46-2 . D

Theorem

46-3
( Stone - Weierstrass )Let X be a compact Hausdorff space and

A E Cts I X , IR ) a subalgebra which separates points .
Then

we have At = Cts ( X
,

IR )
.

Corollary 46-5 The trigonometric polynomials are dense in Cts ( St
,

IR )
,

lie
.

J%ly ( St
,

IR ) = Cts ( s
'

,
IR )

.

Root Again ,
immediate from the theorem and Lemma Llb -3 . D


