‘ﬂﬁovial q Avound Stone-Weiershass ©

Thistuboral consish ofmafew'afwlpied foom. L16, L7 wihich won nof pvy)ewﬁcd
cluving lecturen, plus solufions o some of fhe Exercires inthore lectuves. The highlight
isthe provf that meonome}vfc pvlywomfa/! ave dewre in real-valued funclions on § 1

T Poly(sh,R) = Ch (S5 R).

UHi majrelj this fact is “mpomsible”ﬁ;/ the fouvier fransform for peweclic functions,
o ure will see one we have defined e Hilber spac [2(85* C) whichis the
nafumIJeHm? for such statementr.

Def" An (R—alﬁebm A s avechor spac ovey R equipped with an add Honal
opevation * ArA — A (multiplication ) which sahsfier axiows

() F(3n) =(£9)h forall £,9,MEN (associativil)

(i) A1eA sh 1 =F1=F forall FEA (nomely 1(x)=21) (wni)
iy f(g+h)=F9+ Ffh frall £5,heA (lefhdishibutivity)

(iv) (94W)F = gf+hf fovall fia,heA.  (ightdihibutivily )

(v) (WF)g = £(A9) = A-£9 focall £9eA, NE R (bilineoity of + )

The algebrecis commulotive i irafisfen in addifion

(vi) f9 =9Ff for all f,9 € A

A homomovphism ¥+ A— B o /R—algelomﬂ san R-lIneav map which
sahsfer P(2a )= 1g and PLFI) = PIF)P(9) hrall fgeA.

We know CE (X,R) is an IR —algebin forany spaa X, anda fopological R-algebra
G0 loncj as X is (ocallj (,ownpacf Housdoff .



Claim 1 Let j: X — Y be a. tontinuows funchon- Then

R: Ch(¥,RY— Ch(%,R)  R(F)={oj

's & homomoyphisim of fR—algeloYa/)- I fusther X,V cre /oca((y ompack
and Hausdovft, Ris continuom (e homomoyphism d-ﬁfo‘po/ogfcql R-clgebran ).

Pkl claim: * R(FI)=R(FIR(S) forall fqe Ch(R"R):

[R(F)JE) = {1 ($9) = T (=) = (£9)(3)
= £(jx)) 9(j))
= (£21)0) (92j)()
= { R(ARG) Y(<)
R =1 RO@=01j)@0=10m)=1=1).

R(F+9)=R(F)+R(9)

R(f+9)) = | (Fr9)=] §(x) = (F+9)(;))
= L)) 9 () = (Fo))0) +(9°))(x)
= {R(F) +R(5) 5 (x)

. R(M)=AR(F)

R(OAB)(xY = (AF=j)(x) =(OF)(jeo))
= A£G = X R(FI(x) =(/\~Rfr‘))(><).

The dajm about wm‘ﬂom”y follows fom Lemme, L12-]-1)



Def A function f° R"— R polgnomra’ i there existsafunchion F:IN"— R
(where /N=I’0/’,--—}) with the /m/opem’yﬂ;a/- INeN™| F(N)#O} is fnike
and fovall xe R™ (wik N for (Ny-yNa))

N N
fx) = 2L F(N) T ()
NeN™
wheve T, *R"— IR ave tne ,DWJ'eCﬁbn maps Te(2y-200 ) = XA We denole
/33 ?o{y(lR“, /R) the sef af/solymmia/ﬁmcﬁom R"— R.

Lemma LI6-| Evey PO(gnomfa/ funchion f: R"— IR s (,om-/muowj and %/j(/Rj /R)
is the smalles? Julaalgebm of CH(R"R) containing .-, T We

®

say that /'Do(g(ﬂev’, /R) IS 90V)€mf€01 an an a|3ebm\alj the Je?“{ Ty..., Ty }

P The Po(gnamial fanction £ o (#1) moy be wriffen as

f= 2 Fly)x"

NeN™

wheve Fhe products (e9- TN =T, T ), scalav multiplicotions andl sums
are all the algebra Opemﬁbns n Ch(R" R) cndefined above. Sima the
sef of confinuows funchions is closec u nder hese opemﬁons (omd the 7T are
nfinuous ), £ mwmak be continuous . Moreover if c smba(gebm A< CHR"R )
vontzins L Xy Tn § i muot contain ]E/ and the subsel 73:/3 (R”IR) s
choied under addifion, muliplication and scalar mult plrcation (oawnd contains
1) witisa jubalgebra, implying the second claim - [J

r_Recotll : I'LJ"- X —> R™ is an evmloeddl'ngﬂ/;em
Ply( %, RY =1 Fo) | FePY(RHRY) € Ch(%R)




Cloim 2: TF - A — B is a homomophism o£ IR-alge breio, then FA) s
a subalgebvoy of B.

Roofof claim We hare 1 = J(1ade FIAY, and if 2y e F(A), sy
x= f(F), Y =Y(9) then

sty = FF) ) = P(£+9)€P(A)
1y = Y(£)SP(9) = Pifg) e Y(A)

so $(A ) is asubalgebre, . [J

Exercite L1673 Fove Po|j (X,J, /R) is the m/naﬂijaba/?ebm V/p Ch (X%, ’R) wwfafm"nj
the functions { o, .- T /

Solukion - Le*J:X — R be o ewzlaeddmj. The incluad map

R+ Ch(R,RY— C (,R)  R(HY=Fo (23.1)

is continuouws by Lemma Liz =1 sine R” js locally compact Hausdovff - By
definifion Polg(x,)‘, /R) = R( '%]ﬂ(‘RW, ’R)), ancl by Lemma LI6 -,
2ly(R"R) is the smalleat subalgebiz of Cts (R"R) wntziining [, 5T }
We know by Ex.16-2 4hat both CH (R"R), CH (KR awe commutative
R—thgebrcw (in fuck by Lemmo LI6-6 Theg ave fopological IR -clgebrow ).
Moveover lofj Claim 1, R isa homomowphism of IR-algoJom/).



®

Note ¥hat by Claim 2, po(j(xfjj R )< Ch(X R)isa Jubczlgebm . It wontains
(o), . Tlaoy § To show i#7s smallest with this 7070/%’/?7 Jeb B< Ch(X,R)

be o Mbalqelﬂmwn}'ammg { o),y T °) b Then for any (formal) polynm'm‘a/
F € R[xy., xn], sau

F=-2 Fa QIN"--XiVm Fu €R
NenN™
The funchion
N) S Mn
F(Zej) = Z Fro(Tioy) - (Tag)
NenNT

belongs to B, hecawe it is s blained fomthe Ty 2) by a finike number
m:Alh‘pl,‘caﬁbm, Scalar mu//fp//?ah})m cnd additro (cmc( v N<=0 we e 1&,5)‘

But we have alio the element
Fz)= 2, a1 ™ e Al (RYR)
NoeNT
and sin R i a homomophism of algebrao

N

ROF()) = R( Zpepm o 1l TS
- 3 wemnR(Fe T
= S enn P R(T ™)
= e Fu RO R
= Flz-5).

We hawe thown /Q(F("l)) el for any ,Dolynom?a/ }f/ which shows
Poty (X;j, IP) < R anclaimed. 0



Example L6 -4 Consider the embeclcing

J- : IR/ZWZ — )RZ, J’((p)= (WICO/J/}?&)

wheve Rl2nz is the quotient of R bythe velation A ~m it A-me2TZ
(ree Tuborial 4 ) We claim that A= Poly(R/2xz, j, R) is #he smalles) subalgelre
A CH(Rl2zz, R) confaining the seft { cos(n@), sin(vO) Jpez By Ex.Ll6-3

A is the smalle.vhuloalgebm wnfuinmy cos0, 30, 5o the claim follows ﬁom

Los(n®) = Re(e® ) =Re( [wsd tisina]" ) e A
sin(n@) = Im[eﬁ"’@) =TI ( [ws® f-a‘u’n@]“) e A

u/n'na the binomial formula (his doer n> O, but +his suffices ) .

Def™ With sti= 'R/D_Ttl anc{J o above, we call T?olg (S'I: IR) = %lg( Si,j) )R)
the set of Mqonomedvic polymowials .

Def™  We say a subalgebr A< Ch(X,R) separatenr points ¥ whenever x,y€X
ove distinct pointt theve exists f € A with F()=+ Fly).

Lemmo. L16-2 If j:X— R"™ i5 an embeddimﬂ then —Hﬂejubalge]om
Poly (%,), RYs Ch (X, R) sepaiter /Dofnkr :

M If SNAS X are C'I‘Jh‘nd/ 77/;en for some < LSh we howe  T; (JX) =+ Tl; (j\j)]
and ro ¢ °J' € JDO’H(X/J‘; /R) will do . 0



Lemma LIE=3 The elemenk o—ﬁ f]“?oly ( qu R) are Pvecudely the funchons

N
JC(@) = Qo Tt Z(qhw:(ﬂ@)+—kn8|'n(W@)>

for some Go, Ay--, AN, by---, bn G/R) anel Nz 1. This colle chion of
functions thevefore sep avates points of Rlamz.

Root eadly these expveasipns give funchions in Poly( R/ZIZ J, )R) 5o Fsuffiwn
fo pove functions c&#his form compwre o subolgebva of (4 (Iﬁ/znrz R) For
this it is emagk-fv obsewe that these functions are closed under mulhphcaﬁc)m :

sin(mt)ws(nt) = \[5“"( mrn)E) + 57 ((m- n)f)]
sin(mE)sin (nt) = Z[UDS((VY\ mt) - OOJ((MJMH-)]
s (mt) ws(nk] = L[WS[(M~V1 E) +cos ((mtn)t) ]

The c(aimaloouhepamﬁng Pomk s now immediate from Lewmma, L16-2 . [

Theovem L16-3 [ Stone-Weiershass) Let X be ompact Hausdorff spac anel
A S Ch(XR) o subalgebia which separates poink . Then
wehave A = Cts (X, R).

Cowllawy LI6=5 The higonomehic polymomials ave dense in Ch(s* IR), e

Trly(S4R) = Ch(s5R).

oot Again, immediate from the theovem and. Lemma L16-3 - [J



