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Introduction*

This book arose out of a course of lectures given at the Swiss Federal
Institute of Technology (ETH), Zirich, in 1966--67. The course was
first set down as a set of lecture notes, and, in 1968, Professor Eckmann
persuaded the authors to build a graduate text out of the notes, taking
account, where appropriate, of recent developments in the subject.

The level and duration of the original course corresponded essentially
to that of a year-long, first-year graduate course at an American university.
The background assumed of the student consisted of little more than the
algebraic theories of finitely-generated abelian groups and of vector
spaces over a field. In particular, he was not supposed to have had any
formal instruction in categorical notions beyond simply some under-
standing of the basic terms employed (category, functor, natural trans-
formation). On the other hand, the student was expected to have some
sophistication and some preparation for rather abstract ideas. Further,
no knowledge of algebraic topology was assumed, so that such notions
as chain-complex. chain-map. chain-homotopy, homology were not
already available and had to be introduced as purely algebraic constructs.
Although references to relevant ideas in algebraic topology do feature in
this text, as they did in the course. they are in the nature of (two-way)
motivational enrichment, and the student is not left to depend on any
understanding of topology to provide a justification for presenting a given
topic.

The level and knowledge assumed of the student explains the order
of events in the opening chapters. Thus, Chapter 1 is devoted to the theory
of modules over a unitary ring A. In this chapter, we do little more than
introduce the category of modules and the basic functors on modules
and the notions of projective and injective modules, together with their
most easily accessible properties. However, on completion of Chapter I,
the student is ready with a set of examples to illumine his understanding
ofthe abstract notions of category theory which are presented in Chapter I1.

* Sections of this Introduction in small type are intended to give amplified
motivation and background for the more experienced algebraist. They may be
ignored, at least on first reading, by the beginning graduate student.




2 Introduction

In this chapter we are largely influenced in our choice of material by the
demands of the rest of the book. However, we take the view that this is
an opportunity for the student to grasp basic categorical notions which
permeate so much of mathematics today, including. of course. algebraic
topology. so that we do not allow ourselves to be rigidly restricted by our
immediate objectives. A reader totally unfamiliar with category theory
may find it easiest to restrict his first reading of Chapter II to Sections 1
to 6;large parts of the book are understandable with the material presented
in these sections. Another reader, who had already met many examples
of categorical formulations and concepts might, in fact, prefer to look at
Chapter II before reading Chapter 1. Of course the reader thoroughly
familiar with category theory could, in principal, omit Chapter II,
except perhaps to familiarize himself with the notations employed.

In Chapter III we begin the proper study of homological algebra
by looking in particular at the group Ext,(4, B), where A and B are
A-modules. It is shown how this group can be calculated by means of a
projective presentation of A4, or an injective presentation of B; and how
it may also be identified with the group of equivalence classes of extensions
of the quotient module 4 by the submodule B. These facets of the Ext
functor are prototypes for the more general theorems to be presented
later in the book. Exact sequences are obtained connecting Ext and Hom,
again preparing the way for the more general results of Chapter IV.
In the final sections of Chapter III, attention is turned from the Ext
functor to the Tor functor., Tor4(A. B), which is related to the tensor
product of a right A-module A4 and a left A-module B rather in the same
way as Ext is related to Hom.

With the special cases of Chapter 111 mastered, the reader should be
ready at the outset of Chapter IV for the general idea of a derived functor
of an additive functor which we regard as the main motif of homological
algebra. Thus, one may say that the material prior to Chapter IV con-
stitutes a build-up, in terms of mathematical knowledge and the study
of special cases, for the central ideas of homological algebra which are
presented in Chapter IV. We introduce, quite explicitly, left and right
derived functors of both covariant and contravariant additive functors,
and we draw attention to the special cases of right-exact and left-exact
functors. We obtain the basic exact sequences and prove the balance of
Ext}(A4, B), Tor:(A, B) as bifunctors. It would be reasonable to regard
the first four chapters as constituting the first part of the book, as they did,
in fact, of the course.

Chapter V is concerned with a very special situation of great im-
portance in algebraic topology where we are concerned with tensor
products of free abelian chain-complexes. There it is known that there
is a formula expressing the homology groups of the tensor product of the
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free abelian chain-complexes C and D in terms of the homology groups
of C and D. We generalize this Kiinneth formula and we also give a
corresponding formula in which the tensor product is replaced by Hom.
This corresponding formula is not of such immediate application to
topology (where the Kiinneth formula for the tensor product yields a
significant result in the homology of topological products), but it is
valuable in homological algebra and leads to certain important identities
relating Hom, Ext, tensor and Tor.

Chapters VI and VII may, in a sense, be regarded as individual
monographs. In Chapter VI we discuss the homology theory of abstract
groups. This is the most classical topic in homological algebra and really
provided the original impetus for the entire development of the subject.
It has seemed to us important to go in some detail into this theory in
order to provide strong motivation for the abstract ideas introduced.
Thus, we have been concerned in particular to show how homological
ideas may yield proofs of results in group theory which do not require
any homology theory for their formulation — and indeed, which were
enunciated and proved in some cases before or without the use of homo-
logical ideas. Such an example is Maschke’s theorem which we state
and prove in Section 16.

The relation of the homology theory of groups to algebraic topology is ex-
plained in the introductory remarks in Chapter VI itself. It would perhaps be
appropriate here to give some indication of the scope and application of the
homology theory of groups in group theory. Eilenberg and MacLane [15] showed
that the second cohomology group, H?(G, A), of the group G with coefficients in
the G-module A, may be used to formalize the extension theory of groups due to
Schreier, Baer, and Fitting. They also gave an interpretation of H3(G, A) in terms of
group extensions with non-abelian kernel, in which 4 plays the role of the center of
the kernel. For a contemporary account of these theories. see Gruenberg [20]. In
subsequent developments, the theory has been applied extensively to finite groups
and to class field theory by Hochschild, Tate, Artin, etc.; see Weiss [49]. A separate
branch of cohomology, the so-called Galois cohomology, has grown out of this
connection and has been extensively studied by many algebraists (see Serre [41]).

The natural ring structure in the cohomology of groups, which is clearly in
evidence in the relation of the cohomology of a group to that of a space, has also
been studied, though not so extensively. However, we should mention here the deep
result of L. Evens [17] that the cohomology ring of a finite group is finitely generated.

It would also be appropriate to mention the connection which has been
established between the homology theory of groups and algebraic K-theory,
a very active area of mathematical research today, which seems to offer hope
of providing us with an effective set of invariants of unitary rings. Given a unitary
ring A4 we may form the general linear group, GL,(A), of invertible (n x n) matrices
over .1, and then the group GL(A) is defined to be the union of the groups GL,(A)
under the natural inclusions. If E(A) is the commutator subgroup of GL(A), then a
definition given by Milnor for K,(.1), in terms of the Steinberg group, amounts to
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saying that K,(1) = H,(E(.1)). Moreover, the group E(A) is perfect, that is to say,
H,(E(A))=0, so that the study of the K-groups of 1 leads to the study of the second
homology group of perfect groups. The second homology group of the group G
actually has an extremely long history, being effectively the Schur multiplicator
of G, as introduced by Schur [40] in 1904.

Finally, to indicate the extent of activity in this area of algebra, without in any
way trying to be comprehensive. we should refer to the proof by Stallings [45]
and Swan [48]. that a group G is free if and only if H"(G. A) =0 for all G-modules A
and all n=2. That the cohomology vanishes in dimensions =2 when G is free is
quite trivial (and is, of course, proved in this book); the opposite implication,
however, is deep and difficult to establish. The result has particularly interesting
consequences for torsion-free groups.

In Chapter VII we discuss the cohomology theory of Lie algebras.
Here the spirit and treatment are very much the same as in Chapter VI,
but we do not treat Lie algebras so extensively, principally because so
much of the development is formally analogous to that for the cohomology
of groups. As explained in the introductory remarks to the chapter,
the cohomology theory of Lie algebras, like the homology theory of
groups, arose originally from considerations of algebraic topology.
namely. the cohomology of the underlying spaces of Lie groups. However.
the theory of Lie algebra cohomology has developed independently
of its topological origins.

This development has been largely due to the work nf Koszul [31]. The co-
homological proofs of twe main theorems of Lie algebra theory which we give
in Sections 5 and 6 of Chapter VII are basically due to Chevalley-Eilenberg [8].
Hochschild [24] showed that, as for groups, the three-dimensional cohomology
group H3( g, A) of the Lie algebra g with coefficients in the g-module A classifies
obstructions to extensions with non-abelian kernel.

Cartan and FEilenberg [7] realized that group cohomology and Lie
algebra cohomology (as well as the cohomology of associative algebras
over a field) may all be obtained by a general procedure, namely. as
derived functors in a suitable module-category. It is. of course. this
procedure which is adopted in this book. so that we have presented the
theory of derived functors in Chapter IV as the core of homological
algebra, and Chapters VI and VII are then treated as important special
cases.

Chapters VIIIand IX constitute the third part of the book. Chapter VIII
consists of an extensive treatment of the theory of spectral sequences.
Here, as in Chapter 11, we have gone beyond the strict requirements of
the applications which we make in the text Siuce the theory of spectral
sequences is so ubiquitous in homological algebra and its applications,
it appeared to us to be sensible to give the reader a thorough grounding
in the topic. However, we indicate in the introductory remarks to
Chapter VIII, and in the course of the text itself, those parts of the
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chapter which may be omitted by the reader who simply wishes to be
able to understand those applications which are explicitly presented.
Our own treatment gives prominence to the idea of an exact couple and
emphasizes the notion of the spectral sequence functor on the category
of exact couples. This is by no means the unique way of presenting
spectral sequences and the reader should, in particular, consult the book
of Cartan-Eilenberg [7] to see an alternative approach. However, we
do believe that the approach adopted is a reasonable one and a natural one.
In fact, we have presented an elaboration of the notion of an exact
couple, namely, that of a Rees system, since within the Rees system is
contained all the information necessary to deduce the crucial convergence
properties of the spectral sequence. Our treatment owes much to the
study by Eckmann-Hilton [10] of exact couples in an abelian category.
We take from them the point of view that the grading on the objects
should only be introduced at such time as it is crucial for the study of
convergence: that is to say. the purely algebraic constructions are carried
out without any reference to grading. This, we believe, simplifies the
presentation and facilitates the understanding.

We should point out that we depart in Chapter VIII from the standard con-
ventions with regard to spectral sequences in one important and one less important
respect. We index the original exact couple by the symbol 0 so that the first derived
couple is indexed by the symbol 1 and. in general, the n-th derived couple by the
symbol n. This has the effect that what is called by most authorities the E,-term
appears with us as the E;-term. We do not believe that this difference of convention,
once it has been drawn to the attention of the reader, should cause any difficulties.
On the other hand, we claim that the convention we adopt has many advantages.
Principal among them, perhaps, is the fact that in the exact couple

D—->D
y\ /B
E

the n-th differential in the associated spectral sequence d, is, by our convention,
induced by Bo~"y. With the more habitual convention d, would be induced by
Ba~"*1y. It is our experience that where a difference of unity enters gratuitously
into a formula like this, there is a great danger that the sign is misremembered - or
that the difference is simply forgotten. A minor departure from the more usual
convention is that the second index, or g index, in the spectral sequence term,
EP-4, signifies the total degree and not the complementary degree. As a result, we
have the situation that if C is a filtered chain-complex, then H,(C) is filtered by
subgroups whose associated graded group s { E%:?}. Our convention is the one usually
adopted for the generalized Atiyah-Hirzebruch spectral sequence, but it is not the
one introduced by Serre in his seminal paper on the homology of fibre spaces,
which has influenced the adoption of the alternative convention to which we referred
above. However, since the translation from one convention to another is, in this
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case, absolutely trivial (with our convention, the term EP“ has complementary
degree q — p), we do not think it necessary to lay further stress on this distinction.

Chapter IX is somewhat different from the other chapters in that it
represents a further development of many of the ideas of the rest of the
text, in particular, those of Chapters IV and VIIIL. This chapter did not
appear in its present form in the course, which concluded with applica-
tions of spectral sequences available through the material already
familiar to the students. In the text we have permitted ourselves further
theoretical developments and generalizations. In particular, we present
the theory of satellites, some relative homological algebra, and the theory
of the homology of small categories. Since this chapter does constitute
further development of the subject, one might regard its contents as more
arbitrary than those of the other chapters and, in the same way, the
chapter itself is far more open-ended than its predecessors. In particular,
ideas are presented in the expectation that the student will be encouraged
to make a further study of them beyond the scope of this book.

Each chapter is furnished with some introductory remarks describing
the content of the chapter and providing some motivation and back-
ground. These introductory remarks are particularly extensive in the
case of Chapters VI and VII in view of their special nature. The chapters
are divided into sections and each section closes with a set of exercises.
These exercises are of many different kinds; some are purely computa-
tional, some are of a theoretical nature, and some ask the student to fill
in gaps in the text where we have been content to omit proofs. Sometimes
we suggest exercises which take the reader beyond the scope of the text.
In some cases, exercises appearing at the end of a given section may
reappear as text material in a later section or later chapter; in fact, the
results stated in an exercise may even be quoted subsequently with
appropriate reference, but this procedure is adopted only if their de-
monstration is incontestably elementary.

Although this text is primarily intended to accompany a course
at the graduate level, we have also had in mind the obligation to write
abook which can be used asa work of reference. Thus, we have endeavored,
by giving very precise references, by making self-contained statements,
and in other ways, to ensure that the reader interested in a particular
aspect of the theory covered by the text may dip into the book at any
point and find the material intelligible - always assuming, of course,
that he is prepared to follow up the references given. This applies in
particular to Chapters VI and VII, but the same principles have been
adopted in designing the presentation in all the chapters.

The enumeration of items in the text follows the following con-
ventions. The chapters are enumerated with Roman numerals and the
sections with Arabic numerals. Within a given chapter, we have two series
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of enumerations, one for theorems, lemmas. propositions, and corollaries,
the other for displayed formulas. The system of enumeration in each of
these series consists of a pair of numbers, the first referring to the section
and the second to the particular item. Thus, in Section 5 of Chapter VI,
we have Theorem 5.1 in which a formula is displayed which is labeled (5.2).
On the subsequent page there appears Corollary 5.2 which is a corollary
to Theorem 5.1. When we wish to refer to a theorem, etc., or a displayed
formula, we simply use the same system of enumeration, provided the
item to be cited occurs in the same chapter. If it occurs in a different
chapter, we will then precede the pair of numbers specifying the item with
the Roman numeral specifying the chapter. The exercises are enumerated
according to the same principle. Thus, Exercise 1.2 of Chapter VIII
refers to the second exercise at the end of the first section of Chapter VIII.
A reference to Exercise 1.2, occurring in Chapter VIII, means Exercise 1.2
of that chapter. If we wish to refer to that exercise in the course of a
different chapter, we would refer to Exercise VIII.1.2.

This text arose from a course and is designed, itself, to constitute a
graduate course, at the first-year level at an American university. Thus,
there is no attempt at complete coverage of all areas of homological
algebra. This should explain the omission of such important topics
as Hopf algebras, derived categories, triple cohomology, Galois co-
homology, and others, from the content of the text. Since, in planning
a course, it is necessary to be selective in choosing applications of the
basic ideas of homological algebra, we simply claim that we have made
one possible selection in the second and third parts of the text. We hope
that the reader interested in applications of homological algebra not
given in the text will be able to consult the appropriate authorities.

We have not provided a bibliography beyond a list of references
to works cited in the text. The comprehensive listing by Steenrod of
articles and books in homological algebra* should, we believe, serve as a
more than adequate bibliography. Of course it is to be expected that the
instructor in a course in homological algebra will, himself, draw the
students’ attention to further developments of the subject and will thus
himself choose what further reading he wishes to advise. As a single
exception to our intention not to provide an explicit bibliography. we
should mention the work by Saunders MacLane. Homology. published
by Springer, which we would like to view as a companion volume to the
present text.

Some remarks are in order about notational conventions. First, we
use the left-handed convention, whereby the composite of the morphism ¢

* Reviews of Papers in Algebraic and Differential Topology, Topological
Groups and Homological Algebra, Part 11 (American Mathematical Society).
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followed by the morphism y is written as p¢ or, where the morphism
symbols may themselves be complicated, p ¢. We allow ourselves
to simplify notation once the strict notation has been introduced and
established. Thus, for example, f(x) may appear later simply as fx and
F(A) may appear later as F A. We also adapt notation to local needs in
the sense that we may very well modify a notation already introduced
in order to make it more appropriate to a particular context. Thus, for
instance, although our general rule is that the dimension symbol in
cohomology appears as a superscript (while in homology it appears as a
subscript), we may sometimes find it convenient to write the dimension
index as a subscript in cohomology; for example, in discussing certain
right-derived functors. We use the symbol [] to indicate the end of a
proof even if the proof is incomplete; as a special case we may very
well place the symbol at the end of the statement of a theorem (or pro-
position, lemma, corollary) to indicate that no proof is being offered or
that the remarks preceding the statement constitute a sufficient de-
monstration. In diagrams. the firm arrows represent the data of the dia-
gram, and dotted arrows represent new morphisms whose existence is
attested by arguments given in the text. We generally use MacLane’s
notation »», —» to represent monomorphisms and epimorphisms
respectively. We distinguish between the symbols =~ and . In the
first case we would write X = Y simply to indicate that X and Y are
isomorphic objects in the given category, whereas the symbol ¢ : XY
indicates that the morphism ¢ is itself an isomorphism.

It is a pleasure to make many acknowledgments. First, we would
like to express our appreciation to our good friend Beno Eckmann for
inviting one of us (P.H.) to Zirich in 1966--67 as Visiting Professor at
the ETH, and further inviting him to deliver the course of lectures which
constitutes the origin of this text. Our indebtedness to Beno Eckmann
goes much further than this and we would be happy to regard him as
having provided us with both the intellectual stimulus and the encourage-
ment necessary to bring this book into being. In particular, we would
also like to mention that it was through his advocacy that Springer-
Verlag was led to commission this text from us. We would also like to
thank Professor Paul Halmos for accepting this book into the series
Graduate Texts in Mathematics. Our grateful thanks go to Frau Marina
von Wildemann for her many invaluable services throughout the evolu-
tion of the manuscript from original lecture notes to final typescript.
Our thanks are also due to Frau Eva Minzloff. Frau Hildegard Mourad.
Mrs. Lorraine Pritchett. and Mrs. Marlys Williams for typing the manu-
script and helping in so many ways in the preparation of the final text.
Their combination of cheerful good will and quiet efficiency has left us
forever in their debt. We are also grateful to Mr. Rudolf Beyl for his
careful reading of the text and exercises of Chapters VI and VII.
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We would also like to thank our friend Klaus Peters of Springer-

Verlag for his encouragement to us and his ready accessibility for the dis-
cussion of all technical problems associated with the final production of
the book. We have been very fortunate indeed to enjoy such pleasant
informal relations with Dr. Peters and other members of the staff of
Springer-Verlag, as a result of which the process of transforming this book
from a rather rough set of lecture notes to a final publishable document
has proved unexpectedly pleasant.

Peter Hilton

Urs Stammbach

Cornell University, Ithaca, New York
Battelle Seattle Research Center. Seattle. Washington
Eidgendéssische Technische Hochschule, Ziirich, Switzerland

April, 1971



1. Modules

The algebraic categories with which we shall be principally concerned
in this book are categories of modules over a fixed (unitary) ring A and
module-homomorphisms. Thus we devote this chapter to a preliminary
discussion of A-modules.

The notion of A-module may be regarded as providing a common
generalization of the notions of vector space and abelian group. Thus
if A is a field K then a K-module is simply a vector space over K and a
K-module homomorphism is a linear transformation; while if A=7Z
then a Z-module is simply an abelian group and a Z-module homo-
morphism is a homomorphism of abelian groups. However, the facets
of module theory which are of interest in homological algebra tend to be
trivial in vector space theory; whereas the case A =7 will often yield
interesting specializations of our results, or motivations for our construc-
tions.

Thus, for example, in the theory of vector spaces, there is no interest
in the following question: given vector spaces A, B over the field K,
find all vector spaces E over K having B as subspace with A4 as associated
quotient space. For any such E is isomorphic to A@® B. However, the
question is interesting if 4, B, E are now abelian groups: and it turns
out to be a very basic question in homological algebra (see Chapter III).

Again it is trivial that, given a diagram of linear transformations of

K-vector spaces
P

| 1)
B—=—-C

where ¢ is surjective, there is a linear transformation f: P— B with
¢ =1v. However, it is a very special feature of an abelian group P that,
for all diagrams of the form (0.1) of abelian groups and homomorphisms,
with ¢ surjective, such a homomorphism f exists. Indeed, for abelian
groups, this characterizes the free abelian groups (thus one might say
that all vector spaces are free). Actually, in this case, the example A =7
is somewhat misleading. For if we define a A-module P to be projective if,
given any diagram (0.1) with & surjective, we may find g with ¢ =1y,
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then it is always the case that free A-modules are projective but, for some
rings A, there are projective A-modules which are not free. The relation
between those two concepts is elucidated in Sections 4 and 5, where we
see that the concepts coincide if A is a principal ideal domain (p.i.d.) —
this explains the phenomenon in the case of abelian groups.

In fact, the matters of concern in homological algebra tend very much
to become simplified — but not trivial — if A is a p.i.d., so that this special
case recurs frequently in the text. It is thus an important special case, but
nevertheless atypicalin certain respects. In fact, thereis a precise numerical
index (the so-called global dimension of A) whereby the case A a field
appears as case 0 and 4 a p.i.d. as case 1.

The categorical notion of duality (see Chapter 1I) may be applied to
the study of A-modules and leads to the concept of an injective module,
dual to that of a projective module. In this case, the theory for A=7Z,
or,indeed, for A any p.i.d., is surely not as familiar as that of free modules;
nevertheless, it is again the case that the theory is, for modules over a p.i.d.,
much simpler than for general rings A — and it is again trivial for vector
spaces!

We should repeat (from the main Introduction) our rationale for
placing this preparatory chapter on modules before the chapter introduc-
ing the basic categorical concepts which will be used throughout the
rest of the book. Our justification is that we wish, in Chapter 11, to have
some mathematics available from which we may make meaningful
abstractions. This chapter provides that mathematics; had we reversed
the order of these chapters, the reader would have been faced with a
battery of “abstract” ideas lacking in motivation. Although it is, of course,
true that motivation, or at least exemplification, could in many cases
be provided by concepts drawn from other parts of mathematics familiar
to the reader, we prefer that the motivation come from concrete instances
of the abstract ideas germane to homological algebra.

1. Modules

We start with some introductory remarks on the notion of a ring. In
this book a ring A will always have a unity element 1,+0. A homo-
morphism of rings w: A— I will always carry the unity element of the
first ring A into the unity element of the second ring I'. Recall that the
endomorphisms of an abelian group A form a ring End(4, A).
Definition. A left module over the ring A or a left A-module is an
abelian group A together with a ring homomorphism w: A—End(4, A).
We write Aafor (w(4)) (@), a € A, A€ A. We may then talk of A operating
(on the left) on A, in the sense that we associate with the pair (4, a) the
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element Aa. Clearly the following rules are satisfied for all a, a,, a, € 4,
Ay A, Ay € A

M1: (4, +A)a=a+ ,a
M2: (4, )a=2,(4,0)
M3: 1,a=a

M4: Ma, +a,)=Aa, +1a,.

On the other hand, if an operation of A on the abelian group 4
satisfies M 1, ..., M 4, then it obviously defines a ring homomorphism

w:A—End(4,4), bytherule (w(d)(@=Aa.

Denote by A°PP the opposite ring of A. The elements 1°PP € A°PP are
in one-to-one correspondance with the elements A € A. As abelian groups
A and A°P? are isomorphic under this correspondence. The product in
A°PP s given by APP ASPP = (4, 4,)°P. We naturally identify the underlying
sets of A and A°PP,

A right module over A or right A-module is simply a left A°°P-module,
thatis, an abelian group A together with a ring map o' : A°°— End(4, A).
We leave it to the reader to state the axioms M 1’, M2, M3’, M 4 for a
right module over A. Clearly, if A is commutative, the notions of a left
and a right module over A coincide. For convenience, we shall use the
term “module” always tc mean “left module”.

Let us give a few examples:

(a) The left-multiplication in A defines an operation of A on the
underlying abelian group of A, satisfying M 1, ..., M 4. Thus 4 is a left
module over A. Similarly, using right multiplication, A is a right module
over A. Analogously, any left-ideal of A becomes a left module over A,
any right-ideal of A becomes a right module over A.

(b) Let A=7Z. the ring of integers. Every abelian group 4 possesses
the structure of a Z-module; for ae A, ne Z define na=0, if n=0,
na=a+ ---+a (ntimes), if n >0, and na= —(—na). if n<O0.

(c) Let A=K, a field. A K-module is a vector space over K.

(d) Let V be a vector space over the field K, and T a linear trans-
formation from V into V. Let A=K[T], the polynomial ring in T
over K. Then V becomes a K[T]-module, with the obvious operation
of K[T]on V.

(e) Let G be a group and let K be a field. Consider the K-vector-
space of all linear combinations ) k.x, k,e K. One checks quite

xeG

easily that the definition
(Z kxx)(z k',y) = Y (kk)xy,
xeG yeG x,yeG

where xy denotes the product in G, makes this vector space into a K-
algebra KG, called the group algebra of G over K. Let V be a vector space
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over K. A K-representation of G in V is a group homomorphism
o:G— Autg(V, V). The map o gives rise to a ring homomorphism
¢ : KG— Endg(V, V) by setting
a’( Y kxx) =Y k,0(x).
xeG xeG

Since every K-linear endomorphism of V is also a homomorphism of the
underlying abelian group, we obtain from ¢’ a ring homomorphism
0:KG—Endz(V, V), making V into a KG-module. Conversely, let V
be a K G-module. Clearly V has a K-vector-space structure, and the struc-
ture map ¢ : KG— Endg(V. V) factors through Endg(V, V). Its restriction
to the elements of G defines a K-representation of G. We see that the
K-representations of G are in one-to-one correspondance with the K G-
modules. (We leave to the reader to check the assertions in this example.)

Definition. Let A, B two A-modules. A homomorphism (or map)
¢ : A— B of A-modules is a homomorphism of abelian groups such that
@(Aa)=A(pa) for all ae 4, Le A.

Clearly the identity map of 4 is a homomorphism of A-modules;
we denote it by 1,: 4A— A.

If ¢ is surjective, we use the symbol ¢ : A—» B. If ¢ is injective, we
use the symbol ¢ : A>— B. Wecall ¢ : A— B isomorphic or an isomorphism,
and write ¢ : A B, if there exists a homomorphism y : B— A such that
we=1, and @y =15 Plainly, if it exists, y is uniquely determined;
itis denoted by ¢ ~! and called the inverse of ¢. If ¢ : A— B is isomorphic,
it is clearly injective and surjective. Conversely, if the module homo-
morphism ¢ : A— B is both injective and surjective, it is isomorphic.
We shall call A and B isomorphic, A= B, if there exists an isomorphism
¢: ASB.

If A" is a subgroup of A with 1a’e A’ for all Ae A and all a’'e€ 4',
then A’ together with the induced operation of A is called a submodule
of A. Let A’ be a submodule of A. Then the quotient group 4/A’ may be
given the structure of a A-module by defining A(a+ A)=(la+ A)
forall A€ A,ae A. Clearly, we have an injective homomorphism p: A'>— A4
and a surjective homomorphism n: A—» A/A’.

For an arbitrary homomorphism ¢ : A— B, we shall use the nota-
tion kerp ={ae A | pa =0} for the kernel of ¢ and

imp=@pA={beB|b=¢a for some ae A}

for the image of ¢. Obviously ker ¢ is a submodule of 4 and im ¢ is
a submodule of B. One easily checks that the canonical isomorphism
ofabelian groups A/ker ¢ =~ im @is actually an isomorphism of A-modules.
We also introduce the notation coker ¢ = Bfim ¢ for the cokernel of ¢.
Just as ker ¢ measures how far ¢ differs from being injective, so coker ¢
measures how far ¢ differs from being surjective. If 1 : A~ A is injective,
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we can identify A’ with the submodule p A’ of A. Similarly, if ¢: A—» A"
is surjective, we can identify A" with A/kere.

Definition. Let ¢ : A—B and y: B—C be homomorphisms of A-
modules. The sequence 4% B-% C is called exact (at B) if kery =im ¢.
If a sequence Ag— A, —---—A4,—A,,, is exact at A,. .... 4,. then the
sequence is simply called exact.

As examples we mention

(a) 0— A% B is exact (at A) if and only if ¢ is injective.

(b) A% B—0 is exact (at B) if and only if ¢ is surjective.

(c) The sequence 0— A'%> A-5 A" —0 is exact (at A'. A. A”) if and
only if 4 induces an isomorphism A’ u A’ and ¢ induces an isomorphism
A/kere=A/uA'~ A". Essentially A’ is then a submodule of 4 and A” the
corresponding quotient module. Such an exact sequence is called short
exact, and often written A'’>>A—»A4".

The proofs of these assertions are left to the reader. Let 4, B, C, D
be A-modules and let o, B, , & be A-module homomorphisms. We say
that the diagram

A—=->B

- |
C—2D

is commutative if Bo =07y : A— D. This notion generalizes in an obvious
way to more complicated diagrams. Among the many propositions and
lemmas about diagrams we shall need the following:

Lemma 1.1. Let A’>>A—» A" and B'>»B—»B" be two short exact
sequences. Suppose that in the commutative diagram

A B A [ A"

lw l l (12

B' ' B & Bll

any two of the three homomorphisms o, o, o are isomorphisms. Then the
third is an isomorphism, too.

Proof. We only prove one of the possible three cases, leaving the
other two as exercises. Suppose o', o” are isomorphisms; we have to
show that o is an isomorphism.

First we show that kera=0. Let aekera, then 0=¢aa=0a"¢ca.
Since a” is an isomorphism, it follows that ¢a=0. Hence there exists
ae A with pa’'=a by the exactness of the upper sequence. Then
O=oaua =p'o’a’. Since p'a’ is injective, it follows that a’=0. Hence
a=pua =0.
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Secondly, we show that « is surjective. Let be B; we have to show
that b=oa for some ae A. Since o” is an isomorphism, there exists
a' e A" with o"a’ =¢'b. Since ¢ is surjective, there exists Ze A such
that ed=a". We obtain ¢(b—aa)=¢b—¢caa=¢b—a"ca=0. Hence
by the exactness of the lower sequence thereexists b’ € B' with ' b’ = b —aa.
Since o is isomorphic there exists a'€ A’ such that o'a’=b". Now

oa(ua +a)=apd +ad=p'd’'a +oa=y'b' +aa=>b.

So setting a=ud’ +a, we have aa=>b. []

Notice that Lemma 1.1 does not imply that, given exact sequences
A>—»A—»A", B~—»B—»B", with A'=B, A">~B", then A>~B. It is
crucial to the proof of Lemma 1.1 that there is a map A— B compatible
with the isomorphisms A’ = B', A” =~ B”, in the sense that (1.2) commutes.

Exercises:

1.1. Complete the proof of Lemma 1.1. Show moreover that, in (1.2), « is surjective
(injective) if o, a” are surjective (injective).
1.2. (Five Lemma) Show that, given a commutative diagram

— A —Ay— Ay — A, — As—>

—B,—B,—B;—B,— B;——

with exact rows, in which ¢,, ¢,, ¢4, @5 are isomorphisms, then ¢, is also an
isomorphism. Can we weaken the hypotheses in a reasonable way?
1.3. Give examples of short exact sequences of abelian groups

0—-A—>A—-A4"—-0, 0—-B—B—B"—0
such that

(i) A=B, Ax~B, A"%B’;
(i) A/=B, A%B, A"x~B";
(i) A'¢B, Ax=B, A"=B".

14. Show that the abelian group A admits the structure of a Z,-module if and

only if mA =0.

1.5. Define the group algebra KG for K an arbitrary commutative ring. What are
the K G-modules?

1.6. Let V be a non-trivial (left) K G-module. Show how to give V the structure of
a non-trivial right KG-module. (Use the group inverse.)

1.7. Let 0— A’ A5 A”"—0 be a short exact sequence of abelian groups. We say
that the sequence is pure if, whenever u(a’)=ma, a’'e A’, ae A, m a positive
integer, there exists b’ € A’ with @' =mb’. Show that the following statements
are equivalent:

(i) the sequence is pure;
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(ii) the induced sequence (reduction modm)0—A,+=>A, = A" —0 is
exact for all m; (A,,= A/mA, etc.)

(iii) given a”e A" with ma”=0, there exists ae A with ela)=d". ma=0
(for all m).

2. The Group of Homomorphisms

Let Hom,(A4, B) denote the set of all A-module homomorphisms from
A to B. Clearly, this set has the structure of an abelian group;if ¢ : A—B
and p:A— B are A-module homomorphisms, then ¢ +y:A—B is
defined as (¢ +yp)a=@a+ya for all ae A. The reader should check
that ¢ + pisa A-module homomorphism. Note, however, that Hom (A, B)
is not, in general, a A-module in any obvious way (see Exercise 2.3).

Let f: B,— B, be a homomorphism of A-modules. We can assign
to a homomorphism ¢ : A— B, ., the homomorphism B¢ : A— B,, thus
defining a map §, = Hom,(4, f) : Hom,(4, B;)— Hom,(A. B,). It is left
to the reader to verify that §, is actually a homomorphism of abelian
groups. Evidently the following two rules hold:

@) If B: B,—B, and B : B,— B,, then

# B)* =ﬂ:n ﬁ* :Hom,(A, B;)—Hom,(A, B;).

(ii) If B: B,— B, is the identity, then 8, : Hom,(A. B;)— Hom,(A. B,)
is the identity, also.

In short, the symbol Hom,(A4, —) assigns to every A-module B an
abelian group Hom,(A4, B), and to every homomorphism of A-modules
B: B,— B, a homomorphism of abelian groups

B, = Hom,(A. p): Hom4(A. B;)—Hom,(A. B,)

such that the above two rules hold. In Chapter 11, we shall see that this
means that Hom,(A4, —) is a (covariant) functor from the category of
A-modules to the category of abelian groups.

On the other hand, if a: 4,— A4, is a A-module homomorphism,
then we assign to every homomorphism ¢ : 4,— B the homomorphism
¢@o: A,— B, thus defining a map

o* = Hom,(a. B): Hom,(A4,, B—Hom,(4,, B).

Again weleaveit to thereader to verify that a* isactually a homomorphism
of abelian groups. Evidently, we have:
(i) Ifa:A,—A,ando’: A3— A,, then (xa')* =o'*a* (inverse order!).
(iiy If x: A,— A, is the identity, then o* is the identity.
Hom,(—, B)is an instance of a contravariant functor (from A-modules
to abelian groups).
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Theorem 2.1. Let B'25B-sB" be an exact sequence of A-modules.
For every A-module A the induced sequence

0— Hom,(A. B')-£> Hom,(A. B)->>Hom,(A. B")
is exact.

Proof. First we show that p, is injective.
Assume that p ¢ in the diagram

A

|-

BI 1 B & BII

is the zero map. Since p: B'’>—B is injective this implies that ¢ : A—B’
is the zero map, so p, is injective.

Next we show that kere, Dimpy,. Consider the above diagram.
A map in im p, is of the form u¢. Plainly eu ¢ is the zero map, since eu
already is. Finally we show that imp, Dkere,. Consider the diagram

A

|

7 M B & Bll.

We have to show that if ¢y is the zero map, then p is of the form u¢
forsome ¢ : A— B'.But,if¢p = 0 theimage of piscontained inkere =imp.
Since u is injective, y gives rise to a (unique) map ¢ : A— B’ such that
ro=y. []

We remark that even in case ¢ is surjective the induced map ¢, is not
surjective in general (see Exercise 2.1).

Theorem 2.2. Let A’ A-2» A" be an exact sequence of A-modules.
For every A-module B the induced sequence

0—Hom, (4". B\-5>Hom,(A. B)*5>Hom,(A'. B)
is exact.

The proof is left to the reader. []

Notice that even in case u is injective u* is not surjective in general
(see Exercise 2.2).

We finally remark that Theorem 2.1 provides a universal characteri-
zation of kere¢ (in the sense of Sections I1.5 and 11.6): To every homo-
morphism ¢ : A— B with &,(¢p) =¢¢: A— B" the zero map there exists
a unique homomorphism ¢': A— B’ with p,(¢")=pe" =¢. Similarly
Theorem 2.2 provides a universal characterization of coker u.
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Exercises:

2.1. Show that in the setting of Theorem 2.1 &, = Hom(4,¢) is not, in general,
surjective even if ¢ is. (Take A =Z, A=7Z,, the integers modn, and the short
exact sequence Z*>Z—»7Z, where p is multiplication by n.)

2.2. Prove Theorem 2.2. Show that y* = Hom,(u, B) is not, in general, surjective
even if p is injective. (Take A =7Z, B=7Z,, the integers modn, and the short
exact sequence Z>-Z—»1Z,, where p is multiplication by n.)

2.3. Suppose A commutative, and A and B two A-modules. Define for a 4-module
homomorphism ¢ : A— B. (A¢)(a)=¢(Aa), ac A. Show that this definition
makes Hom,(A, B) into a A-module. Also show that this definition does not
work in case A is not commutative.

2.4. Let A be a A-module and B be an abelian group. Show how to give Hom (A4, B)
the structure of a right A-module.

2.5. Interpret and prove the assertions 0, =0, 0* =0.

2.6. Compute Hom(Z, Z,), Hom(Z,,, Z,), Hom(Z,,, Z), Hom(Q, Z), Hom(Q, Q).
[Here “Hom” means “Homz” and Q@ is the group of rationals.]

2.7. Show (see Exercise 1.7) that the sequence 0— A'— A— A"—0 is pure if and
only if Hom(Z,,, —) preserves exactness, for all m> 0.

2.8. If Ais a left A-module and a right '-module such that the A-action commutes
with the I'-action, then A is called a left A-right I'-bimodule. Show that if A
is a left A-right Z-bimodule and Bis a left A-right I'-bimodule then Hom (4, B)
is naturally a left Z-right I'-bimodule.

3. Sums and Products

Let 4 and B be A-modules. We construct the direct sum A@® B of Aand B
as the set of pairs (a, b) with a € 4 and b € B together with componentwise
addition (a, b) +(a’, b')=(a + @', b + b’) and componentwise A-operation
Ma,b) =(4a, 1b). Clearly, we have A-module monomorphismsi,: A—A®B
defined by 1,(a) = (g, 0) and 15 : B— A® B defined by 154(b) = (0, b).

Proposition 3.1. Let M be a A-module, p,: A—M and pz:B—M
A-module homomorphisms. Then there exists a unique map

Y=y yp: A®B—-M
such that i1, =y, and pig=1yp.

We can express Proposition 3.1 in the following way: For any A-
module M and any maps y,, pg the diagram

/A@B M
/
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can be completed by a unique homomorphism yp: A®B—M such
that the two triangles are commutative.

In situations like this where the existence of a map is claimed which
makes a diagram commutative, we shall use a dotted arrow to denote
this map. Thus the above assertion will be summarized by the diagram

A m

. AA®B oM
//'
B

and the remark that y is uniquely determined.

Proof. Define yi(a, b) =1y (a)+ywg(b). This obviously is the only
homomorphism y: A®B—M satisfying yi1,=y, and pig=yg. [

We can easily expand this construction to more than two modules:
Let {A;}, je J be a family of A-modules indexed by J. We define the
direct sum @ A; of the modules 4; as follows: An element of @ 4,

jeJ jeJ
is a family (a;);., with a;€ 4; and a;+0 for only a finite niumber of sub-
scripts. The addition is defined by (a));c; + (b));e; =(a; + bj);c; and the
A-operation by A(a;);c; =(A4));c;. For each k € J we can define injections
1 Ay— @ A; by y(@)= (b)), with b;=0 for j+k and b,=a,, a, € 4,.
JjeJ

Proposition 3.2. Let M be a A-module and let {y;: Ai—M}. jeJ.
be a family of A-module homomorphisms. Then there exists a unique homo-
morphism y = (y;> : @ A;— M, such that w1;=1y; for all je J.

jelJ

Proof. We define y((a;);c,) = Z yj;(a;). This is possible because a; =0

except for a finite number of mdlces The map p so defined is obviously

the only homomorphism y : @ A;— M such that pi;=y;foralljeJ. [J
jeJ

We remark the important fact that the property stated in Pro-

position 3.2 characterizes the direct sum together with the injections up to

a unique isomorphism To see this, let the A-module S together with

injections 1;: A;— S also have the property £ claimed for ((—B ;5 ,)
jeJ

in Proposition 3.2. Write (temporarily) T for (—B A;. First choose M =T

and y;=1;, jeJ. Since (S:1) has property 37’ there exists a unique
homomorphlsm v: S—»T such that the diagram
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is commutative for every je J. Choosing M =S and y; =1} and invoking
property £ for (T: 1;) we obtain a map y’: T— S such that the diagram

A

J

Y
N
T- -»S
"7
is commutative for every j e J. In order to show that ypy’ is the identity,
we remark that the diagram

A,

J

is commutative for both yy’ and the identity. By the uniqueness part of
property 2 we conclude that yy’ = 1. Similarly we prove that ¢y = 15.
Thus both y and ' are isomorphisms.

A property like the one stated in Proposition 3.2 for the direct sum
of modules is called universal. We shall treat these universal properties
in detail in Chapter II. Here we are content to remark that the construction
of the direct sum yields an existence proof for a module having property 2.

Next we define the direct product [ | A;ofafamily of modules {4;},jeJ.

jeJ
An element of [] 4; is a family (a;);., of elements a; € A;. No restrictions
jeJ
are placed on the elements g;: in particular, the elements a; may be non-
zero for an infinite number of subscripts. The addition is defined by
(@j)jes +(bj)jes =(aj+bj);c; and the A-operation by A(a)jc;=(1a);c,.
For each ke J we can define projections m,: [ | A;7— A, by m(a));c; = a.
jeJ
For a finite family of modules 4;,j=1,...,n, it is readily seen that the
n n

modules || A; and @ 4; are identical; however in considering the
i=1 j=1

direct sum we put emphasis on the injections ¢; and in considering the

direct product we put emphasis on the projections ;.

Proposition 3.3. Let M be a A-module and let {p;: M— A;}, je J.
be a family of A-module homomorphisms. Then there exists a unique homo-
morphism ¢ ={¢;} : M—[] A; such that for every jeJ the diagram

jeJ
@, J
7
M- ey I [ Aj
jeJ
is commutative, i.e. ;¢ = @;. []
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The proofis left to the reader ; also the reader will see that the universal

property of the direct product ]1 A; and the projections x; characterizes
Jje
it up to a unique isomorphism. Finally we prove

Proposition 3.4. Let B be a A-module and {A;}, j€ J be a family of A-
modules. Then there is an isomorphism

n:Hom, ((—B 4;, B) =[] Homy(4,, B).

jeJ jeJ

Proof. The proof reveals that this theorem is merely a restatement of
the universal property of the direct sum. For w:@Aj—vB. define

jedJ
n(y)=(yp1;: 47> B)j.;. Conversely a family {y;: A;— B}, j€ J, gives rise
to a unique map y: (—B A;—B. The projections =;: []| Hom,(4;, B)
JjeJ JjeJ
— Hom,(4;, B) are given by n;n = Hom,(y;, B). []
Analogously one proves:

Proposition 3.5. Let A be a A-module and {B;}, je J be a family of
A-modules. Then there is an isomorphism

¢:Hom, (A, I1 Bj) =[] Hom,(4, B).

jeJ JjeJ
The proof is left to the reader. []

Exercises:
3.1. Show that there is a canonical map o : @ 4,—[] 4,
i i

3.2. Show how a map from @ 4; to P B; may be represented by a matrix
~ i=

i=1 1
D=(p;),

where ¢;;: A— B;. Show that, if we write the composite of ¢ : A—B and
y:B—C as ¢y (not ), then the composite of

D= (¢;): @ A— (‘B B;
i=1 =1
and !

n q
Y=(wp): P B—PC
i=1 k=1

is the matrix product ® V.
3.3. Show that if, in (1.2), o’ is an isomorphism, then the sequence
0—A {e.a} A"@B {a".—&") B'—0

is exact. State and prove the converse.
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3.4. Carry out a similar exercise to the one above, assuming «” is an isomorphism.
3.5. Use the universal property of the direct sum to show that

(4, BA)PA; A, B(A,BA,).

3.6. Show that Z,,®Z,=Z,,, if and only if m and n are mutually prime.
3.7. Show that the following statements about the exact sequence

0— A% A% 470
of A-modules are equivalent:
(1) there exists yu: A"—A witha”"u=1o0nA4";
(i1) there exists ¢: 4 — A’ with e¢o’=10n A4’;
(iii) 0— Hom (B, A’)-“—‘»HomA(B, A)—"g—rHomA(B, A")—01is exact for all B;
(iv) 0—Hom,(4", C)*>>Hom (4, )2 Hom,(A4’, C)—0 is exact for all C;
(v) there exists u: A"— A such that {o/, u) : A DA A.
3.8. Show that if 0— A" A4%5 4”—0 is pure and if A" is a direct sum of cyclic
groups then statement (i) above holds (see Exercise 2.7).

4. Free and Projective Modules

Let A be a A-module and let S be a subset of 4. We consider the set 4,
of all elements a€ A4 of the form a= ) A;s where A,e€ A and A;#0 for

seS
only a finite number of elements se S. It is trivially seen that 4, is a

submodule of 4; hence it is the smallest submodule of 4 containing S.

If for the set S the submodule A, is the whole of A, we shall say that S
is a set of generators of A. If A admits a finite set of generators it is said
to be finitely generated. A set S of generators of A is called a basis of A

if every element a€ A may be expressed uniguely in the form a= ) As
seS

with A;€ A and A; %0 for only a finite number of elements se S. It is
readily seen that a set S of generators is a basis if and only if it is linearly
independent, that is, if ) A;s=0 implies 4, =0 for all se S. The reader

seS
should note that not every module possesses a basis.

Definition. I S is a basis of the A-module P, then P is called free on the
set S. We shall call P free if it is free on some subset.

Proposition 4.1. Suppose the A-module P is free on the set S. Then
P=@ A, where A,=A as a left module for seS. Conversely, @ A,
seS seS

is free on the set {1, ,s€S}.

Proof. We define ¢ : P— @ A, as follows: Every element ae P is
seS
is expressed uniquely in the forma=Y As; set (a) = (4,),.s. Conversely,
seS
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for s€ S define y,: A,— P by ws(ls) A¢s. By the universal property of the
direct sum the famlly {y,}, s€ S, gives rise to a map y = Y, : @ A—P.

It is readily seen that ¢ and y are inverse to each other. The remammg
assertion immediately follows from the construction of the direct sum. []

The next proposition yields a universal characterization of the free
module on the set S.

Proposition 4.2. Let P be free on the set S. To every A-module M and
to every function f from S into the set underlying M, there is a unique
A-module homomorphism ¢ : P— M extending f.

Proof. Let f(s)=m,. Set p(a)= (p( y Ass) =Y A,m,. This obviously

seS seS

is the only homomorphism having the required property. []
Proposition 4.3. Every A-module A is a quotient of a free module P.
Proof. Let S be a set of generators of A. Let P= (P A, with A,=4

seS

and define ¢ : P—A to be the extension of the function f given by
f(1,)=s. Trivially ¢ is surjective. []

Proposition 4.4. Let P be a free A-module. To every surjective homo-
morphism ¢: B—» C of A-modules and to every homomorphism y: P—C
there exists a homomorphism B : P— B such that e =7.

Proof. Let P be free on S. Since ¢ is surjective we can find elements
b,e B, se S with ¢(b,)=7(s), se S. Define f as the extension of the func-
tion f : S— B given by f(s) = b,, se S. By the uniqueness part of Pro-
position 4.2 we conclude that ¢f=7. []

To emphasize theimportance of the property proved in Proposition 4.4
we make the following remark: Let A% B=» C be a short exact sequence
of A-modules. If P is a free A-module Proposition 4.4 asserts that every
homomorphism y:P—C is induced by a homomorphism f: P—B.
Hence using Theorem 2.1 we can conclude that the induced sequence

0— Hom, (P, A)-£Hom (P, B)-*> Hom,(P, C)—0 (4.1)

isexact, i.e. that ¢, is surjective. Conversely, it is readily seen that exactness
of (4.1) for all short exact sequences A B—» C implies for the module
P the property asserted in Proposition 4.4 for P a free module. Therefore
there is considerable interest in the class of modules having this property.
These are by definition the projective modules:

Definition. A A-module P is projective if to every surjective homo-
morphism ¢ : B— C of A-modules and to every homomorphism y : P—C
there exists a homomorphism ff : P— B with ¢ § = y. Equivalently, to any
homomorphisms &, y with € surjective in the diagram below there exists
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B such that the triangle =P
B .7
B—*—»C

is commutative.

As mentioned above, every free module is projective. We shall give
some more examples of projective modules at the end of this section.

Proposition 4.5. A direct sum (P P, is projective if and only if each P is.

iel

Proof. We prove the proposition only for A = P@ Q. The proof in the
general case is analogous. First assume P and Q projective. Let ¢: B— C
be surjective and y : P @ Q — C a homomorphism. Define yp=y1,: P—C
and yo = y14: Q— C. Since P, Q are projective there exist fip, B such that
eBp=7p, fo=7o- By the universal property of the direct sum there
exists f: P@Q— B such that fi,=pp and B1y=f,. It follows that
EP)ip=¢ePfp=7rp=71p and (¢f)1g=¢€fy=7¢="71o. By the uniqueness
part of the universal property we conclude that ¢f =y. Of course, this
could be proved using the explicit construction of P@® Q, but we prefer
to emphasize the universal property of the direct sum.

Next assume that P@Q is projective. Let ¢ : B—C be a surjection
and yp: P—C a homomorphism. Choose y, : Q—C to be the zero map.
We obtain y : P@® Q—C such that yip=7yp and y15 =y, =0. Since PO Q
is projective there exists : P @ Q— B such that ¢ff = y. Finally we obtain
&(B1p) =71p=yp. Hence B1p : P— B is the desired homomorphism. Thus P
is projective; similarly Q is projective. []

In Theorem 4.7 below we shall give a number of different characteriza-
tions of projective modules. As a preparation we define:

Definition. A short exact sequence A>*>B-»C of A-modules splits if
there exists a left inverse to ¢, i.e. a homomorphism ¢ : C— B such that
o&=1¢. The map o is then called a splitting.

We remark that the sequence A>%A@ C=C is exact, and splits
by the homomorphism 1. The following lemma shows that all split short
exact sequences of modules are of this form (see Exercise 3.7).

Lemma 4.6. Suppose that 6 : C— B is a splitting for the short exact
sequence A>2sB-*»C. Then B is isomorphic to the direct sum A®C.
Under this isomorphism, u corresponds to 1, and o to 1.

In this case we shall say that C (like A) is a direct summand in B.
Proof. By the universal property of the direct sum we define a map p

as follows A\ ,
'‘ADCorts B
pd

C a
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Then the diagram
A4 A C=»C

|

At ——B—E»C

is commutative; the left hand square trivially is; the right hand square
is by ep(a,c)=¢e(ua+oc)=0+ece=c, and nc(a,c)=c, ae 4, ceC.
By Lemma 1.1 y is an isomorphism. []

Theorem 4.7. Fora A-module P the following statements are equivalent :

(1) P is projective;

(2) for every short exact sequence A-*>B-“»C of A-modules the
induced sequence

0— Hom,(P, A)-**»Hom,(P, B)-=>Hom,(P, ()—0
is exact;
(3) if €: B—» P is surjective, then there exists a homomorphism §: P— B
such that ef=1p;
(4) P is a direct summand in every module of which it is a quotient;
(5) P is a direct summand in a free module.

Proof. (1)=>(2). By Theorem 2.1 we only have to show exactness at
Hom,(P, C), i.e. that ¢, is surjective. But since ¢ : B— C is surjective this
is asserted by the fact that P is projective.

(2)=>(3). Choose as exact sequence kere—B-2»P. The induced
sequence

0— Hom(P, ker £)— Hom (P, B)= Hom,(P, P)—0

is exact. Therefore there exists : P— B such that ¢f=1p.

(3)=>(4). Let P = B/A. then we have an exact sequence A~ B-<»P.
By (3) there exists f: P— B such that ¢ § = 1 ,. By Lemma 4.6 we conclude
that P is a direct summand in B.

(4)=(5). By Proposition 4.3 P is a quotient of a free module P
By (4) P is a direct summand in P'.

(5)=(1). By (5) P’=P®Q, where P’ is a free module. Since free
modules are projective, it follows from Proposition 4.5 that P is
projective. []

Next we list some examples:

(a) If A=K, a field, then every K-module is free, hence projective.

(b) By Exercise 2.2 and (2) of Theorem 4.7, Z, is not projective as a
module over the integers. Hence a finitely generated abelian group is
projective if and only if it is free.

(c) Let A=1Z,, the ring of integers modulo 6. Since Zz=Z;DPZ,
as a Zg-module, Proposition 4.5 shows that Z, as well as Z are projective
Z-modules. However, they are plainly not free Zg-modules.
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Exercises:

4.1. Let V be a vector space of countable dimension over the field K. Let
A=Homg(V, V). Show that, as K-vector spaces V, is isomorphic to V@ V.
We therefore obtain

A=Homg(V, V)= Homg(V®V, V)~ Homg(V, V)@ Homg(V, V) =A@ A.

Conclude that, in general, the free module on a set of n elements may be iso-
morphic to the free module on a set of m elements, with n+m.

4.2. Given two projective A-modules P, Q, show that there exists a free A-module R
such that POR=Q@®R is free. (Hint: Let P@P' and Q@ Q' be free. Define
R=P®Q®Q®POP'® - =0 B(POPI®QS2'D--)

4.3. Show that @ is not a free Z-module. .

4.4. Need a direct product of projective modules be projective?

45. Show that if 0-N—P—>A4—0, 0-M—Q—A—0 are exact with P,Q
projective, then P@ M =~ Q @ N. (Hint: Use Exercise 3.4.)

4.6. We say that A has a finite presentation if there is a short exact sequence
0—N—P—A—0 with P finitely-generated projective and N finitely-
generated. Show that

(i if A has a finite presentation. then. for every exact sequence

0—R—>S—A—0

with S finitely-generated, R is also finitely-generated:

(i) if A has a finite presentation, it has a finite presentation with P free;

(iti) if A has a finite presentation every presentation 0— N—P—A4—0
with P projective, N finitely-generated is finite, and every presentation
0— N— P— A—0 with P finitely-generated projective is finite:

(iv) if A has a presentation 0— N;— P,— A—0 with P, finitely-generated
projective, and a presentation 0— N,—P,—A—0 with P, projective, N,
finitely-generated, then A has a finite presentation (indeed, both the given
presentations are finite).

4.7. Let A=K(x,,...,X,,...) be the polynomial ring in countably many in-
determinates x,, ..., X,, ... over the field K. Show that the ideal I generated
by Xy, ..., X, --- is Dot finitely generated. Hence we may have a presentation
0—N—P—A—0 with P finitely generated projective and N not finitely-
generated.

5. Projective Modules over a Principal Ideal Domain

Here we shall prove a rather difficult theorem about principal ideal
domains. We remark that a very simple proof is available if one is content
to consider only finitely generated A-modules; then the theorem forms
a part of the fundamental classical theorem on the structure of finitely
generated modules over principal ideal domains.

Recall that a principal ideal domain A is a commutative ring with-
out divisors of zero in which every ideal is principal, i.e. generated by
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one element. It follows that as a module every ideal in A is isomorphic
to A itself.

Theorem 5.1. Over a principal ideal domain A every submodule of
a free A-module is free.

Since projective modules are direct summands in free modules,
this implies

Corollary 5.2. Over a principal ideal domain, every projective module
is free.

Corollary 5.3. Over a principal ideal domain, every submodule of a
projective module is projective.

Proof of Theorem 5.1. Let P = (P A;. where A;= A, be a free module

jelJ
and let R be a submodule of P. We shall show that R has a basis. Assume J
well-ordered and define for every je J modules
F(j)=@/1i’ P(,~)=@A.--
i<j isj
Then every element a € P, R may be written uniquely in the form (b, 1)

where be Pj, and 1€ A;. We define a homomorphism f;: P,nR—4
by f;(a) = 4. Since the kernel of f;is P, jO R we obtain an exact sequence

P(j,nR»—rP”,nR—-»imfj.

Clearly im f; is an ideal in A. Since A is a principal ideal domain, this ideal
is generated by one element, say ;. For 4;+0 we choose c;e P;NR,
such that fi(c)=4;. Let J'CJ cons:st of those Jj such that l +0. We
claim that the famlly {c;}.jeJ, is a basis of R.

First we show that {c;},j e J',is linearly independent. Let ) p,c; =0
k=1

and let j; <j, <--- <j,. Then applying the homomorphism f; , we get
B 1.(C;,) = ua4;, =0. Since 4;, # 0 this implies y, =0. The assertion then
follows by induction on n.

Finally, we show that {c;}, j€J’, generates R. Assume the contrary.
Then there is a least i € J such that there exists a e P ;N R which cannot
be written as a linear combination of {c;},jeJ .Ifi¢J thenae P;nR;
but then there exists k <i such that a e Py,nR, contradicting the mini-
mality of i. Thus ie J'.

Consider fi(a)=p4,; and form b=a — pc;. Clearly

Jib) = fi(@) — filuc)=0.

Hence beE,.)nR, and b cannot be written as a linear combination of
{c;}, j e J'. But there exists k <i with b € Py,NR, thus contradicting the
minimality of i. Hence {c;}, je J', is a basis of E. []
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Exercises:

5.1. Prove the following proposition, due to Kaplansky: Let A be a ring in which
every left ideal is projective. Then every submodule of a free A-module is
isomorphic to a direct sum of modules each of which is isomorphic to a left
ideal in A. Hence every submodule of a projective module is projective.
(Hint: Proceed as in the proof of Theorem 5.1.)

5.2. Prove that a submodule of a finitely-generated module over a principal ideal
domain is finitely-generated. State the fundamental theorem for finitely-
generated modules over principal ideal domains.

5.3. Let A4, B, C be finitely generated modules over the principal ideal domain A.

Show that if A@C=~B®C, then A= B. Give counterexamples if one drops

(a) the condition that the modules be finitely generated, (b) the condition that A

is a principal ideal domain.

Show that submodules of projective modules need not be projective. (1 =7,

where p is a prime. Z,—Z.—»Z, is short exact but does not split!)

5.5. Develop a theory of linear transformations T : V—V of finite-dimensional
vectorspaces over a field K by utilizing the fundamental theorem in the
integral domain K[T7].

54

6. Dualization, Injective Modules

We introduce here the process of dualization only as a heuristic
procedure. However, we shall see in Chapter II that it is a special case of
a more general and canonical procedure. Suppose given a statement
involving only modules and homomorphisms of modules; for example,
the characterization of the direct sum of modules by its universal property
given in Proposition 3.2:

“The system consisting of the direct sum S of modules {4}, jeJ,
together with the homomorphisms 1;: 4;—S, is characterized by
the following property. To any module M and homomorphisms
{y;: Aj—> M3}, je J. there is a unique homomorphism y : S— M such that
for every je J the diagram

iscommutative.”

The dual of such a statement is obtained by “reversing the arrows”;
more precisely, whenever in the original statement a homomorphism
occurs we replace it by a homomorphism in the opposite direction.
In our example the dual statement reads therefore as follows:

“Given a module T and homomorphisms {n;: T—A;}. jeJ. To
any module M and homomorphisms {¢;: M— A}, je J, there exists a
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unique homomorphism ¢ : M— T such that for every je J the diagram

is commutative.”

It is readily seen that this is the universal property characterizing
the direct product of modules {A4;}, jeJ, the x; being the canonical
projections (Proposition 3.3). We therefore say that the notion of the
direct product is dual to the notion of the direct sum.

Clearly to dualize a given statement we have to express it entirely
in terms of modules and homomorphisms (not elements etc.). This can be
done for a great many — though not all — of the basic notions introduced
in Sections 1, ..., 5. In the remainder of this section we shall deal with a
very important special case in greater detail: We define the class of
injective modules by a property dual to the defining property of projective
modules. Since in our original definition of projective modules the term
,.surjective” occurs, we first have to find a characterization of surjective
homomorphisms in terms of modules and homomorphisms only. This
is achieved by the following definition and Proposition 6.1.

Definition. A module homomorphism &: B— C is epimorphic or an
epimorphism if o, ¢ =a,¢ implies o, =a, for any two homomorphisms
0:C—M,i=12.

Proposition 6.1. ¢: B— C is epimorphic if and only if it is surjective.

Proof. Let B-5 C:;"M. If ¢ is surjective then clearly o, eb=a,¢eb
for all be B, implies a, c =a,c for all ce C. Conversely, suppose ¢ epi-

morphic and consider B-5C %VC/&B, where = is the canonical projec-

tion and O is the zero map. Since 0¢ =0 = n¢, we obtain 0 =r and there-
fore C/eB=0or C=¢B. []

Dualizing the above definition in the obvious way we have

Definition. The module homomorphism u: A— B is monomorphic
or a monomorphism if po, =po, implies o, =a, for any two homo-
morphisms o;: M—A.i=1.2.

Of course one expects that “monomorphic” means the same thing
as “injective”. For modules this is indeed the case; thus we have

Proposition 6.2. 1 : A— B is monomorphic if and only if it is injective.

Proof. If p is injective, then pa, x=pa,x for all xe M implies
oy x=0,x for all xe M. Conversely, suppose u monomorphic and
a,, a, € A such that ya, =pa,. Choose M =A and a;: 41— A such that
o;(1)=a;, i=1,2. Then clearly po; = pa,; hence o, =, and a, =a,. [
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It should be remarked here that from the categorical point of view
(Chapter II) definitions should whenever possible be worded in terms of
maps only. The basic notions therefore are “epimorphism” and “mono-
morphism”, both of which are defined entirely in terms of maps. It is
a fortunate coincidence that, for modules, “monomorphic” and “injective”
on the one hand and “epimorphic” and “surjective” on the other hand
mean the same thing. We shall see in Chapter II that in other categories
monomorphisms do not have to be injective and epimorphisms do not
have to be surjective. Notice that, to test whether a homomorphism is
injective (surjective) one simply has to look at the homomorphism
itself, whereas to test whether a homomorphism is monomorphic
(epimorphic) one has, in principle, to consult all A:module homo-
morphisms.

We are now prepared to dualize the notion of a projective module.

Definition. A A-module I is called injective if for every homomorphism
o:A—I and every monomorphism pu:A~B there exists a homo-
morphism f: B—1I such that fu=a, i.e. such that the diagram

A—t B

al ﬁ

Ic

is commutative. Since u may be regarded as an embedding, it is natural
simply to say that I is injective if homomorphisms into I may be extended
(from a given domain A to a larger domain B).

Clearly. one will expect that propositions about projective modules
will dualize to propositions about injective modules. The reader must
be warned, however, that even if the statement of a proposition is dualiz-
able, the proof may not be. Thus it may happen that the dual of a true
proposition turns out to be false. One must therefore give a proof of the
dual proposition. One of the main objectives of Section 8 will, in fact,
be to formulate and prove the dual of Theorem 4.7 (see Theorem 8.4).
However, we shall need some preparation; first we state the dual of
Proposition 4.5.

Proposition 6.3. A direct product of modules [] I, is injective if and
only if each I, is injective. [] jeJ

The reader may check that in this particular instance the proof of
Proposition 4.5 is dualizable. We therefore leave the details to the reader.

Exercises:

6.1. (a) Show that the zero module O is characterized by the property: To any
module M there exists precisely one homomorphism ¢ : 0— M.
(b) Show that the dual property also characterizes the zero module.
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6.2. Give a universal characterization of kernel and cokernel, and show that kernel
and cokernel are dual notions.

6.3. Dualize the assertions of Lemma 1.1, the Five Lemma (Exercise 1.2) and those
of Exercises 3.4 and 3.5.

6.4. Let ¢ : A— B. Characterize img, ¢ ! B, for B, C B, without using elements.
What are their duals? Hence (or otherwise) characterize exactness.

6.5. What is the dual of the canonical homomorphism o : P 4;,— [] 4? What is

ieJ iel
the dual of the assertion that ¢ is an injection? Is the dual true?

7. Injective Modules over a Principal 1deal Domain

Recall that by Corollary 5.2 every projective module over a principal
ideal domain is free. It is reasonable to expect that the injective modules
over a principal ideal domain also have a simple structure. We first
define:

Definition. Let A be an integral domain. A A-module D is divisible
if for every d e D and every 0 # A € A there exists ce D such that Alc=d.
Note that we do not require the uniqueness of c.

We list a few examples:

(@) As Z-module the additive group of the rationals @ is divisible.
In this example ¢ is uniquely determined.

(b) As Z-module Q/Z is divisible. Here c is not uniquely determined.

(c) The additive group of the reals R, as well as IR/Z, are divisible.

(d) A non-trivial finitely generated abelian group A4 is never divisible.
Indeed, A is a direct sum of cyclic groups, which clearly are not divisible.

Theorem 7.1. Let A be a principal ideal domain. A A-module is in-
Jjective if and only if it is divisible.

Proof. First suppose D is injective. Let de D and 0+1e /1. We
have to show that there exists ce D such that Ac=d. Define a: A—D
by a(l)=d and u: A—A by p(l)=A. Since A is an integral domain,
u(E)=£E21=0if and only if £=0. Hence y is monomorphic. Since D is
injective. there exists f#: A— D such that fu=oa. We obtain

d=a(1)=Bu(1)=p()=1p().

Hence by setting ¢ = (1) we obtain d = Ac. (Notice that so far no use is
made of the fact that A is a principal ideal domain.)
Now suppose D is divisible. Consider the following diagram

A—t5B

|

D
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We have to show the existence of f: B—D such that gu=a. To
simplify the notation we consider u as an embedding of a submodule 4
into B. We look at pairs (4, a;) with AS A4;S B, a;: A;— D such that
;| 4 =a. Let @ be the set of all such pairs. Clearly @ is nonempty, since
(4,0) is in @. The relation (4;, ;) S (A4, o) if A;S A4, and o], =0;
defines an ordering in @. With this ordering & is inductive. Indeed,
every chain (A4;,a;), jeJ has an upper bound, namely ((JA4;, (Ja;)
where ( ) 4; is simply the union, and )« is defined as follows: Ifae | ) 4;,
then a € A, for some k € J. We define docj(a) =oy(a). Plainly | o, is well-
defined and is a homomorphism, and

(Aj, 05,-) §(U Aja Uaj) .

By Zorn’s Lemma there exists a maximal element (4, ) in ¢. We shall
show that 4 = B, thus proving the theorem. Suppose A + B; then there
exists be B with b ¢ A. The set of A€ A such that Abe 4 is readily seen
tobeanideal of A. Since A isa principalideal domain, thisideal is generated
by one element, say A,. If 1, +0. then we use the fact that D is divisible
to find ¢ € D such that %(4ob) = Ao c. If 45 =0, we choose an arbitrary c.
The homomorphism @ may now be extended to the module 4 generated
by A and b, by setting &(a + 1b) =a(@) + Ac. We have to check that this
definition is consistent. If b € 4, we have &(Ab) = Ac. But A = £ A, for some
¢ € A and therefore Ab=&2,b. Hence

a(Ab)=0(EAgb)=La(Aob) =EAgc=Ac.

Since (4, &)<(A~, &), this contradicts the maximality of (4,a), so that
A=B as desired. []

Proposition 7.2. Every quotient of a divisible module is divisible.

Proof. Let ¢: D—E be an epimorphism and let D be divisible.
For ec E and 0+ € A there exists d e D with ¢(d)=e and d’ € D with
Ad'=d. Setting ¢ =¢(d’) we have le'=Ae(d)=¢e(Ad)=¢e(d)=e. []

As a corollary we obtain the dual of Corollary 5.3.

Corollary 7.3. Let A be a principal ideal domain. Every quotient of an
injective A-module is injective. (]

Next we restrict ourselves temporarily to abelian groups and prove
in that special case

Proposition 7.4. Every abelian group may be embedded in a divisible
(hence injective) abelian group.

The reader may compare this Proposition to Proposition 4.3, which
says that every A-module is a quotient of a free, hence projective, A-
module.

Proof. We shall define a monomorphism of the abelian group A4
into a direct product of copies of Q/Z. By Proposition 6.3 this will
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suffice. Let 0+ a e A and let (a) denote the subgroup of 4 generated by a.
Define « : (a)—Q/Z as follows: If the order of ae A is infinite choose
0 + a(a) arbitrary. If the order of a€ A is finite, say n, choose 0+ a(a)
to have order dividing n. Since @Q/Z is injective, there exists a map
B.:A— Q/Z such that the diagram

(a)—A
a J ﬁn
O/Z

is commutative. By the universal property of the product, the g, define

aunique homomorphismf: 4— n (QZ),.Clearly fisa monomorphism

acA
a*0

since B (@) +0ifa+0. []

For abelian groups, the additive group of the integers Z is projective
and has the property that to any abelian group G + 0 there exists a non-
zero homomorphism ¢ : Z— G. The group Q/Z has the dual properties;
it is injective and to any abelian group G %0 there is a nonzero homo-
morphism y: G— @Q/Z. Since a direct sum of copies of Z is called free,
we shall term a direct product of copies of Q/Z cofree. Note that the two
properties of Z mentioned above do not characterize Z entirely. Therefore
“cofree” is not the exact dual of “free”, it is dual only in certain respects.
In Section 8 the generalization of this concept to arbitrary rings is
carried through.

Exercises:

7.1. Prove the following proposition: The A-module I is injective if and only if
for every left ideal J C A and for every A-module homomorphism a : J— I the

diagram J—A

a ) ﬂ
II-
may be completed by a homomorphism g : A— I such that the resulting triangle
is commutative. (Hint: Proceed as in the proof of Theorem 7.1.)

7.2. Let 0—R—F—A—0 be a short exact sequence of abelian groups, with F
free. By embedding F in a direct sum of copies of Q. show how to embed 4
in a divisible group.

7.3. Show that every abelian group admits a unique maximal divisible subgroup.

7.4. Show that if 4 is a finite abelian group, then Homz(A4, Q/Z)= A. Deduce
that if there is a short exact sequence 0— A'— A— A"—0 of abelian groups
with A finite, then there is a short exact sequence 0—A4"—A—A'—0.

7.5. Show that a torsion-free divisible group D is a @Q-vector space. Show that
Homgy(4, D) is then also divisible. Is this true for any divisible group D?

7.6. Show that @ is a direct summand in a direct product of copies of Q/Z.
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8. Cofree Modules

Let A be a right A-module and let G be an abelian group. Regarding 4
as an abelian group we can form the abelian group Homgy(A4, G) of
homomorphisms from A4 into G. Using the right A-module structure
of A we define in Homg(A4, G) a left A-module structure as follows:

Ap)(@=0plal), aeA, leA, peHomy(4,G).
We leave it to the reader to verify the axioms. Similarly if 4 is a left
A-module, Homz(A4, G) acquires the structure of a right A-module.

Proposition 8.1. Let A be a left A-module and let G be an abelian group.
Regard Homg(A, G) as a left A-module via the right A-module structure
of A. Then there is an isomorphism of abelian groups

n=n,: Hom,(A, Homg(A, G))=>Homg(4, G).
Moreover, for every A-module homomorphism o:A— B the diagram
Hom,(B, Homg(A. G))—2>Homy(B. G)
a* a* (8.1)

Hom,(A4, Homg(A, G))—2>Homyg(4, G)

is commutative. (In this situation we shall say that n is natural.)

Proof. Let ¢:A—Homgz(A.G) be a A-module homomorphism.
We define a homomorphism of abelian groups ¢': A—G by

o'(@)=(p@)(1), aecA.

Conversely, a homomorphism of abelian groups y: A— G gives rise to
y': A—>Homg(4, G) by (v'(a)) (A)=y(La). ae A, Ae A. Clearly y' is a
homomorphism of abelian groups. We have to show that ¢’ is a homo-
morphism of A-modules. Indeed. let { e A, then (y'({a))(})=y(1{a);
on the other hand ({(y'(@))) () =(v'(@) (A)=w(Ala). Clearly, pr>¢’
and yp+—y’ are homomorphisms of abelian groups. Finally, we claim
(¢) = ¢ and () =y. Indeed, (v) (a) = (v'(a)) (1) = y(a), and

(@) @) (D) =¢'(2a) = (p(2a) (1),
(e(1a) () =(Ae@)) (1) =(¢(a) (1) =(¢(a) (A),

since ¢ is a A-module homomorphism. Thus we define n by setting
n(@)=¢’. and 5 is an isomodrphism. The naturality of 7, i.e. the com-
mutativity of the diagram (8.1). is evident. Notice that a* on the right
of the diagram (8.1) is a homomorphism of left A-modules. []

but
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We now look at A* = Homg(A, Q/Z). which is made into a left
A-module using the right A-module structure of 4. We claim that A*
has the property that to any nonzero A-module 4 there is a nonzero
homomorphism ¢ : A— A*. Indeed, any nonzero homomorphism of
abelian groups y: A— @Q/Z will correspond by Proposition 8.1 to a
nonzero @ : A—A*. Also, it will follow from Theorem 8.2 below that
A* is injective (set G = Q/Z). We therefore define

Definition. A A-module is cofree if it is the direct product of modules
A* = Homgz(A, Q/Z). Note that this is consistent with the description
of Q/Z as a cofree group, since Homg(Z. Q/Z) = Q/Z.

Theorem 8.2. Let G be a divisible abelian group. Then A = Homg(A, G)
is an injective A-module.

Proof. Let u: A— B be a monomorphism of A-modules, and let
a: A— A a homomorphism of A-modules. We have to show that there
exists f: B— A such that $u =o. To prove this, we remark thato: 4— A
corresponds by Proposition 8.1 to a homomorphism of abelian groups
o : A—G. Since G is injective, there exists ': B—G such that f'u=«o'.
Under the inverse of 7 in Proposition 8.1 we obtain a homomorphism of
A-modules f: B— A. Finally by the naturality of #, the diagram

A—E B

is commutative. []

We are now prepared to prove the dual of Proposition 4.3.

Proposition 8.3. Every A-module A is a submodule of a cofree, hence
injective, A-module.

Proof. Let 0+ a e A and let (a) denote the submodule of 4 generated
by a. By the remarks preceeding Theorem 8.2 there exists a nonzero
A-homomorphisma : (a)— A*. Since A* isinjective thereexists §,: A— A*
such that the diagram

(a)—— A

a < ‘Aﬂa
K

A*

iscommutative. By the universal property of the direct product the ,define
a homomorphism f: A— [] (A¥), where A* = A*. Clearly f is mono-

acA
. a*0
morphic. []
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We conclude this section by dualizing Theorem 4.7.

Theorem 8.4. For a A-module I the following statements are equivalent :

(1) I is injective;

(2) for every exact sequence A~*>B-“»C of A-modules the induced
sequence . .
0—Hom (C, I)~>Hom,(B, I)*->Hom,(4, )—0
is exact;

(3) if u: I B is a monomorphism, then there exists §: B— I such that
Bu=1g;

@) I is a direct summand in every module which contains I as sub-
module;

(5) I is a direct summand in a cofree module.

The proof is dual to the proof of Theorem 4.7. For the step (3)=>(4)
one needs the dual of Lemma 4.6. The details are left to the reader. []

Note that, to preserve duality, one should really speak of “direct
factor” in (4) and (5), rather than “direct summand”. However, the two
notions coincide!

Exercises:

8.1. Complete the proof of Theorem 8.4.

8.2. Let A be a A-module and let G be a divisible abelian group containing A.
Show that we may embed A in an injective module by the scheme

A= Hom,(A, A)S Homgz(A, A) € Homz(4, G).
(You should check that we obtain an embedding of A-modules.)

8.3. For any A-module A, let A* be the right A-module Homgz(A4, Q/Z). Show
that A4 is naturally embedded in A**. Use this embedding and a free presenta-
tion of A* to embed 4 in a cofree module.

8.4. Suppose given 0—»A4A—I,—J,—0, 0—>A4—1,—J,—0, with I, I, injective.
Show that I, ®J, =1, ®J,. To what statement is this dual?

8.5. State a property of divisible modules which you suspect may not hold for
arbitrary injective modules.

9. Essential Extensions

In this section we shall show that to a given A-module A there exists
an injective module E containing 4 such that every injective module
containing A also contains an isomorphic copy of E. This property
will define E up to isomorphism. E is called the injective envelope of A.
We remark (see Exercise 9.5) that the dual of the injective envelope
(“projective cover”) does not exist in general.

Definition. A monomorphism u: A B is called essential if for any
submodule H of B, H =+ 0 implies HnuA+0. If 4 is regarded as a sub-
module of B then B is called an essential extension of A (see [12]).
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Examples. (a) As abelian group @ is an essential extension of Z.

(b) The module B=A@® C can never be an essential extension of 4.
unless C=0. For CnA4=0.

Note that if B is an essential extension of A, and C is an essential
extension of B, then C is an essential extension of 4.

Proposition 9.1. B is an essential extension of A if and only if, for every
04+ be B, there exists A€ A such that Abe A and Ab 0.

Proof. Let B be an essential extension of 4, and let H be the submodule
generated by be B. Since H+0 it follows that HNnA +0, i.e. there
exists A€ A4 such that 0+Abe A. Conversely, let H be a non-trivial
submodule of B. For 0% he H there exists A€ A such that 0Ahe A.
Therefore HN A+ 0, and B is an essential extension of 4. [}

Let 4 be a submodule of a A-module M. Consider the set @ of essential
extensions of 4, contained in M. Since A4 is an essential extension of itself,
@ is not empty. Under inclusion, @ is inductive. Indeed, if {E;}, jeJ,
is a chain of essential extensions of 4 contained in M, then it follows
easily from Proposition 9.1 that their union | ) E; is again an essential

jelJ
extension of 4 contained in M. By Zorn’s Lemma there exists a maximal
essential extension E of 4 which is contained in M.

Theorem 9.2. Let A be a submodule of the injective module 1. Let E
be a maximal essential extension of A contained in I. Then E is injective.

Proof. First we show that E does not admit uny non-trivial essential
monomorphism.

Let u: E—X be an essential monomorphism. Since I is injective,
there exists a homomorphism & : X — I completing the diagram

E—t X

®

I

We show that £ is monomorphic. Let H be the kernel of £. We then
have HC X and HNuE=0. Hence keré =H =0, for u is essential. It
follows that £X is an essential extension of 4 contained in I. Since E is
maximal, it follows that X =E.

Now consider the set ¥ of submodules H L I such that HNE=0.
Since 0e ¥, ¥ is non empty. it is ordered by inclusion and inductive.
Hence by Zorn’s Lemma there exists a maximal submodule H of I
such that HNE=0. The canonical projection 7:I—»I;H induces a
monomorphism ¢ =7|;: E~—»I/H. We shall show that ¢ is essential.
Let H/H be a non-trivial submodule of I/H, i.e. let HC H € I where the
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first inclusion is strict. By the maximality of H the intersection HNE
is non-trivial, hence H/H n¢ E is non-trivial. It follows that o is essential.
By the first part of the proof E admits no proper essential monomorphism,
whence it follows that o: E=I/H is an isomorphism. The sequence
H~—I"""%»E now splits by the embedding of E in I. Therefore E is
a direct summand in I and is injective by Proposition 6.3. []

Corollary 9.3. Let E,, E, be two maximal essential extensions of A
contained in injective modules I,. I,. Then E, >~ E, and every injective
module I containing A also contains a submodule isomorphic to E,. []

Definition. E, is called the injective envelope of A.

Proof. Consider the diagram

A——E,

|

E,

Since E, is injective there exists &: E,—E, completing the diagram.
As in the proof of Theorem 9.2 one shows that ¢ is monomorphic. But
then E,, as an essential extension of A4, is also an essential extension of E,,
which shows, again as in the proof of Theorem 9.2, that ¢: E, S E,.
The proof of the second part is now trivial. []

Exercises:

9.1. Compute the injective envelope of Z. Z,,, p prime, Z,.

9.2. Show that if B; is an essential extension of A4,, i=1,2, then B,®B, is an
essential extension of 4, @ A,. Extend this to direct sums over any index set J.

9.3. Given any abelian group A, let T(A) be its torsion subgroup and F(A4) = A/T(A).
Show that ¢ : A— B induces T(¢) : T(A)— T(B), F(¢) : F(A)— F(B), and that ¢
is a monomorphism if and only if T(¢) and F(¢) are monomorphisms. Show
that the monomorphism ¢ is essential, if and only if T(¢) and F(¢) are essential.
Now suppose given

0—> T(A)— A— F(4)—0

L]

0—— T(B)— B—— F(B)—0

|l

0— T(C)— C—F(C)—/0

where AC C is to be regarded as fixed, and B is an essential extension of A.
Show that if T(B) and F(B) are maximal, so is B. Show that if B is maximal,
so is T(B), but that F(B) may fail to be maximal.
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Show that if C is divisible, so are T{C) and F(C). What does this tell us
about the injective envelope of T(A), A and F(A)?

9.4. Give a procedure for calculating the maximal essential extension of 4 in B,
where B is a finitely generated abelian group.

9.5. Show that the dual of an injective envelope does not always exist. That is, given
a A-module A4, we cannot in general find P-%» A, P projective, such that. given
0-1» A, Q projective, we may factor n as Q-<»P-»A. (Hint: Take A=1Z,
A=1Zs.) Where does the dual argument fail?



II. Categories and Functors

In Chapter I we discussed various algebraic structures (rings, abelian
groups, modules) and their appropriate transformations (homomor-
phisms). We also saw how certain constructions (for example, the forma-
tion of Hom (A4, B) for given A-modules A, B) produced new structures
out of given structures. Over and above this we introduced certain
“universal” constructions (direct sum, direct product) and suggested
that they constituted special cases of a general, and important, procedure.
Our objective in this chapter is to establish the appropriate mathematical
language for the general description of mathematical systems and of
mappings of systems, insofar as that language is applicable to homo-
logical algebra.

The language of categories and functors was first introduced by
Eilenberg and MacLane [13] to provide a precise description of the
processes involved in algebraic topology. Since then an independent
mathematical theory has grown up around the basic concepts of the
language and today the development, elaboration and application of this
theory constitute an extremely active area of mathematical research. It is
not our intention to give a treatment of this developing theory; the reader
who wishes to pursue the topic of categorical algebra is referred to the
texts [6, 18, 35, 37-39] for further reading. Indeed, the reader familiar
with the elements of categorical algebra may use this chapter simply as
a source of relevant facts, terminology and notation.

1. Categories

To define a category € we must give three pieces of data:

(1) a class of objects A, B, C, ...,

(2) to each pair of objects A4, B of €. a set €(A, B) of morphisms from
A to B,

(3) to each triple of objects A, B, C of €, a law of composition

€(4, B) x €(B, O)—6(4, C).

Before giving the axioms which a category must satisfy we introduce
some auxiliary notation: this should also serve to relate our terminology
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and notation with ideas which are already very familiar. If f e €(4, B)
we may think of the morphism f as a generalized “function™ from 4 to

B and write
f:A—>B or ALB;

we call f a morphism from the domain A to the codomain (or range) B.
The set €(A4, B) x €(B, C) consists, of course, of pairs ( f, g) where f: A— B,
g : B— C and we will write the composition of fandgasg ‘f or, simply, g f.
The rationale for this notation (see the Introduction) lies in the fact that
if A, B, C are sets and f, g are functions then the composite function from
A to C is the function h given by

h(@=g(f(@), ae4d.

Thus if the function symbol is written to the left of the argument
symbol one is naturally led to write h= fg. (Of course it will turn out
that sets, functions and function-composition do constitute a category.)

We are now ready to state the axioms. The first is really more of
a convention, the latter two being much more substantial.

A 1: The sets €(A,, B,), €(A4,, B,) are disjoint unless A, = 4,, B, =B,.
A2: Given f: A—B, g:B—C, h: C—D, then
h(gf)=(hg)f (Associative law of composition).

A 3: To each object A there is a morphism 1,: A— A such that, for
any f: A—B, g:C— A,

flu=1, 1,9=g (Existence of identities).

It is easy to see that the morphism |, is uniquely determined by
Axiom A 3. We call 1, the identity morphism of A, and we will often
suppress the suffix 4, writing simply

fl=f, lg=g.

As remarked, and readily verified, the category S of sets, functions and
function-composition satisfies the axioms. We often refer to the category
of sets $; indeed, more generally, in describing a category we omit
reference to the law of composition when the morphisms are functions
and composition is ordinary function-composition (or when, for some
other reason, the law of composition is evident), and we even omit
reference to the nature of the morphisms if the context, or custom, makes
their nature obvious.

A word is necessary about the significance of Axiom A 1. Let us
consider this axiom in &. It is standard practice today to distinguish
two functions if their domains are distinct, even if they take the same
values whenever they are both defined. Thus the sine function sin : R—R
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is distinguished from its extension sin:C—C to the complex field.
However, the two functions

sin:R—R, sin:R—[—1,1]

would normally be regarded as the same function, although we have
assigned to them different codomains. However we will see that it is useful
— indeed, essential — in homological algebra to distinguish morphisms
unless their (explicitly specified) domains and codomains coincide.

It is also crucial in topology. Suppose f; : X—Y,, f>: X— Y, are two
continuous functions which in fact take the same values, i.e., f; (x) = f,(x),
x € X. Then it may well happen that one of those functions is contractible
whereas the other is not. Take, as an example, X = S!, the unit circle in
R?, f, the embedding of X in IR? and f, the embedding of X in IR2—(0).
Then f; is contractible, while f, is not, so that certainly f, and f, should
be distinguished.

Notice also that the composition g f is only defined if the codomain
of f coincides with the domain of g.

We say that a morphism f: A— B in € is isomorphic (or invertible)
if there exists a morphism g: B— 4 in € such that

9f=1,, fg=1z.

It is plain that g is then itself invertible and is uniquely determined by f;
we write g= f !, so that

Ht=r.

It is also plain that the composite of two invertible morphisms is again
invertible and thus the relation

A=B if there exists an invertible f:A—B

(A is isomorphic to B) is an equivalence relation on the objects of the
category €. This relation has special names in different categories (one-
one correspondence of sets, isomorphism of groups, homeomorphism of
spaces), but it is important to observe that it is a categorical concept.

We now list several examples of categories.

(a) The category S of sets and functions;

(b) the category T of topological spaces and continuous functions;

(c) the category ® of groups and homomorphisms;

(d) the category Ub of abelian groups and homomorphisms;

(e) the category B of vectorspaces over the field F and linear trans-
formations;

(f) the category G, of topological groups and continuous homo-
morphisms;

(g) the category R of rings and ring-homomorphisms;
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(h) the category R, of rings-with-unity-element and ring-homo-
morphisms preserving unity-element;

(i) the category M, of left A-modules, where A is an object of R,
and module-homomorphisms;

() the category 9, of right A-modules.

Plainly the list could be continued indefinitely. Plainly also each
category carries its appropriate notion of invertible morphisms and iso-
morphic objects. In all the examples given the morphisms are structure-
preserving functions; however, it is important to emphasize that the
morphisms of a category need not be functions, even when the objects
of the category are sets perhaps with additional structure. To give one
example, consider the category I, of spaces and homotopy classes of
continuous functions. Since the homotopy class of a composite function
depends only on the homotopy classes of its factors it is evident that I,
is a category — but the morphisms are not themselves functions. Other
examples will be found in Exercises 1.1, 1.2.

Returning to our list of examples, we remark that in examples c, d,
e,f, g.1.] the category € in question possesses an object 0 with the property
that, for any object X in €, the sets €(X.0) and €(0, X) both consist of
precisely one element.

Thus in ® and AUb we may take for 0 any one-element group. It is
easy to prove that. if € possesses such an object 0, called a zero object,
then any two such objects are isomorphic and €(X, Y) then possesses
a distinguished morphism,

X—0-Y,

called the zero morphism and written Oyy. For any f: W— X, g: Y—Z
in € we have

Oxyf/=0wy, ¢gO0xy=0x;.

As with the identity morphism, so with the zero morphism 0y, we will
usually suppress the indices and simply write 0. If € possesses zero objects
it is called a category with zero objects.

If we turn to example (a) of the category © then we notice that, given
any set X, S(@, X) consists of just one element (where @ is the empty set)
and S(X, (p)) consists of just one element (where (p) is a one-element set).
Thus in S there is an initial object @ and a terminal (or coinitial)
object (p), but no zero object. The reader should have no difficulty in
providing precise definitions of initial and terminal objects in a cate-
gory €, and will readily prove that all initial objects in a category € are
isomorphic and so, too, are all terminal objects.

The final notion we introduce in this section is that of a subcategory €,
of a given category €. The reader will readily provide the explicit defini-
tion; of particular importance among the subcategories of € are the full
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subcategories, that is, those subcategories €, of € such that
Cy(A. B)=C(A. B)

for any objects A4, B of €,. For example, b is a full subcategory of ®,
but R, is a subcategory of R which is not full.

Exercises:

1.1. Show how to represent an ordered set as a category. (Hint: Regard the
elements a, b, ... of the set as objects in the category, and the instances a<b
of the ordering relation as morphisms a—b.) Express in categorical language
the fact that the ordered set is directed [16]. Show that a subset of an ordered
set, with its natural ordering, is a full subcategory.

1.2. Show how to represent a group as a category with a single object, all mor-
phisms being invertible. Show that a subcategory is then precisely a subgroup.
When is the subcategory full?

1.3. Show that the category of groups has a generator. (A generator U of a category
€ is an object such that if f,g: X—Y in G, f + g, then there exists u: U—X
with fusgu.)

1.4. Show that, in the category of groups. there is a one-one correspondence between
elements of G and morphisms Z—G.

1.5. Carry out exercises analogous to Exercises 1.3, 1.4 for the category of sets,

the category of spaces, the category of pointed spaces (i.e. each space has

a base-point and morphisms are to preserve base-points, see [21]).

Set out in detail the natural definition of the Cartesian product €, x €, of two

categories €, €,.

1.7. Show that if a category has a zero object, then every initial object, and every
terminal object, is isomorphic to that zero object. Deduce that the category
of sets has no zero object.

1.6.

.

2. Functors

Within a category € we have the morphism sets €(X, Y) which serve
to establish connections between different objects of the category. Now
the language of categories has been developed to delineate the various
areas of mathematical theory; thus it is natural that we should wish to
be able to describe connections between different categories. We now
formulate the notion of a transformation from one category to another.
Such a transformation is called a functor; thus, precisely, a functor
F : €— Dis a rule which associates with every object X of € an object FX
of D and with every morphism fin €(X, Y)amorphism F f in D(F X, FY),
subject to the rules

F(fo)=(Ff)(Fg), F(1,)=1p,. @1
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The reader should be reminded, in studying (2.1), of rules governing
homomorphisms of familiar algebraic systems. He should also observe
that we have evidently the notion of an identity functor and of the com-
position of functors. Composition is associative and we may thus pass
to invertible functors and isomorphic categories.

We now list several examples of functors. The reader will need to
establish the necessary facts and complete the descriptions of the functors.

(a) The embedding of a subcategory €, in a category € is a functor.

(b) Let G be any group and let G/G’ be its abelianized group, i.e. the
quotient of G by its commutator subgroup G’. Then G+— G/G’ induces
the abelianizing functor Abel: &— &. Of course this functor may also
be regarded as a functor ® —Ub. This example enables us to exhibit.
once more, the importance of being precise about specifying the codomain
of a morphism. Consider the groups G = Cj. the cyclic group of order 3
generated by t, say, and H = S,, the symmetric group on three symbols.
Let ¢ : G— H be given by ¢(t) =(123), the cyclic permutation. Let H,
be the subgroup of H generated by (123) and let ¢,: G— H, be given
by ¢@o(t)=(123). It may well appear pedantic to distinguish ¢, from ¢
but we justify the distinction when we apply the abelianizing functor
Abel : 6— 6. For plainly Abel(G)=G, Abel(H,)=H,, Abel(¢,) =@,
which is an isomorphism. On the other hand, H, is the commutator
subgroup of H, so that Abel(H) = H/H,, and so Abel(¢) =0, the constant
homomorphism (or zero morphism) G— H/H,, (= C,). Thus Abel(¢) and
Abel(¢p,) are utterly different!

(c) Let S be a set and let F(S) be the free abelian group on S as basis.
This construction yields the free functor F : S— b. Similarly there are
free functors 8— 6, S— B, S—-M,, S—>M, etc.

(d) Underlying every topological space there is a set. Thus we get an
underlying functor U : T—&. Similarly there are underlying functors
from all the examples (a) to (j) of categories (in Section 1) to &. There
are also underlying functors !, — Ab, M", — Ab, R— AD, etc., in which
some structure is “forgotten” or “thrown away”.

(¢) The fundamental group may be regarded as a functor n: I°—®,
where T° is the category of spaces-with-base-point (see [21]). [t may
also be regarded as a functor 7 : TP — ®, where the subscript h indicates
that the morphisms are to be regarded as (based) homotopy classes of
(based) continuous functions. Indeed there is an evident classifying
functor Q : I°— I} and then = factors as 1 =7 Q.

(f) Similarly the (singular) homology groups are functors T —Ub
(or T,—AD).

(g) We saw in Chapter [ how the set M), (4, B)= Hom (4, B) may be
given the structure of an abelian group. If we hold A fixed and define
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ML (A, —): M, —ADb by

then 9, (4, —) is a functor. More generally, for any category € and
object A of €, €(A4, —) is a functor from € to &. We say that this functor
is represented by A. It is an important question whether a given functor
(usually to €) may be represented in this sense by an object of the
category.

In viewing the last example the reader will have noted an asym-
metry. We have recognized M, (4, —) as a functor IM,—Ab, but if
we look at the corresponding construct M, (—, B): M, —Ab, we see
that this is not a functor. For, writing F for M, (—, B), then F sends
f:A,—A, to Ff:FA,—FA,. This “reversal of arrows” turns up fre-
quently in applications of categorical ideas and we now formalize the
description.

Given any category €. we may form a new category €°PP, the category
opposite to €. The objects of €°PP are precisely those of €, but

EPP(X, Y)=C(Y, X). 22

Then the composition in E°PP is simply that which follows naturally
from (2.2) and the law of composition in €. It is trivial to verify that €°PP
is a category with the same identity morphisms as €, and that if € has
zero objects, then the same objects are zero objects of €°PP. Moreover,

(CorPyoPP = , (2.3)

Of course the construction of €°P° is merely a formal device. However
it does enable us to express precisely the contravariant nature of ), (—, B)
or, more generally, €(—, B), and to formulate the concept of categorical
duality (see Section 3).

Thus, given two categories € and T a contravariant functor from €
to D is a functor from €°PP to D. The reader should note that the effective
difference between a functor as originally defined (often referred to as
a covariant functor) and a contravariant functor is that, for a contra-
variant functor F from € to D, F maps €(X, Y) to D(FY, FX) and
(compare (2.1)) F(fg)=F(g) F(f). We give the following examples of
contravariant functors.

(a) €(—. B). for B an object in €. is a contravariant functor from €
to S. Similarly, M’ (—, B). M,(—, B) are contravariant functors from
ML, P, respectively to Ab. We say that these functors are represented
by B.

(b) The (singular) cohomology groups are contravariant functors
T—ADb (or T,—AD).

(c) Let A be an object of 3, and let G be an abelian group. We saw
in Section . 8 how to give Homz(A4, G) the structure of a left A-module.
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Homgz(—, G) thus appears as a contravariant functor from 9, to M.,
Further examples will appear as exercises.

Finally we make the following definitions. Recall from Section 1 the
notion of a full subcategory. Consistent with that definition, we now
define a functor F:C— D as full if F maps €(A4. B) onto D(F A, FB) for
all objects A, B in €, and as faithful if F maps €(4, B) injectively to
D(FA, FB). Finally F is a full embedding if F is full and faithful and
one-to-one on objects. Notice that then F(€) is a full subcategory of D
(in general, F(€) is not a category at all).

Exercises:

2.1. Regarding ordered sets as categories, identify functors from ordered sets to
ordered sets, and to an arbitrary category €. Also interpret the opposite
category. (See Exercise 1.1.)

2.2. Regarding groups as categories, identify functors from groups to groups. Show

that the opposite of a group is isomorphic to the group.

Show that the center is not a functor &—® in any obvious way. Let G_,; be

the subcategory of ® in which the morphisms are the surjections. Show that
the center is a functor 6,,;— 6. Is it a functor G, — G.,;?

2.4. Give examples of underlying functors.

2.5. Show that the composite of two functors is again a functor. (Discuss both
covariant and contravariant functors.)

2.6. Let & associate with each commutative unitary ring R the set of its prime
ideals. Show that & is a contravariant functor from the category of commu-
tative unitary rings to the category of sets. Assign to the set of prime ideals
of R the topology in which a base of neighborhoods is given by the sets of
prime ideals containing a given ideal J, as J runs through the ideals of R.
Show that @ is then a contravariant functor to X.

2.7. Let F:@; x €,—D be a functor from the Cartesian product €, x €, to the
category T (see Exercise 1.6). F is then also called a bifunctor from (C,, €,)
to D. Show that, for each C, €€,, F determines a functor F¢,:€,—D and,
similarly, for each C, € €,, a functor F,: €, —D, such that, if ¢, : C;—Cj,
@, : C,—C), then the diagram

2.3,

F(Cy, C)"= 2 F(Cy, Cy)

FCI(Q’z)l Fc,(92) (*)

" F, 2\P1L
F(Cy, Cy) =22 F(Cy, Cy)

commutes. What is the diagonal of this diagram? Show conversely that if we
have functors F:€,—D, F¢,:€,—D, indexed by the objects of €,,€C,
respectively, such that F¢ (C,) = F¢,(C;) and (*) commutes, then these families
of functors determine a bifunctor G : €, x €, —Dsuchthat G, = F¢ , G¢,= F,

2.8. Show that €(—, —):€°P? x €— & is a bifunctor.
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3. Duality

Our object in this section is to explain informally the duality principle
in category theory. We first give an example taken from Section I. 6.
We saw there that the injective homomorphisms in IR, are precisely the
monomorphisms, i.e. those morphisms y such that for all o.

pe=pp=a=p. 3.y

(The reader familiar with ring theory will notice the formal similarity
with right-regularity.) Similarly the surjective homomorphisms in M, are
precisely the epimorphisms in MM ,, i.e. those morphisms ¢ such that for
all o, B

ae=Pfe=>a=f. 3.2)

(The reader will notice that the corresponding concept in ring theory is
left-regularity.) Now given any category, we define a monomorphism u
by (3.1)and an epimorphism ¢'by (3.2). It is then plain that, if ¢ isa morphism
in €, then ¢ is a monomorphism in € if and only if it is an epimorphism
as a morphism of €°PP, It then follows from (2.3) that a statement about
epimorphisms and monomorphisms which is true in any category must
remain true if the prefixes “epi-" and “mono-" are interchanged and
“arrows are reversed”. Let us take a trivial example. An easy argument
establishes the fact that if @y is monomorphic then v is monomorphic.
We may thus apply the “duality principle” to infer immediately that if
W@ is epimorphic then vy is epimorphic. Indeed, the two italicized state-
ments are logically equivalent — either stated for € implies the other for
@°rP_ It is superfluous to write down a proof of the second, once the
first has been proved.

It is very likely that the reader will come better to appreciate the
duality principle after meeting several examples of its applications.
Nevertheless we will give a general statement of the principle; this state-
ment will not be sufficiently formal to satisfy the canons of mathematical
logic but will, we hope, be intelligible and helpful.

Let us consider a concept % (like monomorphism) which is mean-
ingful in any category. Since the objects and morphisms of €°*" are those
of €, it makes sense to apply the concept € to €°°P and then to interpret
the resulting statement in €. This procedure leads to a new concept €°FP
which is related to € by the rule (writing /(€) for the concept € applied
to the category €)

@°PP(€) = €(C°PP) for any category €.
Thus if € is the concept of monomorphism, €°PP is the concept of epi-

morphism (compare (3.1), (3.2)). We may also say that ¢°*" is obtained
from € by “reversing arrows”. This “arrow-reversing” procedure may
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thus be applied to definitions, axioms, statements, theorems ..., and hence
also to proofs. Thus if one shows that a certain theorem 7 holds in any
category @ satisfying certain additional axioms 4, B, ..., then theorem
J°PP holds in any category € satisfying axioms A°°P, B°*P, ... . In par-
ticular if 7 holds in any category so does 7 °FP.

This automatic process of dualizing is clearly extremely useful and
convenient and will be much used in the sequel. However, the reader
should be clear about the limitations in the scope of the duality principle.
Suppose given a statement.%, about a particular category €,. involving
concepts €. ---» ox €Xpressed in terms of the objects and morphisms
of €,. For example, €, may be the category of groups and %, may be the
statement “A finite group of odd order is solvable”. Now it may be pos-
sible to formulate a statement % about a general category €, and concepts
%.....%;, so that #(C),%,(C,),...,%.(€,) are equivalent to %,,%,,.--,Gox
respectively. We may then dualize &,%,,...,%, and interpret the
resulting statement in the category €,. Informally we may describe
F°PP(Q,) as the dual of ¥, but two warnings are in order:

(i) The passage from ¥, to .¥ is not single-valued; that is, there
may well be several statements about a general category which specialize
to the given statement .%, about the category €,. Likewise of course, the
concepts %, €,, ..., €, may generalize in many different ways.

(ii) Even if &, is provable in €,, #°°?(€,) may well be false in €.

However, if & is provable, then this constitutes a proof of ¥, and of
& °PP(€,). (This does not prevent #°PP(€,) from being vacuous, of course;
we cannot guarantee that the dual in this informal sense is always
interesting!)

As an example, consider the statement %, “Every A-module is the
quotient of a projective module”. This is a statement about the category
€, =M. Now there is a perfectly good concept of a projective object
in any category €, based on the notion of an epimorphism. Thus (see
Section 10) a projective object is an object P with the property that,
given ¢ and ¢, P

0. ']
A——B
with & epimorpbhic, there exists 0 such that ¢6 = ¢. We may formulate the
statement %, for any category €. whieh states that, given any object X
in @ there is an epimorphism ¢: P— X with P projective. Then .9 (€,)
is our original statement %,. We may now formulate .#°°? which asserts
that. given any object X in € there is a monomorphism u: X—1I with I
injective (here “injective” is the evident concept dual to “projective”; the
reader may easily formulate it explicitly). Then #°PP(€,) is the statement
“Every A-module may be embedded in an injective module”. Now it
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happens (as we proved in Chapter I) that both &(€,) and &°PP(€,) are
true, but we cannot infer one from the other. For the right to do so would
depend on our having a proof of & — and, in general, ¢ is false.

We have said that, if & is provable then, of course, ¥ (€,) and & °PP(€,)
are deducible. Clearly, though, this is usually too stringent a criterion;
in other words, this principle does not permit us to deduce any but the
most superficial of propositions about €,, since it requires some state-
ment to be true in any category. However, as suggested earlier, there is
a refinement of the principle that does lead to practical results. Suppose
we confine attention to categories satisfying certain conditions Q. Sup-
pose moreover that these conditions are self-dual in the sense that, if any
category € satisfies Q, so does €°PP, and suppose further that €, satisfies
conditions Q. Suppose & is a statement meaningful for any category
satisfying Q and suppose that & may be proved. Then we may infer
both #(€,) and ¥ °PP(€,). This principle indicates the utility of proving &
for the entire class of categories satisfying Q instead of merely for €,.
We will meet this situation in Section 9 when we come to discuss abelian
categories.

Exercises:

3.1. Show that “epimorphic” means “surjective” and that “monomorphic” means
“injective”
() in S, (i) in T, (iii) in G.
3.2. Show that the inclusion Z < @ is an epimorphism in the category of integral
domains. Generalize to other epimorphic non-surjections in this category.
3.3. Consider the underlying functor U:T—&. Show that j: X,— X in T is
a homeomorphism of X, into X if and only if it is a monomorphism and, for
any f: Y—X in I, a factorization U(j)go=U(f) in S implies jfo=fin T
with go = U( fp). Dualize this categorical property of j and obtain a topological
characterization of the dual categorical property.
3.4. Define the kernel of a morphism ¢ : A— B in a category with zero morphisms €
as a morphism u: K— A such that (i) ou =0, (ii) if oy =0, then p = uy”’ and
v’ is unique. Identify the kernel, so defined, in Ab and G. Dualize to obtain
a definition of cokernel in €. Identify the cokernel in AUb and ®. Let S° be
the category of sets with base points. Identify kernels and cokernels in G°.
Generalize the definitions of kernel (and cokernel) above to equalizers (and
coequalizers) of two morphisms ¢,, ¢, : A—B. A morphism pu: E— A4 is the
equalizer of @,, ¢, if () @ =0, p, (i) if @, =@,y then p=py’ and y’' is
unique. Exhibit the kernel as an equalizer. Dualize.

35

4. Natural Transformations

We come now to the idea which deserves to be considered the original
source of category theory, since it was in the (successful!) attempt to
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make precise the notion of a natural transformation that Eilenberg and
MacLane were led to introduce the language of categories and functors
(see [13]).

Let F, G be two functors from the category € to the category D. Then
a natural transformation t from F to G is a rule assigning to each object X
in € a morphism ty:FX—GX in D such that, for any morphism
f: X—Y in G, the diagram

FX 25GX

Ffl le
FY-",GY

commutes. If ¢, is isomorphic for each X then ¢ is called a natural equiv-
alence and we write F~G. It is plain that then t™!: G~F, where t™!
is given by (t™!)y =(ty)"'. If t: F> G, u: G— H are natural transforma-
tions then we may form the composition ut: F—H, given by (ut)y
= (uy) (tx); and the composition of natural transformations is plainly
associative. Let F: €— 79, G : D—C be functors such that GF ~ . €—(,
FG~1:D—7D, where I stands for the identity functor in any category.
We then say that € and D are equivalent categories. Of course, isomorphic
categories are equivalent, but equivalent categories need not be iso-
morphic (see Exercise 4.1). We now give some examples of natural trans-
formations; we draw particular attention to the first example which
refers to the first explicitly observed example of a natural transformation.

(a) Let V be a vector space over the field F. let V* be the dual vector
space and V** the double dual. There is a linear map 1, : V— V** given
by vi— & where (@) =¢@(v), ve V. p € V*, # € V**, The reader will verify
that 1 is a natural transformation from the identity functor I: By— B,
to the double dual functor **: B,— B,. Now let Bf be the full sub-
category of By consisting of finite-dimensional vector spaces. It is then,
of course, a basic theorem of linear algebra that i, restricted to Bf, is
a natural equivalence. (More accurately, the classical theorem says that 1,
is an isomorphism for each V in Bf.) The proof proceeds by observing
that V> V* if V is finite-dimensional. However, this last isomorphism
is not natural — to define it one needs to choose a basis for ¥ and then
to associate with this basis the dual basis of V*. That is, the isomorphism
between V and V* depends on the choice of basis and lacks the canonical
nature of the isomorphism 1, between V and V**.

(b) Let G be a group and let G/G’ be its commutator factor group.
There is an evident surjection kg: G—G/G’ and k is a natural trans-
formation from the identity functor ®— ® to the abelianizing functor
Abel : 6— 6.
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(c) Let A be an abelian group and let A be the free abelian group
on the set A as basis. There is an evident surjection 7, : Ap— A, which
maps the basis elements of A identically, and t is a natural transforma-
tion from FU to I, where U:Ub— &€ is the underlying functor and
F : S—ADb is the free functor.

(d) The Hurewicz homomorphism from homotopy groups to homol-
ogy groups (see e.g. [21]) may be interpreted as a natural transformation
of functors T°—Ab (or T)— AD).

We continue with the following important remark. Given two cate-
gories €, D, the reader is certainly tempted to regard the functors €—
as the objects of a new category with the natural transformations as
morphisms. The one difficulty about this point of view is that it is not
clear from a foundational viewpoint that the natural transformations
of functors €— D form a set. This objection may be circumvented by
adopting a set-theoretical foundation different from ours (see [32]) or
simply by insisting that the collection of objects of € form a set; such
a category @ is called a small category. Thus if € is small we may speak
of the category of functors (or functor category) from € to © which we
denote by D or [€, D]. In keeping with this last notation we will denote
the collection of natural transformations from the functor F to the
functor G by [F, G].

We illustrate the notion of the category of functors with the follow-
ing example. Let € be the category with two objects and identity mor-
phisms only. A functor F:E— D is then simply a pair of objects in D,
and a natural transformation t : F— G is a pair of morphisms in ®. Thus
it is seen that D¢ =[€, D] is the Cartesian product of the category D
with itself, that is the category D x D in the notation of Exercise 1.6.

We close this section with an important proposition. We have seen
that, if A, B are objects of a category €, then €(A4, —) is a (covariant)
functor € — & and €(—, B)is a contravariant functor €— S.1f0: B,— B,
let us write 6, for €(A4, 0): €(A4, B,)—>C€(A, B,). so that

O.(p)=0¢, ¢:A4—>B,,
and if p: A,— A4, let us write p* for €(y, B): €(4,, B)—€(4,, B) so that
vo)=9y. ¢:4,—B.

These notational simplifications should help the reader to understand
the proof of the following proposition.

Proposition 4.1. Let T be a natural transformation from the functor
€(A, —) to the functor F from € to S. Then t+—1,4(1,) sets up a one-one
correspondence between the set [€(A, —), F] of natural transformations
from §(A4, —) to F and the set F(A).
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Proof. We show first that t is entirely determined by the element
7,(1,) € F(A). Let ¢ : A— B and consider the commutative diagram

€4, A—*+-C(A4, B)

-,
FA—f* LFB

Then t5(¢) = (z5) (¢,) (1,) = (F9) (t,) (1,), proving the assertion. The pro-
position is therefore established if we show that, for any x € F A4, the rule

t5(@)=(Fo)(x¥), ¢€C(4,B), (4.1)

does define a natural transformation from €(4, —) to F. Let 0: B,— B,
and consider the diagram

€(4, B,)—*-C€(4, B,)

We must show that this diagram commutes if 75, 75, are defined as in
(4.1). Now (t,) 0,(9) =(t5,) (B9) = F(6¢) (k) = F(6) F(¢) ()= F(0) 15,(¢)
for ¢ : A— B,. Thus the proposition is completely proved. []

By choosing F =((4’, —) we obtain

Corollary 4.2. The set of morphisms €(A’, A) and the set of natural
transformations [€(A, —), €(A4’, —)] are in one-to-one correspondence. the
correspondence being given by p—y*, p: A'— A.

Proof. If © is such a natural transformation, let y =1,(1,), so that
yp:A'— A. Then, by (4.1) 7 is given by

5(0) =0, (W) =P =1p*(9).

Thus 75=y*. Of course y is uniquely determined by 7 and every
does induce a natural transformation (A4, —)—E(A4’, —). Thus the rule
w—1,4(1,) sets up a one-one correspondence, which we write Ty,
between the set of natural transformations €(4, —)— (A4’ —) and the
set (4, 4). [

With respect to the correspondence t+— 1y we easily prove

Proposition 4.3. Let 7:€(4, —)—C(4,—-), 7:€4,—)—-CE4", —).
Then if Ty, 'y, wherep: A'— A, ¢’ : A"— A’, we have

TPy’ .

In particular < is a natural equivalence if and only if v is an isomorphism.

Proof. (t'1)p=(13) (tg) =¥"*v*=(w¥)*. [I
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Proposition 4.1 is often called the Yoneda lemma : it has many applica-
tions in algebraic topology and, as we shall see, in homological algebra.

If € is a small category we may formulate the assertion of Corollary 4.2
in an elegant way in the functor category S¢. Then 4— (4, —) is seen
to be an embedding (called the Yoneda embedding) of €°P? in G¢; and
Corollary 4.2 asserts further that it is a full embedding.

Exercises:

4.1. A full subcategory €, of € is said to be a skeleton of € if, given any object A
of @, there exists exactly one object 4, of €, with 4,= A. Show that every
skeleton of € is equivalent to €, and give an example to show that a skeleton
of € need not be isomorphic to €. Are all skeletons of € isomorphic?

4.2. Represent the embedding of the commutator subgroup of G in G as a natural
transformation.

4.3. Let F,G:€—7D,E:B—C, H: D—E be functors, and let t: F— G be a natural
transformation. Show how to define natural transformations tE: FE—GE,
and Ht: HF— HG. and show that H(tE)=(Ht) E. Show that tE and Ht are
natural equivalences if ¢ is a natural equivalence.

4.4. Let € be a category with zero object and kernels. Let f: A— B in € with kernel
k:K—A. Then f, : €(—,A)—C(—, B) is a natural transformation of contra-
variant functors from € to S, the category of pointed sets. Show that
X ker(f,)y is a contravariant functor from € to S, which is represented by
K, and explain the sense in which k, is the kernel of f,.

4.5. Carry out an exercise similar to Exercise 4.4 replacing kernels in € by co-
kernels in €.

4.6. Let A be a small category and let Y : A —[A°PP, S] be the Yoneda embedding
Y(A)=A(—, A). Let J:A—B be a functor. Define R: B—[ U, S] on
objects by R(B)=9B(J—, B). Show how to extend this definition to yield
a functor R, and give reasonable conditions under which Y=RJ.

4.7. Let I be any set; regard I as a category with identity morphisms only. Describe
G’ What is €' if I is a set with 2 elements?

5. Products and Coproducts; Universal Constructions

The reader was introduced in Section L. 3 to the universal property of the
direct product of modules. We can now state this property for a general
category C.

Definition. Let {X,}, iel, be a family of objects of the category €
indexed by the set I. Then a product (X;p;) of the objects X; is an
object X, together with morphisms p;: X — X, called projections, with
the universal property: given any object Y and morphisms f;: Y—X;,
there exists a unique morphism f={f;}: Y—> X with p,f = f..

As we have said, in the category M, of (left) A-modules, we may
take for X the direct product of the modules X; (Section 1. 3). In the
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category & we have the ordinary Cartesian product, in the category T
we have the topological product (see [21]).

We cannot guarantee, of course, that the product always exists in €.
However, we can guarantee that it is essentially unique — again the reader
should recall the argument in Section I. 3.

Theorem 5.1. Let (X ; p),(X'; p;) both be products of the family {X,},iel.
in €. Then there exists a unique isomorphism £ : X— X' such that p;& =p,,
iel

Proof. By the universal property for X there exists a (unique) mor-
phism 7: X'— X such that p;n=p/. Similarly there exists a (unique)
morphism £: X— X’ such that p;& =p,. Then

pné=p;=p;1 forall iel.

But by the uniqueness property of (X;p,), this implies that né=1.
Similarly én=1. []

Of course, the uniqueness of (X ; p;) expressed by Theorem 5.1 is as
much as we can possibly expect. For if (X ; p;) is a product and 57 : X' X,
then (X': p;n) is plainly also a product. Thus we allow ourselves to talk
of the product of the X;. We may write X = [ [X,,f ={f;}. By abuse we
may even refer to X itself as the product of the X. If the indexing set is
I=(1,2,...,n)wemay write X=X, x X, x .-- x X, and f ={f,£3,....[.}-

As we have said, such a product may not exist in a given category.
Moreover, it is important to notice that the universal property of the
product makes reference to the entire category. Thus it may well happen
that not only the question of existence of a product of the objects X; but
even the nature of that product may depend on the category in question.
However, before giving examples, let us state a few elementary pro-
positions.

Proposition 5.2. Let € be a category in which €(X, Y) is non-empty
for all X,Y (eg., a category with zero object). Then if []X; exists it
admits each X; as a retract. Thus, in particular, each p; is an epimorphism.

Proof. In the definition of [| X, take Y =X, for a fixed jeI, and
fi=1:X;—X;. Fori+jlet f; be arbitrary. Then p; f = 1: X;— X so that

X retracts through p; onto X;. []

Proposition 5.3. Given two families {X;}, {Y;} of objects of €, indexed
by the same indexing set I, then if the products n X; l_[ Y; exist, and if

) )
fi: X;— Y, i€l, there is a uniquely determined morphism

[T X~ TY
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such that

pi(l:lfi)=f.-p.--

Moreover. if € admits products for all families indexed by 1, then || is

a functor i
[]:€¢'—¢€.

Proof. The first assertion is merely an application of the universal
property of [ | ¥;. The proof of the second is left to the reader. (It should

be clear what we understand by the category €'; see Exercise 4.7.) [
If I=(1.2.....n) we naturally write f, x f, x --- x f, for [] f,.

Proposition 5.4. Let f;:Z— X, h: W—Z, g;: X,— Y. i€l. Then, if
the products in question exist.

O {fg=1{%g}, () (Hgi) {fy=Ha.f3}.

Proof. We leave the proof to the reader, with the hint that it is suf-
ficient to prove that each side projects properly onto the i-component
under the projection p;. [J

Proposition 5.5. Let € be a category in which any two objects admit
a product. Thus given objects X. Y. Z in € we have projections

Pr: XXY->X, q:(XxY)xZ->XxY,
P2 XXY>Y, gq,:(XxY)xZ-—>Z.

Then (X x Y) X Z; p14y, P24;» q2) is the product of X,Y.Z.

Proof. Given f;: W—X, f, . WY, fi: W—Z weformg: W— X x Y
such that p,g=f;, p,g=/,- We then form h: W—(X x Y) x Z such
that g,h=g, g,h = f5. Then p,q,h= f,, p,q,h = f,. It remains to prove
the uniqueness of h, so we suppose that p,q,h=p,q,/’, p,g.h=p,q; ¥,
q,h=q,H. One application of uniqueness (to X x Y) yields g, h=q,}’;
and a second application yields h=Fh. [J

Proposition 5.6. If any two objects in € admit a product, so does any
finite collection of objects.

Proof. We argue by induction. using an obvious generalization of
the proof of Proposition 5.5. []

Proposition 5.5 may be said also to exhibit the associativity of the
product. Thus, there are canonical equivalences

XxYVIXZ=2XxYXxZ=Xx(YXxZ).

In an even stronger sense the product is commutative; for the very defini-
tion of X x Y is symmetric in X and Y.
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The reader has already met many examples of products (in &, T, I,
®, M, for example). There are, of course, many other examples familiar
in mathematics. We now give a few examples to show what care must
be taken in studying products in arbitrary categories.

Examples. (a) In the category & (2) of two-element sets, no two
objects admit a product. For let B=(b,, b,), C =(c,, ¢,) be two such sets
and let us conjecture that (D; p,, p,) is their product, D =(d,, d,). This
means that, given 4 =(a,, a,), f: A— B, g: A— C, there exists (a unique)
h: A—D with p,h= f, p,h=g. Now p, must be surjective since we may
choose f surjective; similarly p, must be surjective. Without real loss of
generality we may suppose p,(d;)) = b;, p,(d;) = c;.i=1,2. Now if f(4)=(b,),
g(A)=(c,), we have a contradiction since h must miss d, and d,. Notice
that the assertion of this example is not established merely by remarking
that the cartesian product of B and C is a 4-element set and hence not
in S (2).

(b) Consider the family of cyclic groups Z,, of order p*. k=1.2. ...,
where p is a fixed prime. Then

(i) in the category of cyclic groups no two groups of this family have
a product;

(i) in the category of finite abelian groups the family does not have
a product;

(iii) in the category of torsion abelian groups, the family has a product
which is not the direct product;

(iv) in the category of abelian groups, and in the category of groups,
the direct product is the product.

We now prove these assertions.

() If (Z,,; 9,5 q2) is the product of Z ., Z,, then, as in the previous
example, one immediately shows that q,, g, are surjective. Suppose k = [,
then m=p*n and we may choose generators «. ;. f, of Z,, Zy.Z, so
that g;(0) =B;, i=1.2. Given f, =1: Zx—Zy. f,=0:Zu—Z, sup-
pose f(B,) = sa.. where f = {f,,f,}. Then s=1 modp*. s EOmodp'f which
is absurd.

@) If (4;q,k=1,2,...) were the product of the entire family, then,
again, each g, would be surjective. Thus the order of 4 would be divisible
by p* for every k, which is absurd. (This argument shows, of course, that
the family has no product even in the category of finite groups.)

(iii) Let T be the torsion subgroup of the direct product P of the
groups Z .. By virtue of the role of P in ® it is plain that (T; g;) is the
product in the category of torsion abelian groups, where g, is just the
restriction to T of the projection P—Z ..

(iv) Well-known.



58 I1. Categories and Functors

We now turn briefly to coproducts. The duality principle enables us
to make the following succinct definition:

Definition. Let {X;}, iel, be a family of objects of the category €
indexed by the set I. Then (X; g;) is a coproduct of the objects X; in €
if and only if it is a product of the objects X; in €°PP.

This definition means, then, thatin €. g, : X;— X and given morphisms
fi: X;—Y there exists a unique f: X —Y with fg; = f;. The morphisms
g;: X;— X are called injections. We write X =[[ X,, f={f}), and if

I=(1,2,...,n), then X=X, UL X, Ul -+ U X,, f={f1,f2---sfuy- We
need not state the duals of Proposition 5.2 through 5.6, leaving their
enunciation as an exercise for the reader. We mention, however, a few
examples.

Examples. (a) In & the coproduct is the disjoint union with the evident
injections g;.

(b) In X the coproduct is the disjoint union with the natural topology.

(c) In I° the coproduct is the disjoint union with base points
identified.

(d) In G the coproduct is the free product with the evident injections
q;, see [36].

(e) In 9, the coproduct is the direct sum. In this case we shall write
@ instead of 1. We leave it to the reader to verify these assertions.

Exercises:

5.1. Let €, D be categories admitting (finite) products. A functor F: €— D is said
to be product-preserving if for any objects A,, A, of €, (F(A, x A,); Fp,, Fp,)
is the product of FA, and FA, in D. Show that in the list of functors given
in Section 2, b), d). e). g) are product-preseving, while c). f) are coproduct-
preserving.

5.2. Show that a terminal (initial) object may be regarded as a (co-) product over
an empty indexing set.

5.3. Show that A is the product of 4, and A4, in € if and only if €(X, A) is the
product of €(X, 4,) and €(X, A4,) in S for all X in €. (To make this statement
precise, one should, of course, mention the morphisms p; and p,.) Give a
similar characterization of the coproduct.

5.4. Let € be a category with zero object and finite products. A group in € is a pair
(A, m), where A is an object of € and m: 4 x A— A in €, subject to the axioms:

G 1: (Associativity) m(m x 1)=m(1 x m);
G2: (Two-sided unity) m{1,0} =1=m{0, 1};
G 3: (Two-sided inverse) There exists o : A— A such that

m{l,6}=0=m{o,1}.
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In other words the following diagrams are commutative

AxAx AL Ax A Ax A0 4O 4

S N4

Ax A——A

AXA (1,0} A {o, 1} AxA

NS

Show that a group in & is just a group in the usual sense. Show that (4, m)
is a group in € if and only if €(X, A4) is a group (in S) for all X in € under
the obvious induced operation m,. Show that, if B is an object of € such that
€(X, B)isa group for all X in € and if f: X — Y in € induces a homomorphism
[*:€(Y, B—E(X, B), then B admits a unique group structure m in € such
that m,, is the given group structure in €(X, B).

5.5. Show that if (4, m) satisfies G1 and the one-sided axioms

G2R: m{1,0}=1,

G3R: There exists 6 : A— A4 such that m{1,6} =1;

then (A4, m) is a group in €. Show also that ¢ is unique. (Hint: Use the argument
of Exercise 5.4.)

5.6. Formulate the condition that the group (4, m) is commutative. Show that
a product-preserving functor sends (commutative) groups to (commutative)
groups.

5.7. Define the concept of a cogroup. the dual of a group. Show that in b (9%})
every object is a cogroup.

5.8. Let € be a category with products and coproducts. Let f;;: X;— Y;in €, i€,
je€J. Show that <{f;}jcDier={ipie}jes: 11 Xi—[] ¥;. Hence, if € has

iel jeJ
a zero object, establish a natural transformation from || to [].
iel iel

6. Universal Constructions (Continued); Pull-backs and Push-outs

We are not yet ready to say precisely what is to be understood by
a universal construction. Such a formulation will only become possible
when we are armed with the language of adjoint functors (Section 7).
However, we now propose to introduce a very important example of
a universal construction and the reader should surely acquire an under-
standing of the essential nature of such constructions from this example
(together with the examples of the kernel, and its dual, the cokernel; see
final remark in Section I. 1).

It must already have been apparent that a basic concept in homo-
logical algebra, and, more generally, in category theory, is that of a com-
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mutative diagram, and that the most fundamental of all commutative
diagrams is the commutative square

“l j"’ poa=yp. 6.1

[

There thus arises the natural question. Given ¢.y in (6.1). is there
a universal procedure for providing morphisms a, f to yield a com-
mutative square? Of course, the dual question arises just as naturally, and
may be regarded as being treated implicitly in what follows by the applica-
tion of the duality principle. Explicitly we will only consider the question
as posed and we immediately provide a precise definition.

Definition. Given ¢: A— X, y:B—X in €, a pull-back of (¢, y) is
a pair of morphisms a: Y— A4, f: Y—B such that poa=yp, and (6.1)
has the following universal property: given y:Z—A, 6:Z—B with
@7 = pd, there exists a unique {: Z—Y with y=af, 6=p¢.

bl

B> X

Just as for the product, it follows readily that, if a pull-back exists, then
it is essentially unique. Precisely, if (o, f’) is also a pull-back of (¢, p),
o':Y'—A, f': Y'— B, then there exists a unique equivalence w: Y—Y’
such that &’ w =0, §'w = B. Thus we may permit ourselves to speak of the
pull-back of ¢ and .

We write (Y; a, ) for the pull-back of ¢ and p. Where convenient we
may abbreviate this to («, ) or to Y. We may also say that the square
in (6.2) is a pull-back square.

Notice that the uniqueness of ¢ in (6.2) may be expressed by saying
that {o, f} : YA x B is a monomorphism, provided that 4 x B exists
in €. In fact, there is a very close connection between pull-backs and
products of two objects. On the one hand, if € has a terminal object T
and if ¢ : A>T,y : B— T are the unique morphisms then the pull-back
of ¢ and y consists of the projections p; : A x B—A4,p,: A x B—B. On
the other hand we may actually regard the pull-back as a product in
a suitable category. Thus we fix the object X and introduce the category
C/X of C-objects over X. An object of €/X is a morphism x: K—X in €
and a morphism ¢ : k— 1 in /X is a morphism ¢: K— L in € making
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the diagram
K—>L

N/

commutative, Ao = k. Now let 4 = pa =1 be the diagonal of the square
(6.2). Then the reader may easily prove

Proposition 6.1. (4; o, B) is the product of ¢ and v in §/X. []

This means that «, § play the roles of p,, p, in the definition of
a product, when interpreted as morphisms a: 4—¢, f: 4—y in C/X.

From this proposition we may readily deduce, from the propositions
of Section 5, propositions about the pull-back and its evident generaliza-
tion to a family, instead of a pair, of morphisms in € with codomains X.
We will prove one theorem about pull-backs in categories with zero
objects which applies to the categories of interest in homological algebra.
We recall first (Exercise 3.4) how we define the kernel of a morphism
o : K— Lin a category with zero objects by means of a universal property.
We say that u:J— K is a kernel of ¢ if (i) ou =0 and (ii) if «t =0 then
factorizes as T = ut,, with 7, unique. As usual. the kernel is essentially
unique; we (sometimes) call J the kernel object. Notice that y is monic,
by virtue of the uniqueness of 7.

Theorem 6.2. Let (6.1) be a pull-back diagram in a category € with zero
object. Then
@) if (J, p) is the kernel of B, (J, au) is the kernel of ¢;
(@ii) if (J, v) is the kernel of @, v may be factored as v=ou where (J, y)
is the kernel of f.

Note that (i) is superfluous if we know that every morphism in € has
a kernel. Weshow here, in particular, that § has a kernel if and only if ¢
has a kernel, and the kernel objects coincide.

Proof. (i)

LN '¢

Set v=opu. We first show that v is monomorphic; for p and {a, B} are
monomorphic, so {a, B} u={v,0}: J— A x B is monomorphic and hence,
plainly, v is monomorphic. Next we observe that pv=gpau=yppfu=0.
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Finally we take t: Z— A and show that if ¢ =0 then 7 =vz, for some
7o. Since 0 = 0, the pull-back property shows that there exists6: Z— Y
such that ao =1, fo=0. Since (J, p) is the kernel of B, 6 = ut,, so that
T=0UTy= VTp.

(ii) Since @v =0 we argue as in (i) that there exists u:J— Y with
ap=v, fu=0. Since v is a monomorphism, so is u and we show that
(J, p) is the kernel of f. Let f1=0, 7: Z— Y. Then gpar=ypr=0, so
AT =vTy=0aut,. But fr=Puty=0, so that, {a, f} being a mono-
morphism, 7= ut,. [J

In Chapter VIII we will refer back to this theorem as a very special
case of a general result on commuting limits. We remark that the intro-
duction of 4 x B in the proof was for convenience only. The argument
is easily reformulated without invoking 4 x B.

As examples of pull-backs, let us consider the categories S, I, 6.
In S, let ¢, 1 be embeddings of A, B as subsets of X ; then Y=ANB and
a, f§ are also embeddings. In T we could cite an example similar to that
given for €; however there is also an interesting example when ¢, say,
is a fibre-map. Then g is also a fibre-map and is often called the fibre-map
induced by v from ¢. (Indeed, in general, the pull-back is sometimes
called the fibre-product.) In ® we again have an example similar to that
given for S; however there is a nice general description of Y as the sub-
group of A x B consisting of those elements (a, b) such that ¢(a) =y(b).

The dual notion to that of a pull-back is that of a push-out. Thus, in
(6.1), (¢, y) is the push-out of (a, f) in € if and only if it is the pull-back
of (a, B) in €°P?, The reader should have no difficulty in formulating an
explicit universal property characterizing the push-out and dualizing the
statements of this section. If a, § are embeddings (in S or ¥)of Y=ANB
in A and B, then X = AUB. In & we are led to the notion of firee product
with analgamations [36].

We adopt for the push-out notational and terminological conventions
analogous to those introduced for the pull-back.

Exercises:

6.1. Prove Proposition 6.1.
6.2. Given the commutative diagram in €

B\~ B, Bs

show that if both squares are pull-backs, so is the composite square. Show
also that if the composite square is a pull-back and x, is monomorphic, then
the left-hand square is a pull-back. Dualize these statements.
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6.3. Recall the notion of equalizer of two morphisms ¢,,¢,:A—B in € (see
Exercise 3.5). Show that if € admits finite products then € admits pull-backs
if and only if € admits equalizers.

6.4. Show that the pull-back of 4

|+

0—B

in the category € with zero object 0 is essentially just the kernel of ¢. Generalize

this to
A

|e
CcC—%B

where v is to be regarded as an embedding.

6.5. Identify the push-out in S, ® and M ,.

6.6. Show that the free module functor &—9, preserves push-outs. Argue
similarly for the free group functor.

6.7. Show that, in the category M ,, the pull-back square

A —-A4,

BITBZ

is also a push-out if and only if {¢,, B> : 4,® B, — B, is surjective.
6.8. Formulate a “dual” of the statement above — and prove it. Why is the word
“dual” in inverted commas?

7. Adjoint Functors

One of the most basic notions of category theory, that of adjoint functors,
was introduced by D. M. Kan [30]. We will illustrate it first by an
example with which the reader is familiar from Chapter I. Let F : S—I
be the free functor, which associates with every set the free A-module
on that set as basis; and let G : M ,— S be the underlying functor which
associates with every module its underlying set. We now define a trans-
formation, natural in both S and A4,

n =’1SA . th(FS. A)—>C‘5(S, GA)

associating with a 4-module homomorphism ¢ : FS— A the restriction
of ¢ to the basis S of FS. The reader immediately sees that the universal
property of free modules (Proposition 1.4.2) is expressed by saying that
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n is an equivalence. Abstracting from this situation we make the fol-
lowing definition:

Definition. Let F:C€— D, G: D—C be functors such that there is a
natural equivalence

n=nxy: DFX, Y)SCX,GY)

of functors €°P? x D—S. We then say that F is left adjoint to G, G is
right adjoint to F, and write  : F 1 G. We call 5 the adjugant equivalence
or, simply, adjugant.

In the example above we have seen that the free functor F: S—IM,
is left adjoint to the underlying functor G:9,— €. The reader will
readily verify that the concept of a free group (free object in the category
of groups) and the concept of a polynomial algebra over the field K
(free object in the category of commutative K-algebras) may also be
formulated in terms of a free functor left adjoint to an underlying functor.
From this, one is naturally led to a generalization of the concept of a
free module (free group, polynomial algebra) to the notion of an object in
a category which is free with respect to an “underlying” functor.

The theory of adjoint functors will find very frequent application in
the sequel; various facts of homological algebra which were originally
proved in an ad hoc fashion may be systematically explained by the use
of adjoint functors. We now give some further examples of adjoint
functors.

(a) In Proposition 1.8.1 we have considered the functor G : Ab— M,

defined by
GC=HomgA,C), C in Ab,

where the (left) A-module structure in GC is given by the right A-module
structure of A. We denote by F:I,—Ab the underlying functor,
which forgets the A-module structure. Proposition 1.8.1 then asserts
that there is a natural equivalence

n:Hom 4(A, GC)=>Homg(F A4, C)

for A in M, and C in Ab. Thus F is left adjoint to G and n~! : FG is
the adjugant.

(b) Given a topological Hausdorff space X. we may give X a new
topology by declaring F £ X to be closed if FN K is closed in the original
topology for every compact subset K of X. Write Xy for the set X
furnished with this topology. Plainly Xg is a Hausdorff space and
the obvious map Xy — X is continuous. Also, given f : X — Y,acontinuous
map of Hausdorff spaces, then f: Xy— Yy is also continuous. For if
F is closed in Yy and if L is compact in X, then

fYFAaL=f"YFnfL)nL
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is closed in X, so that f~'F is closed in Xg. We call a Hausdorff space
a Kelley space if its closed sets are precisely those sets F such that FnK
is closed for every compact K. If X is a Kelley space then X = Xj; and
Xk is a Kelley space for every Hausdorff space X. Summing up, we have
the category $ of Hausdorff spaces, the category K of Kelley spaces, the
functor K:9H— K, given by K(X)= X,. and the embedding functor
E:R)—%. The facts adduced show that E-K.

We will give later a theorem (Theorem 7.7) which provides additional
motivation for studying adjoint functors. However, we now state some
important propositions about adjoint functors.

Proposition 7.1. Let F:€—D3, F : D—C€, G:D—C, G.E—-D be
functors and let n: FG, ' : F'G' be adjugants. Then " : F'F GG/,
where n" =n 1.

We leave the proof as an exercise. []

Next we draw attention to the relation which makes explicit the
naturality of #. We again refer to the situation #:F—G. Then this

relation is
nB-¢ Fo)=GB nle) a, (7.1)

forall a:X'>X, @:FX—>Y. f:Y-Y'.

In particular, take Y=FX, ¢ =1y, and set ex=n(lpx): X —>GFX.
Then (7.1) shows that ¢ is a natural transformation, ¢: 1—-GF. We call ¢
the front adjunction or unit. Similarly take X=GY, and set

Sy=n"'(lgy): FGY—Y.

Again (7.1) shows that § is a natural transformation, é : FG— 1, which we
call the rear adjunction or counit. Further, (7.1) implies that

FIHFGF2E F, G4 GFGELG
are identity transformations,
O0F Fe=1, Gb6:¢G=1. (7.2)

For n(6rx Fex)=n(0px) ex=¢x=n(lgx); and the second relation in
(7.2) is proved similarly. Notice also that (7.1) implies that 5 is determined
by ¢, and that ¢ =#"! is determined by &, by the rules
ne)=Gop e, for ¢@:FX—>Y,
Ew)=n"'p)=8y Fyp, for yp:X—>GY.
We now prove the converse of these results.

Proposition 7.2. LetF :€— D, G: D—Cbe functorsandlete: 1 — GF,
6:FG—1 be natural transformations such that 6F -Fe=1,Gé ¢G=1.
Thenn: D(F X, Y)—>C(X, GY), defined by n(¢) = Go - ey, for ¢ : FX — Y,

(7.3)
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is a natural equivalence, so that n: F—G. Moreover, ¢, & are the unit and
counit of the adjugant 1.
Proof. First, n is natural. For
nB @ :Fa)=G(B ¢-Foa) e
=GB-Go GFo &
=GB Gy e o, since ¢ is natural

=GB nlp) a.

Define & by £(p) =6y - Fy, for v: X —GY. Again, £ is natural and we
will have established that 5 : FG if we show that & is inverse to 7.
Now if ¢ : FX — Y, then

En(@) =0y Fn(o)
=6Y* FG(P“FGX
=@ -0px: Fex, since d is natural

=¢, by(7.2).

Thus &y =1 and similarly n& = 1. Finally we see that if ¢, §’ are the unit
and counit of », then

ex=n(lpx)=lgrx ex=¢x,
0y=E,(lgy) =0y lpgy=0y. [

Proposition 7.3. Suppose F—G. Then F determines G up to natural
equivalence and G determines F up to natural equivalence.

and

Proof. 1t is plainly sufficient to establish the first assertion. Suppose
then that n:F—G,n': FG'. Consider the natural equivalence of
functors .

n- n

€(—, GY)—=—D(F —, Y)—>E(—,G'Y).

By the dual of Corollary 4.2 and Proposition 4.3 such an equivalence
is induced by an isomorphism 6y, : GY—G'Y. Since ' n~! is natural
in Y, it readily follows that @ is a natural equivalence. []

We remark that if ¢, 6., ¢’. 8’ are unit and counit for #,#’. then

y=1'1""(gy) =1"(6y) = G'(Oy) - €6y
or, briefly,
0=G'6 ¢G. (7.4

It then immediately follows that the inverse 8 of 6 is given by
0=Go'-¢G' . (7.5)
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_Proposition 7.4. Under the same hypotheses as in Proposition 7.3, with
0, 0 defined as in (7.4), (7.5), we have

(i) OF¢=¢;6-F0=¢';

(i) Oy>n(@)=n'(¢e), forany ¢ :FX—Y.

Conversely, let n: F -G and let 6: G— G’ be a natural equivalence.
Then ' : F < G, where n'(¢)= 0y < n(@). Moreover, if ¢ and 6 are the unit
and counit for n, then ¢ and &', the unit and counit for n', are given by (i)
ubove.

Proof. (i OF ¢=G8F-¢GF ¢

=G'6F G'Fe ¢, by the naturality of ¢,
=¢.
6:F=6"FGd - FeG'

=4 °8FG < FeG', by the naturality of 6,

=d.
(i) Oy -n(@)=0y-Go - ex
=G @-0px-&x., by the naturality of 6
=G'¢-éey, by (i).
=7'().

The proof of the converse is left as an exercise to the reader. (]
Proposition 7.5. If F:C€—D is full and faithful and if F G, then the
unit ¢: 1— GF is a natural equivalence.
Proof. Let : FG—1 be the counit. Then éF: FGF—F. Since F
is full and faithful we may define a transformation ¢ : GF—1 by
Fox=0px
and it is plain that g is natural. We show that g is inverse to ¢. First,
Fo-Fe=0F-Feg=1, so that g:-¢= 1, since F is faithful. Second, if »
is the adjugant, then
n '(ex-ox)=Fox., by(7.2)and (7.3),
=0rx
=n""(lgrx)-
Thus ¢ - ¢ =1 and the proposition is proved. [J

Proposition 7.6. If F:C€—D is a full embedding and if FG, then
there exists G' with F— G’ where the unit ¢ : 1—G'F is the identity.
Proof. We construct the functor G’ as follows

G'(Y)=G(Y) if Y¢ImF,
GFX)=X.



68 I1. Categories and Functors

Forp:Y,—Y,
G'(B)=G(p) if Y,Y,¢ImF,
=F'(p if Y,.Y,elmF.
=GB) ¢ if Y,elmF, Y,¢ImF,
=0 GP) if Y, ¢ImF, Y,elmF,
where gis inverse to ¢ asin Proposition 7.5. A straightforward computation

shows that G’ is a functor.
We now define transformations 8: G—G’, §: G — G by

Oy=1gy if Y¢ImF,
=0x if Y=FX,
§Y=IGY if Y¢ ImF.
=¢gx if Y=FX.
Again it is easy to show that 6,8 are natural and they are obviously
mutual inverses. Thus, by Proposition 7.4, F <G’ and the counit for this
adjunction is given by
ex=0px ex=0x e&x=1lx, sothat ¢&=1. []

The reader should notice that where FG with GF=1 and ¢=1.
then the adjointness is simply given by a counit 4 : FG— 1, satisfying

0F=1, Gdé=1.

We close this section by relating adjoint functors to the universal
constructions given in previous sections. The theorem below will be
generalized in the next section.

Theorem 7.7. If G: D—C has a left adjoint then G preserves products,
pull-backs and kernels.

Proof. We must show that if {X;p,} is the product of objects Y;
in D, then {GY ; G(p;)} is the product of the objects G(Y;) in €. Suppose
given f;:X—GY, Let n:F—G with inverse £&. Then &(f): FX —Y,
so that there exists a unique g: FX — Y with p,g = &(f,). Then

G) n@=np:9=1:.

Moreover #(g) is the unique morphism f such that G(p) f = f;; for
every f': X —GY is of the form f'=n(g') and g is uniquely determined
by pig=<E(f).

Next we look at pull-backs. Given a pull-back

Y24

||

B— X

v
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in D, we assert that GY-S%,GA

is a pull-back in €. So suppose given y: Z—GA, 6: Z—GB in D with
Go y=Gy: 6. Applying & we have ¢-((y)=vy &(0). Thus there
exists a unique g: FZ—Y such that a-¢=£&(y), B 0= E&(S). Applying
n, G(a) ~n(e) =7y, G(B) n(g)=4, and, as for products, n(g) is the unique
morphism satisfying these equations

We leave the proof that G preserves kernels to the reader. []

Exercises:

7.1. Prove Proposition 7.1.

7.2. Establish that G’ in Proposition 7.6 is a functor.

7.3. Show that if G: D— € has a left adjoint. then G preserves equalizers. Deduce
that G then preserves kernels.

74. Let ,Ub be the full subcategory of Ab consisting of those abelian groups 4
such that mA =0. Show that ,,2b admits kernels, cokernels, arbitrary products
and arbitrary coproducts. Let E:, Ab—UAb be the embedding and let
F:Ab— AL be given by F(A)=A/mA. Show that F—E.

7.5. Show that it is possible to choose, for each A-module M, a surjection
P(M)-225 M, where P(M) is a free A-module, in such a way that P is a functor
from M, to the category &, of free A-modules and ¢, is a natural transfor-
mation. If E : § ,— I, is the embedding functor, is there an adjugant : E-1P
such that ¢ is the counit?

7.6. Let € bea category with products and let D : €— € be the functor D(4) =4 x A.
Discuss the question of the existence of a left adjoint to D, and identify it,
where it exists, in the cases € =S, € =3, €=3° €=, € =M,. What can
we say in general?

8. Adjoint Functors and Universal Constructions

Theorem 7.7 established a connection between adjoint functors and
universal constructions. We now establish a far closer connection which
will enable us finally to give a definition of the notion of universal con-
struction! At the same time it will allow us to place Theorem 7.7 in a
far more general context.

As our first example of a universal construction we considered the
case of a product. We recall that we mentioned in Proposition 5.3 that
the construction of a product over the indexing set I could be regarded
as a functor €' —@. Now there is a constant functor (or diagonal functor)
P:C—C! given by P(B)={B;}, i€ I, where B;= B for all i € I. Suppose
P—G and let 6: PG—1 be the counit of the adjunction. Then if {X;}
is an object of €, § determines a family of morphisms p;: G({X;})—X,.
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Proposition 8.1. The product of the objects X; is (X; p;) where
X=G ({X i} ).

Proof. Given f;: Y— X;, we have a morphism f = {f;} : P(Y)—{X,}.
Then n(f) is a morphism Y— X such that, by (7.3),

6-P(f)=f.

But this simply means that p; n(f)= f; for all i. Moreover the equations
6 - P(g)= f determines g, since then, again by (7.3), g=n(f). 0O

Thus we see that the product is given by a right adjoint to the constant
functor P:E€—@C’, and the projections are given by the counit of the
adjunction. Plainly the coproduct is given by a left adjoint to the constant
functor P, the injections arising from the unit of the adjunction. We
leave it to the reader to work out the details.

Generalizing the above facts, we define a universal construction
(corresponding to a functor F) as a left adjoint (to F) together with the
counit of the adjunction, or as a right adjoint (to F) together with the
unit of the adjunction. Quite clearly we should really speak of universal
and couniversal constructions. However, we will adopt the usual con-
vention of using the term “universal construction” in both senses.

We now give a couple of examples, to show just how universal
constructions, already familiar to the reader, turn up as left or right
adjoints. We first turn to the example of a pull-back.

Let £ be the category represented by the schema

|
that is, £ consists of three objects and two morphisms in addition to
the identity morphisms. We may write a functor 8— @€ as a pair (¢, p)
in € and represent it as
A

|

There is a constant functor F from € to the functor category €° which
associates with Z the diagram



8. Adjoint Functors and Universal Constructions 71

Notice that a morphism (3. 8): F(Z)—(¢. y) in €* is really nothing but
a pair of morphisms y: Z— A, §: Z— B in € such that the square

Z-1-54

il

commutes. Now let F-G and let n: FG—1 be the counit of the
adjunction.

Proposition 8.2. m: FG(@,p)— (@, y) is the pull-back of (¢, y).

Proof. Let G(p, w)=Y. Then n: F(Y)— (o, y) is a pair of morphisms
o:Y—A, B: Y— B such that 9 a =y . Moreover, if (y, 6) : F(Z)— (o, ),
then n=n(y, §): Z— Y satisfies, by (7.3)

neF(n)=(,90),

thatis,a - n =v. B n=0.Moreover theequationn - F({) = (y, §)determines
Casn(y,d). 0

We remark that in this case (unlike that of Proposition 8.1) F is a
full embedding. Thus we may suppose that the unit ¢ for the adjunction
F—G is the identity. This means that the pull-back of F(Z) consists of
(12, 1,). To see that F is a full embedding, it is best to invoke a general
theorem which will be used later. We call a category B connected if,
given any two objects A, B in P there exists a (finite) sequence of objects
Ay, Ay, ..., A, in P such that A, =A4,A,=B and, forany i, 1<i<n—1,
P(A;, Ai+1)YUPB(A4;4,, A;) 0. This means that we can connect 4 to B
by a chain of arrows, thus:

A—).(-.—).-.(- ._;B

Theorem 8.3. Let B be a small connected category and let F : €—G®
be the constant functor. Then F is a full embedding.

Proof. The point at issue is that F is full. Let f: X —Y in € and let
P, Q be objects of P. We have a chain in B

P—).(—.—) PERY = ._)Q
and hence must show that, given a commutative diagram

XliXilei--'lXI!X

P

Y1oY L V1l . L Yy L,y
in €, then f’' = f; but this is obvious. []
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Notice that an indexing set I, regarded as a category, is not connected
(on the contrary, it is discrete) unless it is a singleton. On the other hand,
directed sets are connected, so that our remarks are related to the
classical theory of inverse limits (and by duality, direct limits). The reader
is referred to Chapter VIII, Section 5, for details.

It is clear that the push-out is a universal construction which turns
up as a left adjoint to the constant functor F : €— €**”. Plainly also the
formation of a free A-module on a given set is a universal construction
corresponding to the underlying functor U :9,— &, which turns up
as left adjoint to U.

We now discuss in greater detail another example of a universal
construction which turns up as a left adjoint and which is of considerable
independent interest: the Grothendieck group. Let S be an abelian
semigroup. Then S x S is also, in an obvious way, an abelian semigroup.
Introduce into S x S the homomorphic relation (a. b) ~ (c. d) if and only
if there exists ue S with a+ d+u=b+c+u.

This is plainly an equivalence relation; moreover, (S x S)/ ~ = Gr(S)
is clearly an abelian group since

[a.b]+[b.a]=[a+b.a+b] =[0.0]=0.

where square brackets denote equivalence classes. Further there is a
homomorphism 1: S— Gr(S), given by 1(a)=[a, 0], and 1 is injective if
and only if S is a cancellation semigroup.

It is then easy to show that 1 has the following universal property.
Let A be an abelian group and let 6 : S— A be a homomorphism. Then
there exists a unique homomorphism & : Gr(S)— A such that gi=oa,

S——Gr(S)
o j B 8.1)
A

Finally, one readily shows that this universal property determines
Gr(S) up to canonical isomorphism; we call Gr(S) the Grothendieck
group of S.

We now show how to express the construction of the Grothendieck
group in terms of adjoint functors. Let 2Ab be the category of abelian
groups. let Abs be the category of abelian semigroupsand let E : Ab— Abs
be the embedding (which is. of course, full). Suppose that F—E and let
1:1—>EF be the unit of the adjunction. Then the reader may readily
show that F(S) is the Grothendieck group of S, that i coincides with 1
in (8.1). and that G =#"'(s) — note that ¢ in (8.1) is strictly a morphism
S— E(A) in Abs.

The precise formulation of the notion of a universal construction
serves to provide a general explanation of the facts asserted in Theorem
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7.7. Given a functor F : €—D and a small category P there is an obvious
induced functor F® : €*— D®. The reader will readily prove the following
lemmas.

Lemma 8.4. If FG, then F*G®. []

Lemma 8.5. If P:€—G® is the constant functor (for any G), then

the diagram
C-L-¢%

l l”

Do P
commutes. []

We infer from Propositions 7.1, 7.3 and Lemmas 8.4, 8.5 the following
basic theorem.

Theorem 8.6. Let F:C—D and FG. Further let PR (for
P:€—C%and P: D— D¥). Then there is a natural equivalence GR— R G*
uniquely determined by the given adjugants. []

This theorem may be described by saying that R commutes with
right adjoints. In Chapter 8 we will use the terminology “limit” for such
functors R right adjoint to constant functors. Its proof may be summed
up in the vivid but slightly inaccurate phrase: if two functors commute
so do their (left, right) adjoints. The percipient reader may note that
Theorem 8.6 does not quite give the full force of Theorem 7.7. For Theorem
7.7 asserts for example that if a particular family {Y;} of objects of D
possess a product, so does the family {GY;} of objects of € ; Theorem 8.10,
on the other hand, addresses itself to the case where the appropriate
universal constructions are known to exist over the whole of both cate-
gories. The reader is strongly advised to write out the proof of Theorem
8.6 in detail.

Exercises:

8.1. Write out in detail the proofs of Lemma 8.4, Lemma 8.5 and Theorem 8.6.

8.2. Express the kernel and the equalizer as a universal construction in the precise
sense of this section.

8.3. Give examples of Theorem 8.6 in the categories . ® and I ,.

84. Let S be an abelian semigroup. Let F(S) be the free abelian group freely
generated by the elements of S and let R(S) be the subgroup of F(S) generated
by the elements

a+b—(a+b),abes;

here we write + for the addition in F(S) and + for the addition in S. Establish
a natural equivalence

Gr(S)=F(S)/R(S).
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8.5. Show that if S is a (commutative) semiring (i.e., S satisfies all the ring axioms
except for the existence of additive inverses), then Gr(S) acquires, in a natural
way, the structure of a (commutative) ring.

8.6. Show how the construction of the Grothendieck group of a semigroup S,
given in Exercise 8.4 above, generalizes to yield the Grothendieck group of
any small category with finite coproducts.

8.7. The Birkhoff-Witt Theorem asserts that every Lie algebra g over the field K
may be embedded in an associative K-algebra Ug in such a way that the
Lie bracket [x, y] coincides with xy —yx in Ug, x,y€g, and such that to
every associative K-algebra A and every K-linear map f: g— A with

fyl=ff-1mMfx, xyeaq,

there exists a unique K-algebra homomorphism f*:Ug—A extending f.
Express this theorem in the language of this section.
8.8. Consider in the category € (for example, E, Ub, M ,, ®) the situation

s Co BB C 2o Cor 22 G2 Cprs -+, €, in €.
Set lim C;= ﬂ C; and lim C;= U C,, regarding the y; as embeddings. What

are the umversal properties satlsﬁed by limC; and lim C;? Describe lim as a
right adjoint, and lim as a left adjoint, to a constant functor. Use this descnptlon
to suggest appropriate meanings for limC; and limC, if €=, and each
7; is epimorphic.

9. Abelian Categories

Certain of the categories we introduced in Section 1 possess significant
additional structure. Thus in the categories UAb, M',, M’, the morphism
sets all have abelian group structure and we have the notion of exact
sequences. We proceed in this section to extract certain essential features
of such categories and define the important notion of an abelian category:
much of what we do in later chapters really consists of a study of the
formal properties of abelian categories. It is a very important fact
about such categories that the axioms which characterize them are
self-dual, so that any theorem proved about abelian categories yields
two dual theorems when applied to a particular abelian category such
as M.

In fact, in a very precise sense, module categories are not so special
in the totality of abelian categories. A result, called the full embedding
theorem [37, p. 151] asserts that every small abelian category may be
fully embedded in a category of modules over an appropriate ring, in
such a way that exactness relations are preserved. This means, in effect,
that, in any argument involving only a finite diagram, and such notions
as kernel, cokernel, image, it is legitimate to suppose that we are operating
in a category of modules. Usually, the point of such an assumption is to
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permit us to suppose that our objects are sets of elements, and to prove
statements by “diagram-chases” with elements. The full embedding
theorem does not permit us, however, to ~argue with elements” if an
infinite diagram (e.g., a countable product) is involved.

We begin by defining a notion more general than that of an abelian
category.

Definition. An additive category 2 is a category with zero object
in which any two objects have a product and in which the morphism
sets A (A, B) are abelian groups such that the composition

A(A4, B) x A(B, C)—A(A4, C)
is bilinear.
Apart from the examples quoted there are, of course, very many
examples of additive categories. We mention two which will be of
particular importance to us.

Examples. (a) A graded A-module A (graded by the integers) is a
family of A-modules A={A4,},neZ. If A.B are graded A-modules, a
morphism ¢ : A— B of degree k is a family of A-module homomorphisms
{¢,: A,—B,,,}.neZ. The category so defined is denoted by M%. We
obtain an additive category if we restrict ourselves to morphisms of
degree 0. (The reader should note a slight abuse of notation: If Z is
regarded as the discrete category consisting of the integers, then MZ is
the proper notation for the category with morphisms of degree 0.)

(b) We may replace the grading set Z in Example (a) by some other
set. In particular we will be much concerned in Chapter VIII with
modules graded by Z x Z; such modules are said to be bigraded. If A
and B are bigraded modules, a morphism ¢ : A— B of bidegree (k, 1)
is a family of module homomorphisms {@, ,.: A, m— Bp+k.m+1}- The
category so defined is denoted by %%, If we restrict the morphisms
to be of bidegree (0, 0) we obtain an additive category.

Notice that, although MZ IM**% are not additive, they do admit
kernels and cokernels. We will adopt the convention that kernels and
cokernels always have degree 0 (bidegree (0, 0)). If we define the image
of a morphism as the kernel of the cokernel, then, of course, these
categories also admit images (and coimages!).

Abelian categories are additive categories with extra structure.
Before proceeding to describe that extra structure, we prove some
results about additive categories. We write 4, @ A4, for the product of
A, and A, in the additive category . Before stating the first proposition
we point out that the zero morphism of 2(A. B). in the sense of Section 1,
is the zero element of the abelian group U(A. B), so there is no confusion
of terminology.

Our first concern is to make good our claim that the axioms are,
in fact, self-dual. Apparently there is a failure of self-duality in that



76 II. Categories and Functors

we have demanded (finite) products but not coproducts. We show that
actually we can also guarantee the existence of coproducts. We prove
the even stronger statement:

Proposition 9.1. Let iy ={1,0}: 4, —A,®A,,i,={0,1}: 4, A4, DA,.
Then (A, ® A,; iy, i,) is the coproduct of A, and A, in the additive cat-
egory U.

We first need a basic lemma.

Lemma 9.2. i,p, +i,p,=1:4,®A,—5 A, DA,.

Proof. Now p;(iyp; +i2P;) = Pyispy + P2iap; = py. Since pyiy = 1,
p1i, =0. Similarly p, (i, p, +i,p,) = p,. Thus, by the uniqueness property
of the product, i, p, +i,p,=1. []

Proof of Proposition 9.1. Given ¢, : A;— B. i = 1. 2. define

@1, 02> =¢1p1 +@,p,: A, ®A,—B.

Then @y, 92 iy =(@1P + @2P2) iy = @1 Pyi1 + @2P2iy = ¢y, and similarly
{@y1, 9, iy =¢@,. We establish the uniqueness of {¢,,®,) by invoking
Lemma 9.2. For if Ai; = ¢,, 8i, = ¢,, then

0=0(i,p; +ip;) =0i,p; +0i,p, =@ p1 + 920, =K@, 02> . I

We use the term sum instead of coproduct in the case of an additive
category. Of course, sums only coincide with products in an additive
category if a finite number of objects is involved. We know from the
example of AD that they do not coincide for infinite collections of objects.

Proposition 9.3. Given

A {o. v} B(—BC {7.0) D
we have
O {e. v} =yp+éy

Proof.

;6> {o, v} =(vp; +0p)) lo. v} =yp {0, v} + P2 {0, v}
=yp+dy. [I
This proposition has the following interesting corollary.

Corollary 9.4. The addition in the set U(A, B) is determined by the
category U.

Proof. If @1, ¢, : A— B then ¢, + ¢, =<9, 92> {1,1}. [I

We may express this corollary as follows. Given a category with zero

object and finite products, the defining property of an additive category
asserts that the “morphism sets” functor A°P? x A— S may be lifted
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to Q[b, -QIb

U
AP x YA G

where U is the “underlying set” functor. Then Corollary 9.4 asserts
that the lifting is unique. We next discuss functors between additive
categories. We prove

Proposition 9.5. Let F : W— B be a functor from the additive category
U to the additive category B. Then the following conditions are equivalent :

(i) F preserves sums (of two objects) ;

(ii) F preserves products (of two objects) :

(iii) for each A. A’ in . F: (A, AV\—B(F A. F A" is a homomorphism.

Proof. (i)=>(ii). This is not quite trivial since we are required to show
that F{1,0>=(1,0) and F{0,1) =<0, 1>. Thus we must show that
F(0)=0 and for this it is plainly sufficient to show that F maps zero
objects to zero objects. Let 0 be a zero object of A. Then plainly, for any
A in U, A is the sum of 4 and 0 with 1, and 0 as canonical injections.
Thus if B=F(0), then FA is the sum of FA and B, with injections 1,
and B = F(0). Consider 0: FA— B and | : B— B. There is then a (unique)
morphism 6: FA— B such that §1=0, 68=1. Thus 1=0:B—B so
that B is a zero object.

That (ii) = (i) now follows by duality.

(i) = (iii) If @, @, : A— A’ then ¢, + ¢, =<{¢,, ¢, {1, 1}, so that

F(p,+¢,)=<{F¢.,Fe,»{1.1} . since F preserves sums and products,
=F¢,+Fo,.
(iii) = (ii) To show that F preserves products we must show that
{Fpy, Fpy} :F(A, ®A,)—>FA,®FA,
is an isomorphism. We show that
F(iy) py + F(i;) p,: FA,®FA,—F(4,®A4,)
is inverse to {Fp,, Fp,}. For

{Fpy, Fp,} (F(iy) py + F(i;) p2) = {Fp,. Fp,} F(iy) p, + {Fp,. Fp,} F(i)p,
= {F(p,iy),F(p,iy} p1 + {F(p1i2), F(p2i2)} P,
={1,0} p, +{0,1} p,, since F(0)=0,
=i p, +izp;
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and

(F(iy) py + F(i3) p2) {Fpy. Fp,y} = F(iy) py {Fpy. Fp,} + Fliy) p,{Fpy. Fp,}
=File1 +Fi2Fp2
=F(i;p, +i,p,), since F satisfies (iii),
=1. [

We call a functor satisfying any of the three conditions of Proposition
9.5 an udditive functor. Such functors will play a crucial role in the
sequel. However in order to be able to do effective homological algebra
we need to introduce a richer structure into our additive categories;
we want to have kernels, cokernels and images. Recall that kernels, if
they exist, are always monomorphisms and (by duality) cokernels are
always epimorphisms. In an additive category a monomorphism is
characterized as having zero kernel, an epimorphism as having zero
cokernel.

Definition. An abelian category is an additive category in which

(i) every morphism has a kernel and a cokernel;
(i1) every monomorphism is the kernel of its cokernel; every epi-
morphism is the cokernel of its kernel;

(iii) every morphismisexpressible asthe composite ofan epimorphism
and a monomorphism.

The reader will verify that all the examples given of additive categories
are, in fact, examples of abelian categories. The category of finite abelian
groups is abelian; the category of free abelian groups is additive but
not abelian. We will be content in this section to prove a few fundamental
properties of abelian categories and to define exact sequences. Notice
however that the concept of an abelian category is certainly self-dual.

Proposition 9.6. Given ¢ : A— B in the abelian category U, we may
develop from ¢ the sequence

s,) | SCYEN RN :XNGH

where ¢ = v, u is the kernel of @, ¢ is the cokernel of @, n is the cokernel
of p.and v isthe kernel of . Moreover, the decomposition of ¢ as a composite
of an epimorphism and a monomorphism is essentially unique.

We first prove a lemma.

Lemma 9.7. Suppose vy and n have the same kernel and n is an epi-
morphism. Then v is a monomorphism.

Proof. Use property (iii) of an abelian category to write v=gao,
with ¢ epimorphic, ¢ monomorphic. Then vy =gon and if u is the kernel
of on, then p is the kernel of pon = vy and hence also of #. Thus u is the
kernel of o5 and of 5 so that, by property (ii), 65 and 5 are both cokernels
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of u. This means that there exists an isomorphism in 2, say w, such
that on = wn, so that 6 = w. Thus ¢ is an isomorphism so that v is a
monomorphism. []

Proof of Proposition 9.6. Let u be the kernel of ¢ and let 5 be the
cokernel of u. Since pu =0, ¢ = vn. Since u is the kernel of , Lemma 9.7
assures us that v is a monomorphism. If ¢ is the cokernel of ¢, then ¢
is the cokernel of v (since 7 is an epimorphism), so v is the kernel of ¢
and the existence of S, is proved.

Finally if ¢ =vn=v,n,, with 5,5, epimorphic, v, v, monomorphic,
then ker¢g =kern=kern; so that n, =wn for some isomorphism w
and then v=v,0. []

We leave to the reader the proof of the following important corollary.

Corollary 9.8. If the morphism o in the abelian category U is a
monomorphism and an epimorphism, then it is an isomorphism. []

We have shown that the sequence S, is, essentially, uniquely
determined by the morphism ¢. It is, of course, easy to show that the
association is functorial in the sense that, given the commutative diagram

A—*%>B
oL
A-45B
there is a commutative diagram
K—ts4-25]—"5B—2»C
TR
)

’ <A N 4 ’ N ald
K'r—m A —>»I'——B——C,

o=vn, ¢=Vvy.

For since we construct u, ' as kernels and then n,%’; ¢, & as cokernels,
we automatically obtain morphisms k, 1, A such that y'k =au, n'a=1n,
& B =Ag, and the only point at issue is to show that v'1 = fv. But

vVin=vin'a=¢'a=Bo=pvn,

and so, since 7 is epimorphic, v'i = fiv.
Definition. A short exact sequence in the abelian category U is
simply a sequence

e

in which p is the kernel of ¢, and ¢ is the cokernel of u.
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A long exact sequence in the abelian category ? is a sequence

..._’p—".}.&; ety

@n = UnEy, K, monomorphic. &, epimorphic. where. for each n. u, is the
kernel of ¢, , (and ¢, , is the cokernel of p,).

Exercises:
9.1. Consider the commutative diagram

A—*>B-—*¥>C

Tl

A'——B——C
v

in the abelian category 2. Show, that if A£% B ¥ is exact and f is a
monomorphism, then A—2—B-¥£,C’ js exact. What is the dual of this?

9.2. Show that the square
A—*>B

1 ) lﬂ
A! T’Bl
in the abelian category U is commutative if and only if the
A fo, 0} »A'®B {—o"B> B

is differential, i.e., { —¢’, B> {a, @} =0. Show further that
(i) the square is a pull-back if and only if {a, ¢} is the kernel of {—¢’, B,
(i) the square is a push-out if and only if {—¢’, B) is the cokernel of {a, ¢}.
9.3. Call the square in Exercise 9.2 above exact if the corresponding sequence
is exact. Show that if the two squares in the diagram

A—=*5B-*-C
.
A/T’B,T)C/

are exact, so is the composite square.
9.4. In the abelian category 2 the square

A 2B
a [
A/ T BI
is a pull-back and the square
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is a push-out. Show (i) that there exists w: By B’ such that wf, = ,we; = ¢’,
and (ii) that the second square above is also a pull-back.
9.5. Let U be an abelian category with arbitrary products and coproducts. Define
the canonical sum-to-product morphism w: P 4,—][] 4, and prove that it
7 i

is not true in general that w is a monomorphism.

9.6. Let UA be an abelian caiegory and € a small category. Show that the functor
category ¢ is also abelian. (Hint: Define kernels and cokernels component-
wise).

9.7. Give examples of additive categories in which (i) not every morphism has a
kernel, (ii) not every morphism has a cokernel.

9.8. Prove Corollary 9.8. Give a counterexample in a non-abelian category.

10. Projective, Injective, and Free Objects

Although our interest in projective and injective objects is confined,
in this book, to abelian categories, we will define them in an arbitrary
category since the elementary results we adduce in this section will
have nothing to do with abelian, or even additive, categories. Our
principal purpose in including this short section is to clarify the cat-
egorical connection between freeness and projectivity. However,
Proposition 10.2 will be applied in Section IV.12, and again later in
the book.

The reader will recall the notion of projective and injective modules
in Chapter I. Abstracting these notions to an arbitrary category, we are
led to the following definitions.

Definition. An object P of a category € is said to be projective if

given the diagram P
w J )

in € with ¢ epimorphic, there exists i with ey = ¢. An object J of € is
said to be injective if it is projective in E°FP,

Much attention was given in Chapter I to the relation of projective
modules to free modules. We now introduce the notion of a free object in
an arbitrary category.

Definition. Let the category € be equipped with an underlying
Jfunctor to sets, that is, a functor U : € — & which isinjective on morphisms,
and let Fr—U. Then, for any set S, Fr(S) is called the free object on S
(relative to U).

After the introduction to adjoint functors of Sections 7 and 8. the
reader should have no difficulty in seeing that Fr(S) has precisely the
universal property we would demand of the free object on S. We will
be concerned with two questions: (a) are free objects projective, (b) is



82 I1. Categories and Functors

every object the image of a free (or projective) object? We first note the
following property of the category of sets.

Proposition 10.1. In € every object is both projective and injective. []

We now prove

Proposition 10.2. Let F:C—D and F—G. If G maps epimorphisms
to epimorphisms, then F maps projectives to projectives.

Proof. Let P be a projective object of € and consider the diagram,

in b, F(P)

|+
A—>B

Applying the adjugant, this gives rise to a diagram
P

J n(e)

GA-%<»GB

in €, where, by hypothesis, G¢ remains epimorphic. There thus exists
v :P—-GAinCwithGe ' =n(p),sothate y=¢, wheren(p)=y". [

Corollary 10.3. If the underlying functor U : € — & sends epimorphisms
to surjections then every free object in € is projective. []

This is the case, for example, for 2b, M ,. & : the hypothesis is false.
however, for the category of integral domains, where, as the reader may
show, the inclusion Z € @) is an epimorphism (see Exercise 3.2).

We now proceed to the second question and show

Proposition 10.4. Let Fr—U, where U:8—& is the underlying
functor. Then the counit é: FrU(A)— A is an epimorphism.

Proof. Suppose o, %' : A—B and a- § =o' - §. Applying the adjugant
we find U(x)= U(a). But U is injective on morphisms so a=a". []

Thus every object admits a free presentation by means of the free
object on its underlying set and this free presentation is a projective
presentation if U sends epimorphisms to surjections.

Proposition 10.5. (i) Every retract of a projective object is projective.
(ii) If U sends epimorphisms to surjections, then every projective
object is a retract of a free ( projective) object.

Proof. (i) Given P&2Q, go = 1, P projective, and
0

|

A—-»B,



10. Projective, Injective, and Free Objects 83

choose ' : P— A so that ey’ = g and set y =y'c. Then
ey=¢ep'c=@oo=¢.

(ii) Since é is an epimorphism it follows that if A4 is projective there
exists 6 : A— FrU(A) with 6o = 1. Note that, even without the hypothesis
on U, a projective P is a retract of FrU(P); the force of the hypothesis
is that then FrU(P) is itself projective. []

Proposition 10.6. (i) A coproduct of free objects is free.
(ii) A coproduct of projective objects is projective.

Proof. (i) Since Fr has a right adjoint, it maps coproducts to co-
products. (Coproducts in & are disjoint unions.)
(ii) Let P=] | P, P; projective, and consider the diagram

P

1,,,
A—<»B

Then ¢ =<{¢;>, ¢;: P,—B and, for each i, we have y,;: b,b—A with
ey; = ¢;. Then if ¢ = (y,), we have ey = ¢. Notice that, if the morphism
sets of € are non-empty then if P is projective so is each P; by Proposition
105@G). O

We shall have nothing to say here about injective objects beyond
those remarks which simply follow by dualization.

Exercises:

10.1. Use Proposition [. 8.1 to prove that if A is free as an abelian group, then
every free A-module is a free abelian group. (Of course, there are other
proofs!).

10.2. Verify in detail that Fr(S) has the universal property we would demand of
the free object on S in the case € = 6.

10.3. Deduce by a categorical argument that if € = ®. then Fr(SuUT) is the free
product of Fr(S) and Fr(T) if SNnT=46.

10.4. Dualize Proposition 10.5.

10.5. Show that Z C @ is an epimorphism (i) in the category of integral domains,
(ii) in the category of commutative rings. Are there free objects in these
categories which are not projective?

10.6. Let A be a ring not necessarily having a unity element. A (left) A-module
is defined in the obvious way, simply suppressing the axiom la=a. Show
that A, as a (left) A-module, need not be free!



II1. Extensions of Modules

In studying modules, as in studying any algebraic structures, the standard
procedure is to look at submodules and associated quotient modules.
The extension problem then appears quite naturally: given modules 4, B
(over a fixed ring A) what modules E may be constructed with submodule
B and associated quotient module A? The set of equivalence classes of
such modules E, written E(A, B), may then be given an abelian group
structure in a way first described by Baer [3]. It turns out that this group
E(A. B) is naturally isomorphic to a group Ext, (4. B) obtained from A
and B by the characteristic, indeed prototypical, methods of homological
algebra. To be precise. Ext,(A. B) is the value of the first right derived
functor of Hom,(—, B) on the module A, in the sense of Chapter IV.

In this chapter we study the homological and functorial properties of
Ext,(A4, B). We show, in particular, that Ext,(—, —) is balanced in the
sense that Ext (4, B) is also the value of the first right derived functor
of Hom,(A4, —) on the module B. Also, when A=Z, so that A, B are
abelian groups, we indicate how to compute the Ext groups; and prove a
theorem of Stein-Serre showing how, for abelian groups of countable
rank, the vanishing of Ext(4,Z) characterizes the free abelian groups A.

In view of the adjointness relation between the tensor product and
Hom (see Theorem 7.2), it is natural to expect a similar theory for the
tensor product and its first derived functors. This is given in the last
two sections of the chapter.

1. Extensions

Let A4, B be two A-modules. We want to consider all possible A-modules E
such that B is a submodule of E and E/B~A. We then have a short
exact sequence

B-%E->*»A

of A-modules; such a sequence is called an extension of A by B. We shall
say that the extension B>—E,—»A is equivalent to the extension
B—E,—»A if there is a homomorphism &: E;—E, such that the
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diagram B—E,—»A

| |

B—E,—»A

is commutative. This relation plainly is transitive and reflexive. Since &
is necessarily an isomorphism by Lemma I.1.1, it is symmetric, also.

The reader will notice that it would be possible to define an equiv-
alence relation other than the one defined above: for example two
extensions E;, E, may be called equivalent if the modules E,, E, are
isomorphic, or they may be called equivalent if there exists a homo-
morphism ¢ : E, — E, inducing automorphisms in both 4 and B. In our
definition of equivalence we insist that the homomorphism ¢: E,—E,
induces the identity in both A4 and B. We refer the reader to Exercise 1.1
which shows that the different definitions of equivalence are indeed
different notions. The reason we choose our definition will become clear
with Theorem 1.4 and Corollary 2.5.

We denote the set of equivalence classes of extensions of 4 by B by
E(A, B). Obviously E(A, B) contains at least one element: The A-module
A® B, together with the maps 15, 74, yields an extension

BB A®B™ A, (1.1)

The map 1,: A— A@® B satisfies the equation n, 1, =1, and the map
ng: A® B— B the equation g1z =15. Because of the existence of such
maps we call any extension equivalent to (1.1) a split extension of A by B.

Our aim is now to make E(—, —) into a functor; we therefore have
to define induced maps. The main part of the work is achieved by the
following lemmas.

Lemma 1.1. The square @ Y—2—A
J [} l ° (1.2)
B—¥>X
is a pull-back diagram if and only if the sequence
0— Yyl 4@ BL2=vd, x

is exact.

Proof. We have to show that the universal property of the pull-back
of (¢,y)is the same as the universal property of the kernel of (¢, — ).
But it is plain that two maps y: Z— A4 and ¢ : Z— B make the square

Z—25A

Lo



86 IIL Extensions of Modules

commutative if and only if they induce a map {y,8}:Z—A®B such
that (¢, —y) < {y, 6} =0. The universal property of the kernel asserts the
existence of a unique map {: Z— Y with {a, f} - { = {y. 6}. The universa]
property of the pull-back asserts the existence of a unique map {: Z— y
witha:{=y and B-{=06. []

Lemma 1.2. If the square (1.2) is a pull-back diagram, then
(i) B induces kera—>kery;

(ii) if y is an epimorphism, then so is a.

Proof. Part (i) has been proved in complete generality in Theorem
I1.6.4. For part (i) we consider the sequence 0— Y {28, 4@ B<2=w,
which is exact by Lemma 1.1. Suppose a € A. Since v is epimorphic there
exists be B with pa=yb, whence it follows that (a, b) e ker (¢, —p>
= im{a, B} by exactness. Thus there exists y € Y with a=ay (and b= By).
Hence a is epimorphic. []

We now prove a partial converse of Lemma 1.2 (i).

Lemma 1.3. Let

B—5FE—Y» 4’

| kot

B—>E —»4

be a commutative diagram with exact rows. Then the right-hand square is
a pull-back diagram.
Proof. Let
P—=,4'
Pt

E—»A

be a pull-back diagram. By Lemma 1.2 ¢ is epimorphic and ¢ induces
an isomorphism kere =~ B. Hence we obtain an extension

B-5P-5» A’

By the universal property of P there exists a map { : E'— P, such that
ol =¢, e{=V. Since { induces the identity in both 4’ and B, { is an
isomorphism by Lemma 1.1.1. []

We leave it to the reader to prove the duals of Lemmas 1.1, 1.2,1.3.
In the sequel we shall feel free to refer to these lemmas when we require
either their statements or the dual statements.



1. Extensions 87

Let a: A’— A be a homomorphism and let B>% E-*» A be a repre-
sentative of an element in E(A, B). Consider the diagram

E*. YA

{ Ja

B—~ESE —»A4

where (E*; V', &) is the pull-back of («, v). By Lemma 1.2 we obtain an
extension B~ E*¥» A’. Thus we can define our induced map

o*: E(A, B—E(A', B)

by assigning to the class of B~ E—» A the class of B~— E*—» A’. Plainly
this definition is independent of the chosen representative B~ E—» A.

We claim that this definition of E(a, B)=o* makes E(—, B) into a
contravariant functor. Indeed it is plain that fora =1, : A— A4 the induced
map is the identity in E(4, B). Let o' : A"— A’ and a: A’—A. In order
to show that E(a« ‘o', B)= E(«', B): E(a, B), we have to prove that in the
diagram

(B e A"

a

v

Ea DT )A'

E— 5A

where each square is a pull-back, the composite square is the pull-back
of (v, - a’). But this follows readily from the universal property of the
pull-back.

Now let f: B— B’ be a homomorphism, and let B~ E-*» 4 again
be a representative of an element in E(A. B). We consider the diagram

where (E;: ', £) is the push-out of (. k). The dual of Lemma 1.2 shows
that we obtain an extension B'— Ez;—» A. We then can define

B« :E(A, B)—E(4, B)
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by assigning to the class of B—E—»4 the class of B'’>>E;—» A. As
above one easily proves that this definition of E(B, ) = 8, makes EA, -)
into a covariant functor. Indeed, we even assert:

Theorem 1.4. E(—, —) is a bifunctor from the category of A-modules
to the category of sets. It is contravariant in the first and covariant in the
second variable.

Proof. It remains to check that g a*=o,p*: E(A. B)—E(A'. B).
We can construct the following (3-dimensional) commutative diagram,
using pull-backs and push-outs.

E
,,\B ™. ||\
|ﬂ 1 7 ”
B’ E,

L/\/’\ (Ea)a\‘\»A,

\ ;Eﬂ)a /

We have to show the existence of (E*);— (Ej)” such that the diagram
remains commutative. We first construct E*—(Ey)" satisfying the
necessary commutativity relations. Since E*—E—E;— A coincides
with E*— A'— A, we do indeed find E*—(Eg)* such that E*—(E)*— E,
coincides with E*—E— E; and E*—(Eg)*— A’ coincides with E*—A'.
It remains to check that B— E*—(E)” coincides with B— B'—(Ep)".
By the uniqueness of the map into the pull-back it suffices to check that
B—E*—(Eg)*—E; coincides with B—B'—(Ey)*—E; and B—E"
—(Eg)*— A’ coincides with B—B'—(Ez)*— A’, and these facts follow
from the known commutativity relations. Since B— E*— (Ej)* coincides
with B—B'—(Ey)”* we find (E®);—(E)* such that B'—(E®);—(Ep)*
coincides with B'—(Ep)* and E*— (E*);—(Ey)* coincides with E*—(Ep)".
It only remains to show that (E*);— (E)*— A’ coincides with (E*),— A".
Again, uniqueness considerations allow us merely to prove that B'—(E®),
—(Eg)*— A’ coincides with B'—(E*);—A’, and E*—(E®);—(Ez)—A’
coincides with E*—(E®);— A'. Since these facts, too, follow from the
known commutativity relations, the theorem is proved. []

/

Exercises:

1.1. Show that the following two extensions are non-equivalent
LT T, ZEST—>17,

where p =y’ is multiplication by 3, ¢(1) = 1 (mod 3) and &’'(1) = 2(mod 3).
1.2. Compute E(Z,, Z), p prime.
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1.3. Prove the duals of Lemmas 1.1, 1.2, 1.3.

1.4. Show that the class of the split extension in E(4, B) is preserved under the
induced maps.

1.5. Prove: If P is projective, E(P, B) contains only one element.

1.6. Prove: If I is injective, E(A, I) contains only one element.

1.7. Show that E(A.B,®B,)=~ E(A.B,)x E(A.B,). Is there a corresponding
formula with respect to the first variable?

1.8. Prove Theorem 1.4 using explicit constructions of pull-back and push-out.

2. The Functor Ext

In the previous section we have defined a bifunctor E(—, —) from the
category of A-modules to the categories of sets. In this section we shall
define another bifunctor Ext,(—, —) to the category of abelian groups,
and eventually compare the two.

A short exact sequence R-£ P-£» 4 of A-modules with P projective
is called a projective presentation of A. By Theorem 1.2.2 such a presenta-
tion induces for a A-module B an exact sequence

Hom, (4, B)—2>Hom (P, B)—£>Hom,,(R, B). @2.1)

To the modules 4 and B, and to the chosen projective presentation of A
we therefore can associate the abelian group

Ext% (4, B) = coker (u* : Hom (P, B)—Hom(R, B)).

The superscript ¢ is to remind the reader that the group is defined
via a particular projective presentation of A. An element in Exté (A4, B)
may be represented by a homomorphism ¢ : R— B. The element rep-
resented by ¢:R—B will be denoted by [¢] e Ext5(A4, B). Then
[¢:]1=[¢.] if and only if ¢, — ¢, extends to P.

Clearly a homomorphism f: B— B’ will map the sequence (2.1) into
the corresponding sequence for B’. We thus get an induced map
B, : Ext5(A4, B)—Ext% (4, B'), which is easily seen to make Ext(4, —)
into a functor.

Next we will show that for two different projective presentations of 4
we obtain the “same” functor. Let R'>£P'<» 4’ and R-4P-£»A be
projective presentations of A’, A respectively. Let a:: A’— A be a homo-
morphism. Since P’ is projective, there is a homomorphism n: P'—P,
inducing ¢ : R"— R such that the following diagram is commutative:

RI u Pt &' AI
R—t£-sP —£:54

We sometimes say that = lifts o.
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Clearly =. together with ¢, will induce a map
n* : Exty (A4, B)—Ext5(4’, B)

which plainly is natural in B. Thus every = gives rise to a natural trans-
formation from Exté, (4, —) into Ext5(A4’, —). In the following lemma we
prove that this natural transformation depends only on a: A'— A4 and
not on the chosen ©: P'— P lifting x.

Lemma 2.1. ©* does not depend on the chosen n: P'— P but only on
a:A'—A.

Proof. Let ;: P’—P, i=1,2, be two homomorphisms lifting & and
inducing a;: R'— R, so that the following diagram is commutative for
i=1,2

RSP —£» /g

R—t£-P —“£»4

Consider ©, — 7, ; since ©y, n, induce the same map a: A'—A4, n, — =,
factors through a map 7: P'— R, such that n; —nr, = ut. It follows that
o, —0o,=tu'. Thus, if ¢:R—B is a representative of the element
[¢] € Ext}(4, B), we have nf[¢]=[¢90]=I[¢0,+¢tu]=[¢0q,]
=njle]. 0O

To stress the independence from the choice of n we shall call the
natural transformation («; P’, P) : Ext, (4, —)— Ext5 (4’, —),instead of n*.
Leta': A"—A’and a : A’— A be two homomorphisms and R”— P"—» A",
R'>—»P'—»A’, R~—P—A projective presentations of 4", A', A re-
spectively. Let n' : P"— P’ lift o’ and n: P'— P lift . Then -7’ : P"—P
lifts occ o’; whence it follows that

(@;P",P):(o; P, P)=(ac'; P", P). 2.2)
Also, we have
(1,:P.P)=1. 2.3)
This yields a proof of

Corollary 2.2. Let R~——»P-<»A and R'~—P'£» A be two projective
presentations of A. Then

(143 P', P): Ext(4, —)—Ext}(4, —)
is a natural equivalence.

Proof. Letn: P—P and n': P’— P both lift 1, : A— A. By formulas
(2.2) and (2.3) we obtain (1 ,; P, P')- (1 ,; P', P)=(14; P, P)=1: Ext5(4, —)
—Ext (A4, —). Analogously, (1,; P’, P)-(1,; P, P')= 1, whence the asser-
tion. [J
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By this natural equivalence we are allowed to drop the superscript ¢
and to write, simply, Ext (4, B).

Of course, we want to make Ext,(—, B) into a functor. It is obvious
by now that given a : A'— A we can define an induced map o* as follows:
Choose projective presentations R'>—P'<» A’ and R—P-%» A4 of A, A
respectively, and let o* =(a; P’, P): Ext’,(A4, B)— Ext%(4’, B). Formulas
(2.2), (2.3) establish the facts that this definition is compatible with the
natural equivalences of Corollary 2.2 and that Ext,(—, B) becomes a
(contravariant) functor. We leave it to the reader to prove the bi-
functoriality part in the following theorem.

Theorem 2.3. Ext,(—, —) is a bifunctor from the category of A-
modules to the category of abelian groups. It is contravariant in the first,
and covariant in the second variable. []

Instead of regarding Ext4(4, B) as an abelian group, we clearly can
regard it just as a set. We thus obtain a set-valued bifunctor which —
for convenience — we shall still call Ext,(—, —).

Theorem 2.4. There is a natural equivalence of set-valued bifunctors
n: E(A, B)=Ext (4, B).

Proof. We first define an isomorphism of sets
n: E(A, B)=Ext4 (4, B),

natural in B, where R-£ P-£» A4 is a fixed projective presentation of 4.
We will then show that » is natural in A.

Given an element in E(A, B), represented by the extension B>%> E-X» A4,
we form the diagram

R—5>P—t»A

v v

B—X>SE—»A

The homomorphism y:R— B defines an element [y]e Ext5(4, B)
= coker (u* : Hom,(P, B)—Hom,(R, B)). We claim that this element
does not depend on the particular ¢ : P—E chosen. Thus let ¢,: P—E,
i=1,2,be two maps inducing y;: R—B, i=1,2. Then ¢, — ¢, factors
through t: P—B, ie, ¢, — ¢, =k7. It follows that y, —y, = tu, whence
[wil =1y, +ul=[y,]

Since two representatives of the same element in E(A4, B) obviously
induce the same element in Ext’ (4, B), we have defined a map n : E(A, B)
— Extf (4, B). We leave it to the reader to prove the naturality of  with
respect to B.

Conversely, given an element in Ext5(A4, B), we represent this element
by a homomorphism y : R— B. Taking the push-out of (i, 1) we obtain
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the diagram R—t>P—t»A4

By the dual of Lemma 1.2 the bottom row B-% E-*» 4 is an extension.
We claim that the equivalence class of this extension is independent of
the particular representative y: R— B chosen. Indeed another repre-
sentative ¢’ : R— B has the form y’ =y + tu where t : P— B. The reader
may check that the diagram

RSPt 54

Pk

B—X*>E—Y %4

with ¢’ = ¢ + k7 is commutative. By the dual of Lemma 1.3 the left hand
square is a push-out diagram, whence it follows that the extension we
arrive at does not depend on the representative. We thus have defined
a map

& : Ext5 (4, B—E(A4, B)

which is easily seen to be natural in B.
Using Lemma 1.3 it is easily proved that n, £ are inverse to each other.
We thus have an equivalence

n: E(4, B)= Ext% (A, B)

which is natural in B.

Note that n might conceivably depend upon the projective presenta-
tion of A. However we show that this cannot be the case by the following
(3-dimensional) diagram, which shows also the naturality of n in 4.

N f\; H\

E* is the pull-back of E— A4 and A’— A. We have to show the existence
of homomorphisms ¢ : P'— E*. v : R'— B such that all faces are com-
mutative. Since the maps P'—E— A and P'— A’'— A agree they define
a homomorphism ¢:P'—E® into the pull-back. Then ¢ induces
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v : R"— B, and trivially all faces are commutative. (To see that R"—R— B
coincides with y, compose each with B~— E.) We therefore arrive at a
commutative diagram

E(A,B—=>E(A’, B)
LIIES nl|¢

Ext, (A, B)—=—Ext%(A4’, B)

For A'= A, a =1, this shows that 5 is independent of the chosen pro-
jective presentation. In general it shows that n and £ are naturalin 4. []

Corollary 2.5. The set E(A. B) of equivalence classes of extensions has
a natural abelian group structure.

Proof. This is obvious, since Ext,(4, B) carries a natural abelian
group structure and since n:E(—, —)>Ext,(—, —) is a natural
equivalence. []

We leave as exercises (see Exercises 2.5 to 2.7) the direct description
of the group structure in E(A, B). However we shall exhibit here the
neutral element of this group. Consider the diagram

R—-E5P—-E54

Lok

B—X*>E—»4

The extension B>—E—» A represents the neutral element in E(A. B)
if and only if v : R— B is the restriction of a homomorphism 7: P— B,
i.e., if w=1u. The map (¢ —k7)u: R—E therefore is the zero map. so
that ¢ — k7 factors through A, defining a map 6 : A— E with ¢ —k1=0¢.
Since v(¢ — k7) =¢, 0 is aright inverse to v. Thus the extension B~ E—» A4
splits. Conversely if B~ E-» A4 splits, the left inverse of k is a map E— B
which if composed with ¢ : P—E yields t.

We finally note

Proposition 2.6. If P is projective and I injective, then Ext ,(P, B)=0
= Ext (4, I) for all A-modules A, B.

Proof. By Theorem 2.4 Ext,(P, B) is in one-to-one correspondence
with the set E(P, B), consisting of classes of extensions of the form
B>—»E—»P. By Lemma 1.4.5 short exact sequences of this form split
Hence E(P, B) contains only one element, the zero element. For the other
assertion one proceeds dually. []

Of course, we could prove this proposition directly, without involving
Theorem 2.4.
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Exercises:

2.1. Prove that Ext,(—, —) is a bifunctor.

2.2. Suppose A is a right I'-left A-bimodule. Show that Ext,(4, B) has a left-I-
module structure which is natural in B.

2.3. Suppose B is a right I'-left A-bimodule. Show that Ext,(A4, B) has a right
I'-module structure, which is natural in 4.

2.4. Suppose A commutative. Show that Ext,(4, B) has a natural (in 4 and B)
A-module structure.

2.5. Show that one can define an addition in E(A, B) as follows: Let B—E,—» A,
B—E,—» A be representatives of two elements £;, &, in E(A, B). Let
Ag: B— B@® B be the map defined by 4g(b)= (b, b),be B,and letV,: A A— A
be the map defined by V,(a,, a,) = a, +a,,a,, a, € A. Define the sum &, + &, by

$1+&,=E(45,V,) (BOB—E,@E,—»A®A).
2.6. Show that ifa,,a,: A'— A, then
(@, +az)* =af +af : E(4, B)—~E(4', B),

using the addition given in Exercise 2.5. Deduce that E(A. B) admits additive
inverses (without using Theorem 2.4).

2.7. Show that the addition defined in Exercise 2.5 is commutative and associative
(without using Theorem 2.4). [Thus E(A4, B) is an abelian group.]

2.8. Let Z,—7Z,,—»7Z, be the evident exact sequence. Construct its inverse in
E (14, 14)

2.9. Show the group table of E(Zg,Z,,).

3. Ext Using Injectives

Given two A-modules A4, B, we defined in Section 2 a group Ext,(4, B)
by using a projective presentation R-£P-» A4 of A:

Ext4(A. B)=coker(u* : Hom (P, B)—Hom (R, B)).

Here we consider the dual procedure: Choose an injective presentation
of B, i.e. an exact sequence B> [-1» S with I injective, and define the group
Ext}y (4, B) as the cokernel of the map 7, : Hom,(4, )—Hom,(4, S).
Dualizing the proofs of Lemma 2.1, Corollary 2.2, and Theorem 2.3 one
could show that Ext}(4, B) does not depend upon the chosen injective
presentation, and that Ext,(—, —) can be made into a bifunctor, co-
variant in the second, contravariant in the first variable. Also, by
dualizing the proof of Theorem 2.4 one proves that there is a natural
equivalence of set-valued bifunctors between E(—, —) and Ext,(—, —).

Here we want to give a different proof of the facts mentioned above
which has the advantage of yielding yet another description of E(—, —).
In contrast to Ext,(—, —) and Ext,(—, —), the new description will
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be symmetric in A and B. Also, this proof establishes immediately that
Ext4(A, B) and Ext4(A4, B) are isomorphic as abelian groups. First let
us state the following lemma, due to J. Lambek (see [32]).

Lemma 3.1. Let

A/ ay A az A”

Ju 5 |eZ2 |6 (3.1)
B B B B2 B’

be a commutative diagram with exact rows. Then ¢ induces an isomorphism
@ : kerfa, /(kera, + ker )= (im@nim f;)/imea, .

Proof. First we show that ¢ induces a homomorphism of this kind.
Let x e kerfQa,; plainly ¢ x eim¢. Since 0=0a,x=f,¢x, pxecimp,.
If x e kera,, then x eima,, and ¢x € im@a,. If x e kerp, ¢ x =0. Thus ¢
is well-defined. Clearly @ is a homomorphism. To show it is epimorphic,
let yeim¢ nim B, . There exists x € A with ¢ x =y. Since

Oo,x=PB,px=p,y=0,

x e kerfa,. Finally we show that @ is monomorphic. Suppose x € ker0a,,
such that px e im@a,,ie. ¢x=¢a, z for some ze A". Then x =a,z +t,
where t e ker¢. It follows that x € kera, +kere. [

To facilitate the notation we introduce some terminology.
Definition. Let X~ be a commutative square of A-modules

A—2-A4
Ry
B—£-B
We then write
ImXY =impnimpf/imea,
KerX =kerpa/kero +kery: .
With this notation Lemma 3.1 may be stated in the following form:

If the diagram (3.1) has exact rows, then ¢ induces an isomorphism
@:Ker2,5ImZ,.

Proposition 3.2. For any projective presentation R~ P-<» A of A and
any injective presentation B>~*»I-1»S of B, there is an isomorphism

o : Extt, (4, B> Ext),(4, B).
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Proof. Consider the following commutative diagram with exact rows
and columns

Hom (A4, B)>—Hom ,(A4, N—Hom,(A, S)—» Ext} (4. B)
5 2
Hom, (P, B)»——»Hom,&(P, I)—-Hom, (P, S)——0
%4 23 (3.2
Hom ,(R. B)—»Hom,(R. )>Hom/,(R, S)

Zs

Extt, (4, B——0

The reader easily checks that Ker 2, = Ext,(4, B)and Ker X5 = Ext,(4, B).
Applying Lemma 3.1 repeatedly we obtain

Exty(4, B)=KerZ, =ImZ, =Ker X, = ImZ, =~ Ker X, = Ext;,(4, B) . ]

Thus for any injective presentation of B, Extj (4, B) is isomorphic to
Ext% (A, B). We thus are allowed to drop the superscript v and to write
Ext4(A4, B). Let B: B—B’ be a homomorphism and let B> I'—» S’ be
an injective presentation. It is easily seen that if 7 : I— I’ is a map inducing
B the diagram (3.2) is mapped into the corresponding diagram for
B'>YsI'—»S'. Therefore we obtain an induced homomorphism

ﬂ* : m/ﬂ (As B)_’ m{l (A, B’)

which agrees via the isomorphism defined above with the induced
homomorphism g, : Ext4(A4, B)—Ext,(A, B).

Analogously one defines an induced homomorphism in the first
variable. With these definitions of induced maps Ext,(—, —) becomes
a bifunctor, and ¢ becomes a natural equivalence. We thus have

Corollary 3.3. Ext,(—, —) is a bifunctor, contravariant in the first,
covariant in the second variable. It is naturally equivalent to Ext ,(—, —)
and therefore to E(—, —). [I

We sometimes express the natural equivalence between Ext (—, —)
and Ext,(—, —) by saying that Ext is balanced.

Finally the above proof also yields a symmetric description of Ext
from (3.2), namely:

Corollary 3.4. Ext,(4,B)=KerZ;,. [

In view of the above results we shall use only one notation, namely
Ext ,(—, —)for the equivalent functors E(—, —), Ext ,(—, —), Ext ,(—, —).
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Exercises:

3.1. Show that, if A is a principal ideal domain (p.i.d.). then an epimorphism
B:B—» B’ induces an epimorphism S, : Ext,(A4, B)—Ext,(4, B’). State and
prove the dual.

3.2. Prove that Extz(A4,Z)=+0 if A has elements of finite order.

3.3. Compute Extz(Z,,, Z), using an injective presentation of Z.

3.4. Show that Extgz(A4, Extz(B, C)) = Extz(B, Extz(4, C)) when A, B, C are finitely-
generated abelian groups.

3.5. Let the natural equivalences 1 : E(—, —)— Ext,(—, —) be defined by Theo-
rem 2.4, ¢ : Ext,(—. —)—Ext,(—. —) by Proposition 3.2. and

'7 :E('_) _)_)E;t./i(—7 —)

by dualizing the proof of Theorem 2.4. Show thato n=1.

4. Computation of some Ext-Groups

We start with the following
Lemma 4.1. (i) Ext, (@ A;, B) = [] Ext4(4;, B),

(i) Ext, (A, I B,) ~ 1;[ Ext,(4, B)).
J

Proof. We only prove assertion (i), leaving the other to the reader.
For each i in the index set we choose a projective presentation
R;—P,—» A; of A;. Then @ R, @ P,— @ A, is a projective presenta-

! : -

tion of @ A;. Using Proposition 1.3.4 we obtain the following com-

1
mutative diagram with exact rows

Hom,,((—D A,.B)»—»Hom,,(@ B)—-»HomA((—B R,,B)—»ExtA((—D A, B)

| | |

[T Hom,(4;, B) — [| Hom,(P,, B)— [ ] Hom,(R;. B)— [ ] Ext,(4;. B)
i i i i

whence the result. []

The reader may prefer to prove assertion (i) by using an injective
presentation of B. Indeed in doing so it becomes clear that the two
assertions of Lemma 4.1 are dual to each other.

In the remainder of this section we shall compute Ext;(4, B) for A, B
finitely-generated abelian groups. In view of Lemma 4.1 it is enough to
consider the case where A, B are cyclic.
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To facilitate the notation we shall write Ext(A, B) (for Extz(A4, B))

and Hom (4, B) (for Homg4 (A, B)), whenever the groundring is the ring
of integers.

Since Z is projective, one has

Ext(Z,Z)=0=Ext(Z,Z,)

by Proposition 2.6. To compute Ext(Z,,Z) and Ext(Z,,Z,) we use the
projective presentation

I T2 »7,

where u is multiplication by r. We obtain the exact sequence

Hom(Z,.Z)— Hom (Z.Z)—~Hom (Z.Z)— Ext(Z,. Z)

N

0 /A o’ >Z

Since p* is again multiplication by r we obtain

Ext(Z, Z)=1Z,.

Also the exact sequence

Hom(Z,,Z,)— Hom(Z,Z))-*~Hom(Z,Z,)—Ext(Z,,Z,)

4 4 4

z,, y// - >Z,

q q

yields, since u* is multiplication by r,

Ext(Z, Z)=Z, ,

where (r, g) denotes the greatest common divisor of r and q.

Exercises:

4.1.

4.2,

4.3.

44.
4.5.

4.6.

Show that there are p non-equivalent extensions Z,— E—Z, for p a prime,
but only two non-isomorphic groups E, namely Z,®Z, and Z .. How does
this come about?

Classify the extension classes [E], given by

Z,—~E—1T,

under automorphisms of Z,, and Z,.

Show that if A4 is a finitely-generated abelian group such that Ext(4,Z) =0,
Hom(A.Z)=0, then A=0.

Show that Ext(4,Z)= A if A is a finite abelian group.

Show that there is a natural equivalence of functors Hom(—, Q/Z) =~ Ext(—,Z)
if both functors are restricted to the category of torsion abelian groups.
Show that extensions of finite abelian groups of relatively prime order split.
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5. Two Exact Sequences

Here we shall deduce two exact sequences connecting Hom and Ext.
We start with the following very useful lemma.

Lemma 5.1. Let the following commutative diagram have exact rows.

A—+-5B —~*>C—>0

Fbd

0— A5 B-—E5C

Then there is a “connecting homomorphism” w : kery—s cokero such that
the following sequence is exact:

kera—£ker f—2—kery—2—coker a— coker f—%—cokery . (5.1)

If p is monomorphic, so is p, : if € is epimorphic, so is €.

Proof. 1t is very easy to see — and we leave the verification to the
reader — that the final sentence holds and that we have exact sequences

kera—— kerf —Z-kery,
coker a—# coker f—%—cokery .

It therefore remains to show that there exists a homomorphism
o : kery—cokera “connecting” these two sequences. In fact, w is defined
as follows.

Let cekery, choose be B with eb=c. Since & fb=yeb=yc=0
there exists a’e A’ with fb=p'a’. Define w(c)=[a’]. the coset of a’ in
cokero.

We show that w is well defined. that is, that w(c) is independent of the
choice of b. Indeed, let b € B with ¢b =c, then b =b + pa and

B(b+pa)=pb+paa.

Hence a’ =a’' +aa, thus [a'] =[a']. Clearly w is a homomorphism.

Next we show exactness at kery. If cekery is of the form &b for
bekerf, then 0=pb=p'a’, hence a =0 and w(c)=0. Conversely, let
cekery with w(c)=0. Then c=¢b, fb=p'a’ and there exists a e A with
aa=d'. Consider b =b — pa. Clearly ¢b = c, but

pb=pb—pua=pb—p'a =0,

hence c € kery is of the form eb with b € ker .

Finally we prove exactness at cokero’. Let w(c) = [a'] € cokera. Thus
c=¢b, Bb=p'a’, and p [a]=[a]=[pb]=0. Conversely, let
[a]ecokera with p,[a]=0. Then u'a'=pb for some be B and
c=¢bekery. Thus [a@]=w(c). [
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For an elegant proof of Lemma 5.1 using Lemma 3.1, see Exercise 5.1.
We remark that the sequence (5.1) is natural in the obvious sense:
If we are given a commutative diagram with exact rows

jD\A 'f\B lF\C - 0
0 0 =D'\J" E\i F\l (5.2)

we obtain a mapping from the sequence stemming from the front diagram
to the sequence stemming from the back diagram.
We use Lemma 5.1 to prove

Theorem 5.2. Let A be a A-module and let B’ ~2> B-» B" be an exact
sequence of A-modules. There exists a “connecting homomorphism”
w:Hom,(A. B")—Ext ,(A. B') such that the following sequence is exact
and natural

0— Hom (4. B)—%Hom (4. B—%> Hom (4. B")

53
—© , Ext (4, B)—2-Ext (4, B)-%>Ext (4, B"). (53)

This sequence is called the Hom-Ext-sequence (in the second variable).

Proof. Choose any projective presentation R-4P-2»A4 of A and
consider the following diagram with exact rows and columns

0— Hom,, (P, B)—> Hom 4 (P, B)— Hom (P, B")——0

/

(54
4(R.B"

4

0—— Hom(R, B)—> Hom,(R, B)—> Hom

Ext,(A4, B) % » Ext (A4, B) - %> Ext,(4, B")

The second and third rows are exact by Theorem 1.2.1. In the second
row y, : Hom,(P, B)—Hom (P, B") is epimorphic since P is projective
(Theorem 1.4.7). Applying Lemma 5.1 to the two middle rows of the
diagram we obtain the homomorphism w and the exactness of the
resulting sequence.
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Let o: A’— A be a homomorphism and let R'’>»P'—» A’ be a pro-
jective presentation of A’. Choose n:P'—P and ¢:R'— R such that

the diagram
Rl — Pl - A L

Fol ok

R—P —»A

is commutative. Then o, n. ¢ induce a mapping from diagram (5.4)
associated with R~—»P—»A to the corresponding diagram associated
with R’>»P'—» A’. The two middle rows of these diagrams form a
diagram of the kind (5.2). Hence the Hom-Ext sequence corresponding
to A is mapped into the Hom-Ext sequence corresponding to A'. In
particular - choosing a =1, : A— A4 — this shows that w is independent
of the chosen projective presentation.

Analogously one proves that homomorphisms f', , 8” which make
the diagram

B'>——B—»B"

lﬂ' Jﬂ l )

CI*_) C__’) C”
commutative induce a mapping from the Hom-Ext sequence associated
with the short exact sequence B'>~»B—» B” to the Hom-Ext sequence

associated with the short exact sequence C’'~—C—»C". In particular the
following square is commutative.

Hom (A, B")—2—Ext4(A4, B))
B¥ B

Hom, (A4, C")—2—Ext, (4, C')
This completes the proof of Theorem 5.2. []
We make the following remark with respect to the connecting homo-

morphism w: Hom (A4, B")— Ext (4, B’) as constructed in the proof of
Theorem 5.2. Given « : A— B" we define maps =, ¢ such that the diagram

Bl,L)B#»BI’

is commutative. The construction of w in diagram (5.4) shows that
w(a)=[o] € Ext,(4, B’). Now let E be the pull-back of (yp, «). We then
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have a map =’ : P— E such that the diagram

R——P—»A4

Eol

B—E—»A

| |

B'——B—»B"

is commutative. By the definition of the equivalence
¢ :Ext,(4, B)=E(4, B)

in Theorem 24 the element £[o] is represented by the extension
B'>»E—A.
We now introduce a Hom-Ext-sequence in the first variable.

Theorem 5.3. Let B be a A-module and let A'~% A¥» A" be a short
exact sequence. Then there exists a connecting homomorphism

w: Hom,(A’, By—Ext4(A", B)
such that the following sequence is exact and natural
0——Hom 4(A4”, B)—£->Hom (A4, B)—¢Hom 4(A4’, B)

55
—© , Ext, (A", B)—> Ext ,(4, B—2> Ext (4, B). ©-3)

The reader notes that, if Ext is identified with Ext, Theorem 5.3
becomes the dual of Theorem 5.2 and that it may be proved by proceeding
dually to Theorem 5.2 (see Exercises 5.4, 5.5). We prefer, however, to give
a further proof using only projectives and thus avoiding the use of
injectives. For our proof we need the following lemma, which will be
invoked again in Chapter IV.

Lemma 5.4. To a short exact sequence A’ 2> A-¥» A" and to projective
presentations ¢ :P'—A' and &' :P"—» A" there exists a projective
presentation ¢ : P—» A and homomorphisms 1: P'— P and n: P— P" such
that the following diagram is commutative with exact rows

Pl 1 P T P"

AI)L)A_'L»AII

Proof. Let P=P' @ P", let 1: P"— P’ @ P” be the canonical injection,
n: P"@P"—P" the canonical projection. We define ¢ by giving the
components. The first component is ¢ : P'— A; for the second we use
the fact that P” is projective to construct a map x : P"— A which makes
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the triangle /P”
x l

AT»A”

commutative, and take y as the second component of ¢. It is plain that
with this definition the above diagram commutes. By Lemma 1.1.1 ¢ is
epimorphic. []

Proof of Theorem 5.3. Using Lemma 5.4 projective presentations
may be chosen such that the following diagram is commutative with short
exact middle row R——>R——>R"

Pl 13 iP T 3 PII
A”—L)A—'L'»A”

By Lemma 5.1 applied to the second and third row the top row is short
exact, also. Applying Hom,(—, B) we obtain the following diagram

0— Hom ,(P", B)— Hom 4 (P. B)——Hom,,(P’, B)—0

(5.6
0— Hom 4 (R", B)—> Hom (R, B)—> Hom,,(R’, B)

EXtA (A”, B) '4’*) ExtA (A, B) Q” » ExtA (AI, B)

By Theorem 1.2.2 the second and third rows are exact. In the second row
1* :Hom,(P, B)—Hom/(P’. B) is epimorphic since P=P @P", so
Hom,(P'@®@P”", By~ Hom 4(P’, B)® Hom (P”, B). Lemma 5.1 now yields
the Hom-Ext sequence claimed. As in the proof of Theorem 5.2 one shows
that w is independent of the chosen projective presentations. Also, one
proves that the Hom-Ext sequence in the first variable is natural with
respect to homomorphisms §: B— B’ and with respect to maps y', y, "

making the diagram A A A"

Pk
C’>_)C_»C”

commutative. []
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If we try to describe the connecting homomorphism
w:Hom4(A', By —Ext,(A". B)

in terms of extensions, it is natural to consider the push-out E ofo.: A’— B
and ¢ : A'— A and to construct the diagram

A’>—_‘>A—»A”

Fol

B——E—»A"

We then consider the presentation R”>—P”—» A" and note that the map
% : P”"— A constructed in the proof of Lemma 5.4 induces ¢ such that the

dlagram R ” Pu A "

Pl
AI)___)A —)'AII
Folo
B——E —»A4"

is commutative. Now the definition of w(«) in diagram (5.6) is via the
map @ : R"— B which is obtained as g=0a7 in

Il{ Pl@PII T > P’ & A a >B
R" /
But by the definition of ¢ : P’ @ P”"— A in Lemma 5.4, the sum of the two

v

maps R R'—9, 42,4
R »R"— > A2 4
is zero. Hence 6 = —1, so that the element — w(a) =[ —1] is represented

by the extension B—E—» A",

Corollary 5.5. The A-module A is projective if and only if Ext ,(4.B)=0
Jor all A-modules B.

Proof. Suppose A is projective. Then 1: 45 A4 is a projective
presentation, whence Ext,(A4, B)=0 for all A-modules B. Conversely,
suppose Ext,(4, B)=0 for all A-modules B. Then for any short exact
sequence B'— B—» B” the sequence

0—Hom, (4, B')—Hom ,(A4, B)—Hom ,(4, B")—0
is exact. By Theorem 1.4.7 A is projective. []
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The reader may now easily prove the dual assertion.

Corollary 5.6. The A-module B is injective if and only if Ext (A, B)=0
for all A-modules A. []

In the special case where A is a principal ideal domain we obtain
Corollary 5.7. Ler A be a principal ideal domain. Then the homo-
morphisms v, : Ext,(4, B)—Ext,(A4, B") in sequence (5.3) and
¢*: Ext,(A, B)—Ext,(A4', B)
in sequence (5.5) are epimorphic.

Proof. Over a principal ideal domain A submodules of projective
modules are projective. Hence in diagram (5.4) R is projective; thus

v, : Hom (R, B)—Hom,(R, B")

is epimorphic, and hence v, : Ext,(A4, B)—Ext, (4, B") is epimorphic.
In diagram (5.6), R” is projective. Hence the short exact sequence
R’>—R—»R" splits and it follows that ¢*: Hom,(R, B)— Hom,(R', B)
is epimorphic. Hence ¢*: Ext,(A4, B)— Ext,(4’, B) is epimorphic. []

We remark, that if A is not a principal ideal domain the assertions
of Corollary 5.7 are false in general (Exercise 5.3).

Exercises:

5.1. Consider the following diagram
ker p—=—kery

| =]

A L—B £ —C—0

b

0—>A'—4 B ,C

Za
cokera—&scoker

with all sequences exact. Show that with the terminology of Lemma 3.1 we
have ImZX, ~cokere,, KerZ, ~keryu,. Show ImX, ~KerZ, by a repeated
application of Lemma 3.1. With that result prove Lemma 5.1.

5.2. Given A-%B-£C (not necessarily exact) deduce from Lemma 5.1 (or prove
otherwise) that there is a natural exact sequence

0—kera—ker fa— ker f— cokera— coker fa—coker f—0.

5.3. Show that if R is not projective there exists a module B with Ext,(R, B) +0.
Suppose that in the projective presentation R>2 P-¥» A of A the module R is
not projective. Deduce that ¢* : Ext (P, B— Ext (R, B) is not epimorphic.
Compare with Corollary 5.7.
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5.4. Prove Theorem 5.3 by using the definition of Ext by injectives and interpret
the connecting homomorphism in terms of extensions. Does one get the same
connecting homomorphism as in our proof of Theorem 5.3?

5.5. Prove Theorem 5.2 using the definition of Ext by injectives. (Use the dual of
Lemma 5.4.) Does one get the same connecting homomorphism as in our proof
of Theorem 5.27

5.6. Establish equivalences of Ext, and Ext, using (i) Theorem 5.2, (ii) Theorem 5.3.
Does one get the same equivalences?

5.7. Evaluate the groups and homomorphisms in the appropriate sequences (of
Theorems 5.2, 5.3) when

i) 0-A'—-A—>A"-0is 0»Z,—Z,,—2Z,—0, BisZ,;
(i) 0»A'—>A—A"—>0is 0-Z,—>Z;DZL,—Z,—0, BisZ,;
(iii) AisZ,, 0—»B'—B—B"—0 is 0-Z,—Z,,—Z,—0;
(iv) AisZ,, 0B —-B—B"—0is 0»Z,—~Z;®Z,—Z,—0:
V) 0-4'—>A4—A"—-0is 0»Z,—Z,—2Z,—0, BisZ.
5.8. For any abelian group 4, let

mA={be A|b=ma,aec A},
wA={aecA|ma=0}.
A,=A/mA.
Show that there are exact sequences
0— Ext(mA, Z)— Ext(A, Z)— Ext(,,4, Z)—0,
0— Hom(A4,Z) — Hom(mA, Z) — Ext(A,,, Z) — Ext(A4,Z)— Ext(mA.Z)— 0.

and that Hom(4,Z) =~ Hom(mA, Z).
Prove the following assertions:
(i) ,.4 =0 if and only if Ext(4,Z),,=0;
(i) if A,,=0 then ,Ext(4.Z)=0:
(iii) if ,,Ext(4,Z)=0=Hom(4,Z), then 4,,=0.
Give a counterexample to show that the converse of (ii) is not true.
(Hint: an abelian group B such that mB =0 is a direct sum of cyclic groups.)

6. A Theorem of Stein-Serre for Abelian Groups

By Corollary 5.5 A is projective if and only if Ext,(A4, B)=0 for all
A-modules B. The question naturally arises as to whether it is necessary
to use all A-modules B in Ext,(4, B) to test whether A4 is projective;
might it not happen that there exists a small family of A-modules B;
such that if Ext ,(A, B;) =0 for every B; in the family, then 4 is projective?
Of course, as is easily shown, A is projective if Ext,(A4, R)=0 where
R~ P—» A is a projective presentation of A, but our intention is that the
family B; may be chosen independently of 4.

For A =7 and A finitely-generated there is a very simple criterion
for A to be projective (i.e. free): If' A is a finitely generated abelian group,
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then A is free if and only if Ext(A4,Z)=0. This result immediately follows
by using the fundamental theorem for finitely-generated abelian groups
and the relations Ext(Z,Z) =0, Ext(Z,,Z)=1Z, of Section 4. Of course,
if A is free, Ext(A,Z) =0 but it is still an open question whether, for all
abelian groups A, Ext(A4,Z)=0 implies 4 free. However we shall prove
the following theorem of Stein-Serre:

Theorem 6.1. If A is an abelian group of countable rank, then
Ext(A4,Z) =0 implies A free.

Let us first remind the reader that the rank of an abelian group A4,
rank A, is the maximal number of linearly independent elements in A.
For the proof of Theorem 6.1 we shall need the following lemma.

Lemma 6.2. Let A be an abelian group of countable rank. If every
subgroup of A of finite rank is free, then A is free.

Proof. By hypothesis there is a maximal countable linearly inde-
pendentset T =(a,, a,, ..., a,, ...) of elements of 4. Let A, be the subgroup
of A consisting of all elements a € A linearly dependent on (a,, a,. ..., a,).
i.e. such that (a;, a,, ..., a,, a) is linearly dependent. Since A is torsionfree,
Ao =0. Plainly 4,_, C A,, and, since T is maximal, 4= | ] 4,. Since 4,

has finite rank n, it is free of rank n; in particular it is finitely-generated;
hence A4,/A,_, is finitely-generated, too. We claim that A4,/A4,_, is
torsionfree. Indeed if for ae A the set (a,,a,,...,a,_,,ka) is linearly
dependent, k%0, then (a,,aq,,...,q,_,,a) is linearly dependent, also.
As a finitely-generated torsionfree group, 4,/4,_, is free. Evidently its
rank is one. Hence A4,/A, _ is infinite cyclic. Let b, + 4,_,, b,€ 4,, be a
generator of A4,/A,_,. We claim that S=(b,,b,,....b,,...) is a basis

for A. Indeed, S is linearly independent, for if ) k;b;=0, k,+0, then
i=1

k,b,+ A,_,=A,_, which is impossible since 4,/4,_, is infinite cyclic

on b,+A,_, as generator. Also. S generates A; since A= | 4, it is

plainly sufficient to show that (b,, ..., b,) generate A4,. and this follows
by an easy induction on n. [J

Proof of Theorem 6.1. We first make a couple of reductions. By
Lemma 6.2 it suffices to show that every subgroup A4’ of finite rank is
free. Since Ext(A, Z) =0 implies Ext(4’, Z) =0 by Corollary 5.6, we have
to show that for groups A of finite rank, Ext(4,Z)=0 implies A free.
If A" is a finitely-generated subgroup of 4 with Ext(4,Z)=0 it follows
that Ext(4",Z)=0 and hence, by the remark at the beginning of the
section, A" is free. Since A is torsionfree if and only if every finitely
generated subgroup of A is free, it will be sufficient to show that for any
group A of finite rank which is not free but torsionfree, Ext(A4,Z)+0.
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Consider the sequence Z— Q-1»Q,Z and the associated sequence
Hom(4, Z)—Hom(4, Q)-*>Hom(4, Q/Z)— Ext(4,Z).

We have to prove that 7, is not epimorphic; we do that by showing that
card(Hom (4, Q/Z)) > card(Hom (4, Q)).

Let (a,....,a,) be a maximal linearly independent set of elements
of A. Let A, be the subgroup of 4 generated by (a,. .... a,). By hypothesis
A, is free. Since A is not free. Ay + A.

Since every homomorphism from A into @ is determined by its
restriction to A,, and since every homomorphism from 4, to @ extends
to A, we obtain

card(Hom(4, @)) =card(Hom(4,, Q) =Ng =N, .

Takeb, € A — Ay andlet k, =2 be the smallest integer for which k, b, € 4,.
Let A, be the subgroup generated by a,, a,, ..., a,, b,. By hypothesis 4,
is free. But A, # A, since A4 is not free. Take b,e A — A, . Let k, =22 be the
smallest integer with k,b,€ 4 ,. Let A, be generated by (a,,a,,...,a,,b,,b,).
A, is free, but A, + A4 since A is not free. Continuing this way we obtain
a sequence of elements of 4, b,, b,, ..., b, ..., and a sequence of integers
ky ky, ..., ky, ..., each of them =2, such that k,, is the smallest positive
integer with k,,b,, € A,,_, where A,,_, is the subgroup of 4 generated by
(1,435 .-, Gny by, by by 1); b A,y Let A, = | A,. Since every

homomorphism from 4, into Q/Z may be extended to a homomorphism
from A to Q/Z one has

card(Hom (4, Q/Z)) = card(A4, Q/Z).

But card(Hom (A4, Q/Z)) =N, - k, - k, - - =2%_ For one has X, homo-
morphisms ¢, : Ao— Q/Z, k, ways of extending ¢, to ¢, : 4, > Q/Z, k,
ways of extending ¢, to ¢, : A,— Q/Z, etc. We have shown that

card(Hom(4, Q)) < card Hom(4, Q/Z) .

Hence Ext(4,Z)+0. [

From the proof of Theorem 6.1 one sees that card(Ext(4, Z)) = 2%
if A is of finite rank and not free but torsionfree. For our argument
shows that card(Hom(4, Q/Z)) = 2%; but if A is torsionfree of finite
(or even countable) rank it is countable, hence the cardinality of the set
of all functions from A4 to Q/Z is 2%°; so that

card(Hom (4, Q/Z)) =2%.
It follows that card (Ext(4, Z)) =2%°.
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Exercises:

6.1. Show that if A is torsionfree, Ext(4,Z) is divisible, and that if A4 is divisible,
Ext(4,Z) is torsionfree. Show conversely that if Ext(4,Z) is divisible, 4 is
torsionfree and that if Ext(4,Z) is torsionfree and Hom(4,Z)=0 then 4 is
divisible. (See Exercise 5.8.)

6.2. Show that Ext(®, Z) is divisible and torsionfree, and hence a Q-vector space.
(Compare Exercise 2.4.) Deduce that Ext(Q,Z)~R, Hom(Q, Q/Z)~R.
Compute Ext(R,Z).

6.3. Show that Ext(Q/Z, Z) fits into exact sequences

0—-Z—Ext(Q/Z,Z)>R—0,
0—Ext(Q/Z,Z)—»R—Q/Z—0.
6.4. Show that the simultaneous equations Ext(A4,Z)=0, Hom(4,Z)=0 imply
A=0.
6.5. Show that the simultaneous equations Ext(4,Z)=Q, Hom(4,Z)=0 have

no solution. Generalize this by replacing @ by a suitable @-vector space.
What can you say of the solutions of Ext(4.Z)=R. Hom(4.Z)=0?

7. The Tensor Product

In the remaining two sections of Chapter III we shall introduce two
functors: the tensor product and the Tor-functor.
Let A again be a ring, 4 a right and B a left A-module.

Definition. The tensor product of A and B over A is the abelian group,
A®,B, obtained as the quotient of the free abelian group on the set
of all symbols a®b, ae A, b € B, by the subgroup generated by

(@, +a,)®b—(a; ®b +a,®b),a,,a,€ A,be B;
a®(b, +b,)—(a®b, +a®b,),ac 4,b,,b, € B;
al®b—a®lb,ac A,beB,Ac A.

In case A =7 we shall allow ourselves to write A® B for A®zB. For
simplicity we shall denote the element of A ®,B obtained as canonical
image of a®b in the free abelian group by the same symbol a®b.

The ring A may be regarded as left or right A-module over A. It is
easy to see that we have natural isomorphisms (of abelian groups)

A®,B>B, A®, A A

given by A®b+—Ab and a®@ A—al.
For any a: A— A’ we define an induced map o, : A®,B—A'®,B
by a,(@a®b)=(xa)®b, acA, beB. Also, for f:B—B we define
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By:A®,B—>A®,B by B, (a®b)=a®(Bb), ac A, be B. With these
definitions we obtain

Proposition 7.1. For any left A-module B, — ®,B: 0, —ADb is a
covariant functor. For any right A-module A, A®Q,— : M4—Ab is a
covariant functor. Moreover, — ®, — is a bifunctor.

The proof is left to the reader. []
Ifa: A— A’ and f: B— B’ are homomorphisms we use the notation

c@f=0,pf,=Pf,0,: AQB—oA'®,B .

The importance of the tensorproduct will become clear from the
following assertion.

Theorem 7.2. Forany right A-module A, the functor A ®, — : M, — Ab
is left adjoint to the functor Homgz(A4, —): Ab—M,.

Proof. The left-module structure of Homgz(A4, —) is induced by the
right-module structure of A4 (see Section [.8). We have to show that there
is a natural transformation # such that for any abelian group G and any
left A-module B

n: Homz(4 ® 4B, G)=>Hom (B, Homz(4, G)).
Given ¢ : A ®,B— G we define 1(¢p) by the formula

((n(9)) (b)) (@) = @(a®D) .

Given y:B—Homgz(A4, G) we define 7j(p) by (7j(y)) (a®b) = (p(b)) (a).
We claim that #,# are natural homomorphisms which are inverse to
each other. We leave it to the reader to check the necessary details. []

Analogously we may prove that — ®, B : M, — Ab is left adjoint to
Homg(B. —): Ab— M, where the right module structure of Homg (B, G)
is given by the left module structure of B. We remark that the tensor-
product-functor A ®, — is determined up to natural equivalence by the
adjointness property of Theorem 7.2 (see Proposition I1.7.3); a similar
remark applies to the functor — ®,B.

As an immediate consequence of Theorem 7.2 we have

Proposition 7.3. (i) Let {B;}, jeJ, be a family of left A-modules and
let A be a right A-module. Then there is a natural isomorphism

A®A(@ Bj);@(A ®4B)).

jeJ JjeJ

(i) If B£5B-£5B"—0 is an exact sequence of left A-modules, then
Jor any right A-module A, the sequence

A®,B-E>40,Bt5A4®,B"—0
is exact.
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Proof. By the dual of Theorem I1.7.7 a functor possessing a right
adjoint preserves coproducts and cokernels. []

Of course there is a proposition analogous to Proposition 7.2 about
the functor — ®,B for fixed B. The reader should note that, even if f
in Proposition 7.3 (ii) is monomorphic, f, will not be monomorphic in
general: Let A =7Z, A =7Z,, and consider the exact sequence Z-5&Z—»Z,
where p is multiplication by 2. Then

(@M =n@2m=2n@m=0@m=0,

neZ,, meZ Hence pu,:Z,Z—Z,QZ is the zero map, while
Z,L=Z,.

Definition. A left A-module B is called flat if for every short exact
sequence A'-£ A-2» A” the induced sequence

0_>A’ ®AB“”—*)A ®A B—’A” ®AB'—)0

is exact. This is to say that for every monomorphism p:A'— A the
induced homomorphism , : A’ ®B— A ®, B is a monomorphism. also.

Proposition 7.4. Every projective module is flat.

Proof. A projective module P is a direct summand in a free module.
Hence, since A ® , — preserves sums, it suffices to show that free modules
are flat. By the same argument it suffices to show that A as a left module
is flat. But this is trivial since AQ,A=A4. []

For abelian groups it turns out that “flat™ is “torsionfree” (see
Exercise 8.7). Since the additive group of the rationals @ is torsionfree
but not free, one sees that flat modules are not, in general, projective.

Exercises:

7.1. Show that if A4 is a left I'-right A-bimodule and B a left A-right X-bimodule
then A ®, B may be given a left I'-right Z-bimodule structure.

7.2. Show that, if A is commutative, we can speak of the tensorproduct A ®,B
of two left (!) A-modules, and that A ®, B has an obvious A-module structure.
Also show that then A®,B~B®,A4 and (4 ®,B)®,C=A®,B®,C) by
canonical isomorphisms.

7.3. Prove the following generalization of Theorem 7.2. Let A4 be a left I-right
A-bimodule, B a left A-module and C a left -module. Then A ®,B can be
given a left '-module structure, and Hom (4, C) a left A-module structure.
Prove the adjointness relation

n: Hom;(4 ®,B, C)>Hom (B, Hom(4, C)).
7.4. Show that, if A, B are A-modules and if ) a;®b,=0 in A ®,B, then there are
i

finitely generated submodules 4,< A4, B, C B such that a,€ Ay, b; € B, and
Y a;®b;=0 in A, ®B,.
i
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7.5.

7.6.

7.7.

7.8.

7.9.

I11. Extensions of Modules

Show that if 4, B are modules over a principal ideal domain and if ae A4,
be B are not torsion elements then a®b=+0 in A ®,B and is not a torsion
element.
Show that if A is a finitely generated module over a principal ideal domain
and if A ®,A4 =0, then A =0. Give an example of an abelian group G %0 such
that GRG=0.
Let A x B be the cartesian product of the sets underlying the right A-module 4
and the left A-module B. For G an abelian group call a function f: A x B—G
bilinear if

f(al +a2’ b)=f(al’b)+f(a2’b)’ al’aZGA’ bGB;

f(a’bl +b2)=f(a9 bl)+f(a9 bz), aeA’ bl’bzeB;

flai,b)= f(a,Ab), ac A, beB, Ae A.

Show that the tensor product has the following universal property. To every
abelian group G and to every bilinear map f : 4 x B— G there exists a unique
homomorphism of abelian groups

g:A®,B—G suchthat f(a,b)=g(a®b).

Show that an associative algebra (with unity) over the commutative ring A
may be defined as follows. An algebra A is a A-module together with A-module
homomorphisms u: A ®,A— A and n: A— A such that the following diagrams
are commutative

AQUA— A AR A ARARALEL AR, A

R

ARQA—E>At ARA ARQ,A

"

(The first diagram shows that 5(1,) is a left and a right unity for A4, while the
second diagram yields associativity of the product.) Show that if 4 and B are
algebras over A then 4 ®,B may naturally be made into an algebra over A
An algebra A over A is called augmented if a homomorphism ¢: A—A of
algebras is given. Show that the group algebra KG is augmented with
e£: KG—K defined by &(x)=1, xe G. Give other examples of augmented
algebras.

8. The Functor Tor

Let 4 be a right A-module and let B be a left A-module. Given a projective
presentation R-% P-» 4 of A we define

Tor?(A. B)=ker(u, : R®,B—P®,B).

The sequence

0—Tor?(4, )»R ®,B—P®,B—A®,B—0
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is exact. Obviously we can make Tor?(4, —) into a covariant functor by
defining, for a map B: B— B/, the associated map

B, : Tor(A4, B)—Tor?(4, B)

to be the homomorphism induced by f,:R®,B—R®,B'.
To any projective presentation S~ Q-%» B of B we define

Tor}(A.B)=ker(v,: AQ,S—A®,0).

With this definition the sequence
0—Tor (A, B)>A®,S—A®,0—A®,B—0

is exact. Clearly, given a homomorphism o : A— A’, we can associate a
homomorphism o, : Tor} (A, B)—Tor#(4’, B), which is induced by
a,:A®4S—A' ®,S. With this definition Tor, (—.B) is a covariant
functor.

Proposition 8.1. If A (or B) is projective, then
Torf(A, By=0=Tor/(4, B).

Proof. Since A is projective, the short exact sequence R-% P-£» A
splits, i.e. there is k : P— R with ku=1;. Hence

Ku®1l=KQ1) (u®1)=lpg,p,

and consequently p®1 is monomorphic. Thus Tor4(4, B)=0.
If A is projective. A is flat by Proposition 7.4. Hence

is exact. Thus Torj (4, B)=0. The remaining assertions merely inter-
change left and right. []

Next we will use Lemma 5.1 to show that Tor; and Tor denote
the same functor. Again let R4 P-» 4 and S-*>-Q-1»B be projective
presentations. We then construct the commutative diagram

0———Tor!(4, B)
%5
R®,S—R®,Q—>R®,B
% 2 (8.1)
0 »P@48S—P@,Q0—>P®,B
l z. l 5

Tor; (4, B)— A ®4,S— AQ,Q—» A®,B
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By a repeated application of Lemma 3.1 we obtain
Tor)(4,B)=ImZX, =KerX, = ImX;=KerX, ~ImX;=Torl(4, B).

Now let R">%>P'£» A’ be a projective presentation of A’ and a: A— A’
a homomorphism. We can then find ¢ : P— P’ and v : R— R’ such that
the following diagram commutes:

R—t£>P—£»A4

TE

R/ p Pl £ A/

These homomorphisms induce a map from the diagram (8.1) into the
diagram corresponding to the presentation R’ P’'—» A’. Consequently
we obtain a homomorphism

Tor# (A, B)=TorA(A, B)-=>Tor{ (4", B> Tor(4", B)

which is visibly independent of the choice of ¢ in (8.2). Choosinga =1,
we obtain an isomorphism Tor{ (4, B)=Tor; (4, B)=>TorZ(A, B).
Collecting the information obtained, we have shown that there is a
natural equivalence between the functors Tor?(4, —) and Tor?(4, —),
that we therefore can drop the subscript ¢, writing Tor?(4, —) from now
on; further that Tor*(—, B) can be made into a functor, which is equiv-
alent to Tor; (—. B) for any 1. We thus can use the notation Tor*(4, B)
for ﬁr#(A. B), also. We finally leave it to the reader to show that
Tor?(—, —) is a bifunctor. The fact that Tor*(—, —) coincides with
Tor?(—, —) is sometimes expressed by saying that Tor is halanced.
Similarly to Theorems 5.2 and 5.3, one obtains

Theorem 8.2. Let A be a right A-module and B'>%B->»B" an exact
sequence of left A-modules. then there exists a connecting homomorphism
: Tor*(A. B")— A ®, B’ such that the following sequence is exact:

Tor4(A, B)—*>Tor*(4, B)—*>Tor*(4. B'2>A®,B'
Kx ‘A@AB Vi ‘A@ABH-—>0.

Theorem 8.3. Let B be a left A-module and let A'>~%A-*» A" be an
exact sequence of right A-modules. Then there exists a connecting homo-
morphism w: Tor*(A”, B)— A’ ® B such that the following sequence is
exact:

8.3)

Tor?(A’, B}~ Tor*(A4, B)—*-»Tor4(A”, B*-A'®,B 84)
&, 4®,B—*>A"®,B—0. )

Proof. We only prove Theorem 8.2; the proof of Theorem 8.3 may
be obtained by replacing Tor by Tor. Consider the projective presentation
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R-£P-£» A and construct the diagram:
Tor*(A, B')—->Tor*(4, B) - »Tor*(4, B)

l l

R®B — R®,B — R®,B"—0

l l ‘ 8.5)

0_>P®AB, _— P®AB _— P®AB”_’O

l l |

A®,B > AQ4uB -> A@uB

By applying Lemma 5.1 we obtain the asserted sequence. []

We remark that like the Hom-Ext sequences the sequences (8.3) and
(8.4) are natural. Notice that by contrast with the two sequences involving
Ext we obtain only one kind of sequence involving Tor, since A, B play
symmetric roles in the definition of Tor.

Corollary 84. Let A be a principal ideal domain. Then the homo-
morphisms k., : Tor*(A, B)—Tor*(A. B) in sequence (8.3) and

K, : Tor*(A’, B)—Tor*(A, B) in sequence (8.4) are monomorphic.

Proof. By Corollary 1.5.3 R is a projective right A-module, hence the
map k,:R®,B'—R®,B in diagram (8.5) is monomorphic, whence
the first assertion. Analogously one obtains the second assertion. []

Exercises:

8.1. Show that. if A (or B) is flat, then Tor%(4, B)=0.

8.2. Evaluate the exact sequences (8.3), (8.4) for the examples given in Exercise 5.7
@, ..., (v).

8.3. Show that if A4 is a torsion group then A = Tor(4, Q/Z); and that, in general,
Tor (A, Q/Z) embeds naturally as a subgroup of 4. Identify this subgroup.

8.4. Show that if A and B are abelian groups and if T(A), T(B) are their torsion

subgroups, then Tor(A. BY= Tor(T(A). T(B)).

Show that m Tor(A4, B)=0 if m T(A)=0.

8.5. Show that Tor is additive in each variable.

8.6. Show that Tor respects direct limits over directed sets.

8.7. Show that the abelian group A is flat if and only if it is torsion-free.

8.8. Show that A4’ is pure in A if and only if /® G— AQ® G is a monomorphism
for all G (see Exercise I.1.7).

8.9. Show that Tor?(4, B) can be computed using a flat presentation of 4; that
is, if R>£ P-» 4 with P flat, then

Tor*(4, By=ker(u, : R®,B—P®,B).



IV. Derived Functors

In this chapter we go to the heart of homological algebra. Everything
up to this point can be regarded as providing essential background for
the theory of derived functors, and introducing the special cases of
Ext (A, B), Tor?(4, B). Subsequent chapters take up more sophisticated
properties of derived functors and special features of the theory in various
contexts® (cohomology of groups, cohomology of Lie algebras).

The basic definitions and properties of derived functors are given in
this chapter. Given an additive functor F : A— B from the abelian cate-
gory U to the abelian category B, we may form its left derived functors
L,F:A—B, n=0, provided A has enough projectives, that is, provided
every object of A admits a projective presentation. Thus the theory is
certainly applicable to the category 9t,. We may regard L,F(A) as a
“function” depending on the “variables” F and A. where A4 is an object
of A; there are then two basic exact sequences. one arising from a varia-
tion of A and the other from a variation of F. We may. in particular.
apply the theory to the tensor product; thus we may study L,Fg(A)
where Fy: I, —AD is given by Fp(A)= A®,B, for fixed B in M), and
L,G (B) where G, : M, — Ab is given by G,(B)= A® 4B, for fixed A in
M,. The two exact sequences then come into play to establish the natural
isomorphism, for these two functors,

L,Fg(A)=L,G4(B),

resulting in the balanced definition of Tor(4, B).

Similarly. we may form right derived functors of F:A—B if A has
enough injectives. We apply the resulting theory to Hom; thus we study
R,F5(A) where FB:9t,—ADb is the contravariant functor given by
F®(A) = Hom (4, B) for fixed B in M ,, and R,G*(B) where G4 : M ,— Ab
is the (covariant) functor given by G#(B) = Hom 4(A, B) for fixed 4 in I ,.
Again we may prove with the help of the two basic exact sequences that

R,FB(A)=R,G*(B),
thus obtaining the balanced definition of Extj(A. B).

* Chapter VIII is somewhat special in this respect. in that it introduces a new
tool in homological algebra, the theory of spectral sequences.
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We also take up the question of how to define derived functors
without using projective or injective resolutions. First we show that
Ext’ (4, B) may be described in terms of n-extensions of A by B, gener-
alizing the isomorphism E(4, B)= Ext (A, B) of Chapter III. Then we
show that, for any right exact functor F : A— B, the left derived functors
of F may be characterized in terms of natural transformations into Ext;
more precisely, one may give the collection [F,Ext}(4, —)] of natural
transformations from F to Ext}(4, —) an abelian group structure and it
is then isomorphic to L,F(A). The question of characterizing derived
functors reappears in Chapter IX in a more general context.

The chapter closes with a discussion of the change-of-rings functor
which is especially crucial in the cohomology theory of groups and
Lie algebras.

1. Complexes

Let .1 be a fixed ring with 1. We remind the reader of the category %
of graded (left) modules (Example (a) in Section I1.9). An object M in %
is a family {M,}, neZ. of A-modules. a morphism ¢ : M— M’ of degree p
is a family {¢,: M,—M,, ,}. n€Z, of module homomorphisms.

Definition. A chain complex C ={C,, d,} over A is an object in INZ
together with an endomorphism ¢ : C— C of degree — 1 with §0=0. In
other words we are given a family {C,}, n € Z, of A-modules and a family
of A-module homomorphisms {8,:C,—C,_,},n€Z,such that,0,,, =0:

C:...__) n+lM)C L}C"_l—)...

The morphism 0 (as well as its components ¢,) is called the differential
(or boundary operator).

A morphism of complexes or a chain map ¢ : C— D is a morphism of
degree 0 in MMZ such that ¢d = d¢ where  denotes the differential in D.
Thus a chain map ¢ is a family {¢, : C,— D,}, n € Z, of homomorphisms
such that, for every n, the diagram

C Cn 1
lwn l‘pn—l (1‘1)
DnT')Dn——l

is commutative. For simplicity we shall suppress the subscripts of the
module homomorphisms 8, and ¢, when the meaning of the symbols is
clear: so. for example. to express the commutativity of (1.1) we shall
simply write ¢0=0¢. We will usually not distinguish notationally
between the differentials of various chain complexes, writing them all as 0.
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The reader will easily show that the collection of chain complexes
over A and chain maps forms an abelian category. Also. if F: MM ,— M,
is an additive covariant functor and if C={C,, d,} is a chain complex
over A, then FC = {FC,. F0,} is a chain complex over A'. Thus F induces
a functor on the category of chain complexes.

We shall now introduce the most important notion of homology. Let
C={C,,d,} be a chain complex. The condition 90 =0 implies that
imd,, , € kerd,, n € Z. Hence we can associate with C the graded module

H(C)={H,(C)}, where H,(C)=kerd,/iméd,,,, neZ.

Then H(C) (H,(C)) is called the (n-th) homology module of C. (Of course
if A =7 we shall speak of the (n-th) homology group of C.) By diagram
(1.1) a chain map ¢ : C— D induces a well defined morphism. of degree
zero, H(p) = ¢, : H(C)— H(D) of graded modules. It is clear that. with
this definition, H(—) becomes a functor, called the homology functor,
from the category of chain complexes over A to the category of graded
A-modules. Also, each H,(—) is a functor into I ,.

Often, in particular in applications to topology, elements of C, are
called n-chains; elements of kerd, are called n-cycles and kerd, is written
Z,=2,(C); elements of imd,,, are called n-boundaries and imd, ., is
written B,= B,(C). Two n-cycles which determine the same element in
H,(C) are called homologous. The element of H,(C) determined by the
n-cycle c is called the homology class of c, and is denoted by [c].

It will be clear to the reader that given a chain complex C a new
chain complex C’ may be constructed by replacing some or all of the
differentials o, : C,— C,_, by their negatives — 9, : C,— C,_;. It is plain
that C and C’ are isomorphic in the category of chain complexes and
that Z(C)=2Z(C'), B(C)=B(C'), H(C)=H(C'). Thus, in the homology
theory of chain-complexes, we are free, if we wish, to change the signs
of some of the differentials.

We finally make some remarks about the dual notion.

Definition. A cochain complex C = {C", §"} is an object in % together
with an endomorphism é: C—C of degree + 1 with 6 =0. Again § is
called the differential (or coboundary operator). Morphisms of cochain
complexes or cochain maps are defined analogously to chain maps. Given
a cochain complex C={C" "} we define its cohomology module

H(C)={H"(C)} by
H"(C)=kero"/imé" ', nel.

With the obvious definition of induced maps, H(—) then becomes a
functor, the cohomology functor. In case of a cochain complex we will
speak of cochains, coboundaries, cocycles, cohomologous cocycles, co-
homology classes.
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Of course the difference between the concepts “chain complex™ and
“cochain complex™ is quite formal, so it will be unnecessary to deal with
their theories separately. Indeed, given a chain complex C={C,, d,} we
obtain a cochain complex D= {D", 6"} by setting D"=C_,, é"=0_,.
Conversely given a cochain complex we obtain a chain complex by this
procedure.

Examples. (a) Let 4, B be A-modules and let R P-£» 4 be a pro-
jective presentation of A. We define a cochain complex C of abelian groups
as follows:

0— Hom,(P, B)—£—Hom4(R, B)—0

“ 50

0—-CO——& _____,C'—0

and C"=0 for n+0, 1. We immediately deduce

H°(C)=Hom,(A. B).

H'(C)=Ext,(4, B),

H'(C)=0.n+0.1.
Consequently we obtain the groups Hom,(4, B), Ext4(A4, B) as coho-
mology groups of an appropriate cochain complex C. In Section 7 and 8
this procedure will lead us to an important generalisation of Ext ,(A, B).

(b) Let B>%I2»S be an injective presentation of B and form the
cochain complex C’, where C'"=0, n#0, I, and

0—Hom (4, I)—~=>Hom (4, S)—0

0—(C)°—2——(C1—0
One obtains
H°(C’)=Hom,(4, B),
H'(C') = Ext,(A, B),
HYC)=0,n#0,1.

(c) Let A be a left A-module and B a right A-module. Take a pro-
jective presentation R>£P-2»A4 of A and form the chain complex D,

0—B® ,R—>B® ,P—0

0—D,—2% D,—0.
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We easily see that
Hy(D)=A® /B,
H,(D)=Tor(A.B).
H,(D)=0.n%0.1.

In Section 11 this procedure will be generalized.

(d) We obtain yet another example by starting with a projective
presentation of B and proceeding in a manner analogous to example (c).
The homology of the complex D’ so obtained is

H\D')=A®,B,
H,(D')=Tor%(A, B),
H,(D)=0.n+0.1.

The reader should note that in all four of the above examples the ho-
mology does not depend on the particular projective or injective presen-
tation that was chosen. This phenomenon will be clarified and gener-
alized in Sections 4, 5.

We conclude with the following warning concerning the notations.
Although we have so far adopted the convention that the dimension
index n appears as a subscript for chain complexes and as a superscript
for cochain complexes. we may at times find it convenient to write the n
as a subscript even in cochain complexes. This will prove particularly
convenient in developing the theory of injective resolutions in Section 4.

Exercises:

1.1. Show that if C is a complex of abelian groups in which each C, is free, then
Z, and B, are also free, and that Z,, is a direct summand in C,.
1.2. Given a chain map ¢ : C— D, construct a chain complex as follows:

En=cn-l@Dn’
d(a,b)=(—0a,pa+0db), aeC,_,,beD,.

Show that E = {E,, d,} is indeed a chain complex and that the inclusion D ¢ E
is a chain map.
Write E = E(¢), the mapping tone of ¢. Show how a commutative diagram
of chain maps

C %D

|l

c—p

induces a chain map E(p)— E(¢’) and obtain in this way a suitable functor
and a natural transformation.
1.3. Verify that the category of chain complexes is an abelian category.
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1.4. Show that Z,, B, depend functorially on the complex.
1.5. Let C be a free abelian chain complex with C,=0, n<0,n> N. Let g, be the
rank of C, and let p, be the rank of H,(C). Show that

N N
z (—1)"9n= Z (_1)"pn
n=0 n=0

1.6. Given a chain complex C of right A-modules, a left A-module 4 and a right
A-module B, suggest definitions for the chain complex C® 4,4, and the cochain
complex Hom,(C. B).

2. The Long Exact (Co)Homology Sequence

We have already remarked that the category of (co)chain complexes is
abelian. Consequently we can speak of short exact sequences of (co)chain
complexes. It is clear that the sequence A>% B-¥» C of complexes is short
exact if and only if 0— A4,-22 B, C,—0 is exact for all ne Z.

Theorem 2.1. Given a short exact sequence A>2>B-*»C of chain com-
plexes (cochain complexes) there exists a morphism of degree — 1 (degree
+ 1) of graded modules @ : H(C)— H(A) such that the triangle

H(4)—*— H(B)
o Ve
H(C)

is exact. (We call @ the connecting homomorphism.)

Explicitly the theorem claims that, in the case of chain complexes,
the sequence

-o- #nb H,(A)—*> H,(B)—> H,(C)-*~>H,_,(A)—>--  (21)
and, in the case of cochain complexes, the sequence
- 2275 HY(A)—2 H"(B)— H"(C) <> H" Y (A)— - - (2:2)

is exact.
We first prove the following lemma.

Lemma 2.2. 0,:C,—C,_, induces d,:cokerd,,,—kerd,_, with
kerd,= H,(C) and cokeré,=H,_,(C).

Proof. Since im 0, Ckerd, and imd,Ckerd,_, the differential 9,
induces a map 0, as follows:

cokerd, ., =C,/imo,,,— C,/kerd,~ima,C kerd,_, .
One easily computes keré,, =kerd,/imd,., = H,(C) and
coker §,=kerd,_,/imd,=H,_,(C). [
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Proof of Theorem 2.1. We give the proof for chain complexes only,
the proof for cochain complexes being analogous. We first look at the

diagram
0—kerd,— kerd, — kerd,

v v v

A,—%— B, —ta »C,
Lon | o lon

An—l»‘&u—b Bn—l _'eu»cn-l

i ; ‘
cokerd, — coker 9, —— coker¢, —0

By Lemma III. 5.1 the sequence at the top and the sequence at the bottom
are exact. Thus by Lemma 2.2 we obtain the diagram

H,4)— H,B)—— H,(C)

cokerd,,,—cokerd, ,,—scokerd,,,—0

i l.s,, ls,.

0—-———>kel‘an_l——>kel‘an_l—-————*keran_l

¢ ¢ v
H, (4)— H,_,(B) — H,_,(0)
Applying Lemma III. 5.1 again we deduce the existence of
w,:H(C)—H,_(A)

such that the sequence (2.1) is exact. []

If we recall the explicit definition of w,, then it is seen to be equivalent
to the following procedure. Let ce C, be a representative cycle of the
homology class [c] e H,(C). Choose b e B, with p(b)=c. Since (sup-
pressing the subscripts) wéb=0ywb=0c=0 there exists ae 4,_, with
¢@a=0b. Then pda=0pa=00b=0. Hence a is a cycle in Z,_,(4) and
therefore determines an element [a] € H,_,(A). The map w, is defined by
w,[c]=[a].

We remark that the naturality of the ker-coker sequence of Lemma
III. 5.1 immediately implies the naturality of sequences (2.1) and (2.2).
If we are given a commutative diagram of chain complexes

A—B—»C

L]

A'HB’_»C'
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with exact rows, the homology sequence (2.1) will be mapped into the
homology sequence arising from A’>—B'—»C’, in such a way that the
diagram is commutative.

Examples. (a) Let R-£F-%» 4 be a free presentation of the abelian
group A, and let B'>£5B£% B” be an exact sequence of abelian groups.
We form the cochain complexes

C' : 0—Hom(F. B) > Hom(R. B) —0

;53 l B I ﬂ&l

C: 0—Hom(F, B) “-»Hom(R, B) —0
e l pa'l e

C":0——Hom(F, B")—~-Hom(R, B")—0

Since F and R are free abelian both columns of the diagram are short
exact, i.e. '~ C 5 C” is a short exact sequence of cochain complexes.
By Theorem 2.1 we obtain an exact sequence in cohomology

0— Hom(4, B)-%5Hom(4, B)-£5Hom(4, B")—2»
-2, Ext(4, B) £ Ext(4, B) -5 Ext(4, B") —0.

The reader may compare the above sequence with the sequence in
Theorem III. 5.2.

(b) For a short exact sequence A'>~—»A—»A" of abelian groups and
an abelian group B, we choose an injective presentation of B. Proceeding
analogously as in example (a) we obtain the sequence of Theorem III. 5.3,

Both sequences will be generalised in Sections 7, 8.

Exercises:
2.1. Use Theorem 2.1 to associate with a chain map ¢ : C— D an exact sequence
g n(C)—)Hn(D)—)Hn(E(‘p»—)Hn—l(C)_*' °t.

[Hint: Use. the exact sequence D,— E,—C,__,.] Deduce that H(E(p))=0 if
and only if ¢, : H(C)=> H(D). Show that the association proved above is
functorial.

2.2. Using a free presentation of the abelian group 4 and Theorem 2.1, deduce the
sequence

0—Tor(4, G)—Tor(4, G)—Tor(4, G") > ARG —-AR G—-ARG"—0

associated with the short exact sequence G'—G—»G" (see Theorem II1. 8.2.).
2.3. Let

0—C—C—C"—>0

1.,‘ lv l""

0—D'—D——D"—0
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be a map of short exact sequences of chain complexes. Show that if any two
of ¢'. @. ¢" induce isomorphisms in homology, so does the third.

2.4. Given a short exact sequence of chain complexes A% B¥»C in an arbitrary
abelian category, prove the existence of a long exact homology sequence of
the form (2.1).

3. Homotopy

Let C, D be two chain complexes and ¢.yp:C— D two chain maps.
It is an important and frequently arising question when ¢ and y induce
the same homomorphism between H(C) and H(D). To study this problem
we shall introduce the notion of homotopy; that is, we shall describe
a relation between ¢ and v which will be sufficient for

¢, =V, HC)—H(D).

On the other hand, the relation is not necessary for ¢, = y,, so that the
notion of homotopy does not fully answer the above question; it is
however most useful because of its good behavior with respect to chain
maps and functors (see Lemmas 3.3, 3.4). In most cases where one is able
to show that ¢, =y, this is proved as a consequence of the existence
of a homotopy. in particular in all the cases we are concerned with in
this book. We deal here with the case of chain complexes and leave to
the reader the easy task of translating the results for cochain complexes.

Definition. A homotopy X : ¢ — between two chain maps ¢, v : C— D
is a morphism of degree +1 of graded modules X :C— D such that
Yy—@=0X+X20,ie.,such that, for neZ,

1pn_(pn=an+1Z:n"'zn—lan‘ (31)
We say that ¢, p are homotopic, and write ¢ ~ v if there exists a ho-
motopy X : ¢p—yp.
The essential fact about homotopies is given in the following
Proposition 3.1. If the two chain maps ¢.y:C— D are homotopic.
then H(¢)= H(y): H(C)— H(D).
Proof. Let zekerd, be a cycle in C,. If X: ¢— 1, then

W—@)z=02z+20z=02z.

since 0z =0. Hence y(z) — ¢(z) is a boundary in D, i.e. p(z) and ¢(z) are
homologous. []

The reader is again warned that the converse of Proposition 3.1 is
not true; at the end of this section we shall give an example of two chain
maps which induce the same homomorphism in homology but are not
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homotopic. In the special case where ¢ =0:C—C and y=1:C—C
a homotopy X : 0—1 is called a contracting homotopy for C. We are then
given homomorphisms X,:C,—C,,,; with §,,,%,+2,-,0,=1, neZ.
By Proposition 3.1 an immediate consequence of the existence of such
a contracting homotopy is H(C) = 0. hence the complex C is exact. Indeed,
very often where it is to be proved that a complex C is exact, this is
achieved by constructing a contracting homotopy. We proceed with
a number of results on the homotopy relation.

Lemma 3.2. The homotopy relation “~ is an equivalence relation.

Proof. Plainly “ ~ is reflexive and symmetric. To check transitivity,
lety—@=2a2+2¢and y —y =0T + T¢ (suppressing the subscripts). An
easy calculation shows y—@=0Z+ TN+ +7ad. [

Lemma 3.3. Let o~y:C—D and ¢' ~y' : D—E, then
oo~y'yp:C—E,
Proof. Let y—@p=0X+ 20; then
PY—@ =902 +¢'20=0(¢p'2)+(p'2) 0.
Also, from v’ — ¢’ =0T + T¢ we conclude
Yy—@'py=0Tp+Top=0(Ty)+(Ty)d.

The result then follows by transitivity. []

Indeed we may say that if X' : ¢— v is a homotopy, then

I go—0'y

is a homotopy: and if T: ¢'—y’ is a homotopy then Ty: @' p—y'p is
a homotopy.

Lemma 3.4. Let F:IM ,—IN . be an additive functor. If C and D are
chain complexes of A-modules and ¢ ~yp:C—D, then Fo ~ Fy: FC—FD.

Proof. Let X : ¢— . then
Fp—Fo=F(@y—¢)=F@X+28)=F0FX+ FXF¢.

Hence FX: Fp—Fy. []

Lemmas 3.3 and 3.4 show that the equivalence relation “ ~” behaves
nicely with respect to composition of chain maps and with respect to
additive functors. Lemma 3.4 together with Proposition 3.1 now imme-
diately yields.

Corollary 35. If ¢o~y:C—D and if F is an additive functor, then
H(Fp)=H(Fy): HFC)—H(FD). []

We remark that Lemma 3.3 enables one to associate with the category
of chain complexes and chain maps the category of chain complexes
and homotopy classes of chain maps. The passage is achieved simply by



126 IV. Derived Functors

identifying two chain maps if and only if they are homotopic. The cate-
gory so obtained is called the homotopy category. By Lemma 3.4 an
additive functor F will induce a functor between the homotopy cate-
gories and by Proposition 3.1 the homology functor will factor through
the homotopy category.

We say that two complexes C. D are of the sume homotopy type (or
homotopic) if they are isomorphic in the homotopy category, that is, if
there exist chain maps ¢ : C— D and y: D—C such that pg ~1, and
@y =~1,. The chain map ¢ (or y) is then called a homotopy equivalence.

We conclude this section with the promised example: Take A=Z.

Ci=Z=(sy): Co=Z=(sg): C,=0.n%0.1: ¢5,=254:
DI=Z=(tl): D,,=0,n=|=l; (psl=t1.

Clearly ¢ : C— D and the zero chain map 0 : C— D both induce the zero
map in homology. To show that ¢ and 0 are not homotopic. we apply
Corollary 3.5 to the functor — ®Z,; we obviously obtain

Hy(¢®ZL,) + H(0QZ,) ;

H(¢®Zy)=1:Z,—1L,,
Hl(0®22)=0 : Zz—’lz .

in fact,

Exercises:

3.1. Show that if ¢ ~y :C— D. then E(p)= E(y) (see Exercise 1.2).

3.2. Show that, further, if ¢ ~ : C— D, then the homology sequences for ¢ and
y of Exercise 2.1 are isomorphic.

3.3. Does E(p) depend functorially on the homotopy class of ¢?

3.4. In the example given show directly that no homotopy X : 0— ¢ exists. Also,
show that Hom(¢.Z,) + Hom(0.Z,).

3.5. Suggest an appropriate definition for a homotopy between homotopies.

4. Resolutions

In this section we introduce a special kind of (co)chain complex which
is a basic tool in developing the theory of derived functors. We shall
restrict our attention for the moment to positive chain complexes, that
is, chain complexes of the form

C:.--—C,—C,_—--—C,—Cy—0 4.1
with C,=0 for n<O.

Definition. The chain complex (4.1) is called projective if C, is pro-
jective for all n > 0; it is called acyclic if H,(C)=0forn=1.
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Note that C is acyclic if and only if the sequence
=+ —=C,—>Cy_1— - > C;—Co—Hy(C)—0
is exact. A projective and acyclic complex
P:---—P,—P,_,—---—P,

together with an isomorphism Hy(P)-= A is called a projective resolution
of A. In the sequel we shall identify Hy(P) with A via the given iso-
morphism.

Theorem4.1. Let C:--- —»C,—C,_;— --- —C, be projective and let
D:---—D,—D,_, ---— D, be acyclic. Then there exists, to every homo-
morphism ¢ : Hy(C)— Hy(D), a chain map ¢ : C— D inducing ¢. Moreover
two chain maps inducing ¢ are homotopic.

Proof. The chain map ¢ : C— D is defined recursively. Since D is
acyclic, Dy— Hy(D)—0 is exact. By the projectivity of C, there exists
@0 : Co— D¢ such that the diagram

C:o_' Ho(C)

) @

: @2)
Do— Ho(D)

is commutative. Suppose n= 1 and ¢, ¢, ..., ¢, are defined. We con-
sider the diagram
Cn'L)Cn—l_a’Cn-Z_’

Pn l Pn-1 l Pn-2
v

2 0
Dn_’Dn—l"—*Dn—Z—)

(Ifn=1,set C_, = Hy(C), D_, = Hy(D), and the right-hand square above
is just (4.2).) We have d¢,_, d=¢,_, 30 =0. Hence

ime¢,_,0Cker(0:D,_;—D,_,).

Since D is acyclic, kerd,_, =im (¢ : D,—D,_,). The projectivity of C,
allows us to find ¢, : C,— D, such that ¢,_, d = d¢,. This completes the
inductive step.

Now let ¢ ={¢,}. y={yp,} be two chain maps inducing the given
@ : Hy(C)— Hy(D). Recursively we shall define a homotopy X: p—e.
First consider the diagram

(& >Co >H,y(C) >0

ol el

D;——D, » Hy(D) >0
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Since ¢, and y, both induce ¢, ¢, — p, maps C, into
ker(Do—’Ho(D)) = im(Dl _)Do) .

Since C is projective, there exists Z,: Co— D, such that ¢, —yp,=2Z,.

Now suppose = 1 and suppose that X. .... X, _, are defined in such
a way that ¢, —p,=¢2,+2,_,0.r<n—1 (2_,¢ being understood as
zero). Consider the diagram

Cn+1 € Cn < Cn—l

¢n+lll Yn+1 . - (l’nll Yn ¢n-lll'ﬁn—l
’ Zn Zn-1
&

n+1 ¢ Dn 7 Dn—l

We have
O Pr=Pn— 2y 10) =@y 10—y, 0—0Z, ;¢
=(@n-1—Yn-1—02,_1)0=2,_,00=0.
Hence ¢, —y,— 2,_, 0 maps C, into
ker(@:D,—D,_;)=im(0:D,,;—D,).
Since C, is projective, there exists X, : C,— D, ; such that
On—Yp—2,,0=02,. [
Lemma 4.2. To every A-module A there exists a projective resolution.

Proof. Choose a projective presentation R,~»Py—»A4 of A; then
a projective presentation R,— P, — R, of Ry, etc. Plainly the complex

P:--.>PpP, _,—...5P,

where ,,: P,— P, _, is defined by P,— R, P, _, is a projective resolu-
tion of A. For it is clearly projective and acyclic, and Ho(P)=A. [

Notice that every projective resolution arises in the manner described.
Thus we see that the existence of projective resolutions is equivalent to
the existence of projective presentations. In general we shall say that an
abelian category U has enough projectives if to every object A in U there
is at least one projective presentation of 4. By the argument above every
object in A then has a projective resolution.

We also remark that in the category of abelian groups, we can take
P, =R, P,=0,n=2, because an abelian group is projective if and only
if it is free and a subgroup of a free group is free. We shall see later that
for modules it may happen that no finite projective resolution exists, that
is, there may be no projective resolution P of A such that P,=0 for n
sufficiently large.



4. Resolutions 129

Proposition 4.3. Two resolutions of A are canonically of the same
homotopy type.

Proof. Let C and D be two projective resolutions of A. By Theorem 4.1
there exist chain maps ¢ : C— D and y: D—C inducing the identity in
Hy(C)= A= Hy(D). The composition p¢ : C—C as well as the identity
1:C—C induce the identity in A. By Theorem 4.1 we have po ~1.
Analogously ¢y~ 1. Hence C and D are of the same homotopy type.
Since the homotopy class of the homotopy equivalence ¢ :C—D is
uniquely determined, the resolutions C and D are canonically of the
same homotopy type. []

We conclude this section with a remark on the dual situation. We
look at positive cochain complexes. that is. cochain complexes of the form

C:0-Cy—C;—Cy—:--—C,—C,1— -,

with €, =0 for n<0.

We call C injective if each C, is injective, and acyclic if H(C)=0 for
n=0. We then can prove the dual of Theorem 4.1.

Theorem 4.4. Let C:Cy—C;— -+ —>C,—C, ., — - be acyclic and
D:Dy—D;—---—D,—D,, — --- be injective. Then there exists, to
every homomorphism ¢ : H°(C)— H°(D), a cochain map ¢ :C—D in-
ducing ¢. Moreover two cochain maps inducing ¢ are homotopic. []

A complex I:1y—1,— -+ —>I,—1I,,,— -+ which is injective and
acyclic with H°(I)= A is called an injective resolution of A.

Plainly an abelian category ¥, for example I ,, in which every object
has an injective presentation will have injective resolutions, and con-
versely. Such a category will be said to have enough injectives. For later
use we finally record the following consequence of Theorem 4.4.

Proposition 4.5. Two injective resolutions of A are canonically of the
same homotopy type. []

Exercises:

4.1. Use Theorem 4.1 to show that if P is projective with P,=0, n< 0, then H(P)=0
ifand only if 1 ~0: P—P.

4.2. Let ¢ : C— D be a chain map of the projective complex C into the projective
complex D with C,=D,=0,n<0. Use the chain complex E(¢) and Exercise
4.1 to show that ¢ is a homotopy equivalence if and only if ¢, : H(C)= H(D).

4.3. Dualize Exercises 4.1, 4.2 above.

4.4. Let ¢ : C— D be a chain map, where C is a free chain complex with C,=0.n< 0.
Let {y} be a fixed homogeneous basis for C and write d <y (‘4 is a face of y')
if & appears in d(y) with non-zero coefficient. A function 4 from the basis {y}
to the set of sub-complexes of D is called an acyclic carrier for ¢ if

(i) o(y) is a chain of A(y),

(i) H(A()=0, all y,
(iii) 6< y=A(6)C A(y).
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Show that if ¢ admits an acyclic carrier then ¢ ~0. [This is a crucial result
in the homology theory of polyhedra.] Show that this result generalizes
Theorem 4.1 as the latter applies to free chain complexes C.

4.5. Let A’ be a submodule of 4 and let

Iy— - L—— Iy >

\/

iy
be an injective resolution of 4". Show how to construct an injective resolution

Io— o ———s I =

Koss
of A such that

0 LS,

(i) K, CK,,allg,
(iii) K;— K, is a pullback.

|

L—1
Show that Iy/Ip—---—I,/I;— I, .1 /I;,;—-- is then an injective resolution
of A/A'.

5. Derived Functors

We are now prepared to tackle the main theme of homological algebra,
that of derived functors. This theory may be regarded — and, indeed
historically arose — as a massive generalization of the theory of Tor and
Ext, described in Chapter III.

We shall develop the theory in some generality and take as base
functor an arbitrary additive and covariant functor T: It ,— Ab. We shall
carry out the definition of left derived functors in detail, while we restrict
ourselves to some remarks on the definition of right derived functors.
We leave even more details to the reader in translating the theory to that
of an additive contravariant functor. The theory we present remains valid
if the codomain of T is taken to be any abelian category; however in
our principal applications the codomain is b.

Let T:9IM,— ADb be an additive covariant functor. Our aim is to
define a sequence of functors L, T: M ,—Ab, n=0, 1,2, ... the so-called
left derived functors of T. This definition is effected in several steps.

Given a A-module 4 and a projective resolution P of A we first define
abelian groups LiT(4), n=0, 1, ..., as follows. Consider the complex of
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abelian groups TP:---—TP,—TP,_, — ---—TP,—0 and define
LT(A=H,(TP), n=0,1,....

We shall show below that, if T is a given additive functor, IXT(A4) does
not depend on the resolution P, but only on A, and that for a given
a:A—A’ it is possible to define an induced map «, : Ly TA— L, TA’
making I} T(—) into a functor.

Let «: A— A’ be a homomorphism and let P, P’ be projective resolu-
tions of A4, A’ respectively. By Theorem 4.1 there exists a chain map
o: P— P’ inducing a, which is determined up to homotopy. By Corol-
lary 3.5 we obtain a map

a(P.P): [E-TA—IETA, n=0,1,...

which is independent of the choice of a.

Next consider o: 4—A’, o': A’—A" and projective resolutions
P.P',P" of A, A', A" respectively. The composition a’oc: A— A" induces,
by the above, a map o’a(P, P"): L TA— LY, TA” which may be con-
structed via a chain map P— P” inducing o'x. We choose for this chain
map the composition of a chain map «: P— P’ inducing « and a chain
map « : P'— P” inducing o'. We thus obtain

(o'a) (P, P")y=0o/(P', P"): (P, P'). (5.1
Also it is plain that 1,: 4A— A yields
1,(P, P) = identity of ILTA. (5:2)

We are now prepared to prove

Proposition 5.1. Let P.Q be two projective resolutions of A. Then
there is a canonical isomorphism

N=tpg: LFTASI2TA, n=0,1,....

Proof. Let n: P— Q be a chain map inducing 1,. Its homotopy class
is uniquely determined ; moreover it is clear from Proposition 4.3 that »
is a homotopy equivalence. Hence we obtain a canonical isomorphism

n=1,(P, Q): L’'TA>I2TA, n=0,1,...
which may be computed via any chain map 5 : P—Q inducing 1,. [J
By (5.1) and (5.2) 1o, r"lp,o ="p, g for three resolutions P, Q, R of 4,
and np p = 1.Thus we are allowed to identify the groups I}, T4 and I2TA
via the isomorphism 7. Accordingly we shall drop the superscript P and
write from now on L,TA for I TA.

Finally we have to define, for a given a: 4— A’, an induced homo-

morphism
o, : L, TA-L,TA, n=0,1,....
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Of course, we define
o, =a(P,P): LA TA—IY' TA' .

Indeed, if we do so, then (5.1) and (5.2) will ensure that L, T is a functor.
The only thing left to check is the fact that the definition of a,, is com-
patible with the identification made under #. This is achieved by the
following computation. Let P, Q be projective resolutions of 4 and
P’, Q' projective resolutions of A’. Then by (5.1)

n'-a(P,P)=1,(F, Q) aP, P)=a(P, Q)
= a(Q9 Q) : IA(P’ Q) = a(Qs Q’) ’7 .

This completes the definition of the left derived functors. We may sum-
marize the procedures as follows.

Definition. Let T:9M,—Ab be an additive covariant functor, then
L, T:M,—Ab, n=0,1, ..., is called the n-th left derived functor of T.
The value of L,T on a 4-module 4 is computed as follows. Take a pro-
jective resolution P of A4, consider the complex TP and take homology;
then L, TA=H,(TP).

We first note the trivial but sometimes advantageous fact that in order
to define the left derived functors L, T'it is sufficient that T be given on
projectives. In the rest of this section we shall discuss a number of basic
results on left derived functors. More general properties will be discussed
in Section 6.

Definition. The covariant functor T: I ,— ADb is called right exact if.
for every exact sequence A'—A— A" —0. the sequence

TA'—-TA—TA"—0

is exact. The reader may readily verify that a right exact functor is additive
(see Exercise 5.8). An example of a right exact functor is B®, — by
Proposition III. 7.3.

Proposition 5.2. Let T: 9 ,— Ab be right exact, then L, T and T are
naturally equivalent.

Proof. Let P be a projective resolution of A. Then Py—Py—A—0
is exact. Hence TP;— T Py— TA— 0 is exact. It follows that Hy(TP) = TA.
Plainly the isomorphism is natural. [J

Proposition 5.3. For P a projective A-module L,TP =0 forn=1,2, ...
and LyTP=TP.

Proof. Clearly P: --- —0— P,—0 with P,= P is a projective resolu-
tion of P. []
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Proposition 5.4. The functors L, T: M,— Wb, n=0, 1, ... are additive.

Proof. Let P be a projective resolution of 4 and Q a projective
resolution of B, then

P®Q:--—>P,&0,—P, 1 ®Q,1— - > PyDQo—0
is a projective resolution of A@® B. Since T is additive we obtain
L T(A®B)=L,TA®L,TB.
The reader may convince himself that L,T(1,) and L,T(1z) are the
canonical injections. []

Proposition 5.5. Let K &P, —P,_,— ---—Py—»A be an exact
sequence with Py, Py, ..., P,_; projective. Then if T is right exact, and
q 2 1, the sequence

0—-L,TA-TK,*TP,_,
is exact.

Proof. Let ---—P,,,—P,—K,—0 be an exact sequence with
P, P,,,, ..., projective. Then the complex

P«\Q
is a projective resolution of A. Since T is right exact the top row in the
following commutative diagram is exact

TP,,, %+ TP, TK

l na,)l ,“l

0—0 —— TP, ;> TP,_,

P:...._.)P +1 09+l

A P,_i— - —Py—0

4

(]
K

q

The ker-coker sequence of Lemma [II. 5.1 yields the exact sequence
TP, T ker T(3,)—kerp, —0.

Butsince L, TA = H,(TP) =ker T(8,)/im T(d,.,) we obtain keru,= L, TA,
whence the result. []

Analogously one proves the following proposition, which does not,
however, appear so frequently as Proposition 5.5 in applications.

Proposition 5.6. Let Pq-—‘Z’»Pq_l — -+« — Py—» A be an exact sequence
with Py, ..., P,_,; projective. Let K,=imd,. Then if T is left exact, and
q =1, the sequence

T(P)—T(K)—L,.,TA—0
is exact. []
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(The definition of left exactness, if not already supplied by the reader.
is given prior to Proposition 5.7.)

We conclude this section with some remarks on the definition of right
derived functors. Let T: I ,— ADb again be an additive covariant functor.
We define right derived functors R"T:9t,—Ub, n=0. 1. ... as follows:
For any A-module A4 we obtain the abelian group R"TA by taking an
injective resolution I of A4, forming the cochain complex TI and taking
cohomology: R"TA=H"TI),n=0, 1,.... As in the case of left derived
functors we prove that R"T 4 is independent of the chosen resolution.
Thus, given o : A— A’ and injective resolutions I, I’ of A, A’ respectively,
we can find a cochain map a:I—I' inducing x. The cochain map
Ta:TI—>TI' then induces a homomorphism between cohomology
groups, thus

o, :R"TA—-R"TA’. n=0.1.....

As in the case of left derived functors it is proved that o, is independent
of the chosen injective resolutions 1. I’ and also of the chosen cochain
map a. Finally it is easy to see that with this definition of induced homo-
morphisms. R"T becomes a functor. We define

Definition. The functor T:9t,—ADb is called left exact if, for every
exact sequence 0—A'—A—A" of A-modules, the sequence

0—-TA'->TA—TA"

is exact. Again, a left exact functor is additive (see Exercise 5.8). An
example of a left-exact functor is Hom, (B, —) (see Theorem I. 2.1).

Proposition 5.7. For I an injective A-module R"TI=0 forn=1,2,....
If T is left-exact, then R°T is naturally equivalent to T. T[]

Again of course the functors R" T are additive, and we also have results
dual to Propositions 5.5, 5.6. We leave the actual formulation as well as
the proofs to the reader.

In case of an additive but contravariant functor S:9,—Ab the
procedure is as follows. The right derived functors R"S are obtained as
the right derived functors of the covariant functor S : 9PP— Ab. So in
order to compute R"S 4 for a module A we choose a projective resolution
P of A (i.e. an injective resolution in IMSPP), form the cochain complex SP
and take cohomology

R"SA=H"(SP), n=0,1,....

Analogously we obtain the left derived functors of contravariant functors
via injective resolutions.
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The contravariant functor S is called left exact if S, taken as covariant
functor IMMPP— AD, is left exact, i.e. if for every exact sequence

A—A—A"—>0

the sequence 0—SA”"—>SA—SA’ is exact. An instance of a left exact
contravariant functor is Hom,(—, B) (see Theorem I. 2.2). Analogously
one defines right-exactness. In these cases too results similar to Pro-
positions 5.2, 5.3, 5.4, 5.5, 5.6 may be proved. We leave the details to the
reader, but would like to make explicit the result corresponding to
Proposition 5.5.

Proposition 5.8. Let K »*P,_;— --- —P,—» A be an exact sequence
with Py, Py, ..., P,_, projective. Then if S is left exact contravariant and
q= 1, the sequence

SP,_; #SK,—R1SA—0
is exact. ]

Exercises:

[In Exercises 5.1,5.2,5.5 T: M ,— Ab is an additive functor and, in Exercise 5.5,

—P,
N\ A
Kq
is a projective resolution of A.]

5.1. Show that L, T is right exact.

5.2. Show that L, L, T= {L"' T,n=0
0, n>0.

Pq—l—’”'—’PO

5.3. Prove Proposition 5.6.

5.4. Dualize Propositions 5.5 and 5.6 to right derived functors.

5.5. Show that 0—L, TA—L,TK,—-TP,_, is exact, g2 1, giving the appro-
priate interpretation of u,. Show also that

LqTAqu_lTKlqu_zTKzg"';LITKq_l, q;l.

5.6. Give the contravariant forms of the statements of Proposition 5.6 and Exer-
cises 5.4, 5.5.

5.7. Let Phom 4(A, B) consist of those homomorphisms A—s B which factor through
projectives. Show that Phom,(4, B)is a subgroup of Hom,(A, B). Let I1P(A, B)
be the quotient group. Show that if 0— B'— B— B"—0 is exact, then

I1P(A, B)—IIP(A, B)—I1P(A, B")

is exact. Show that ITP(A. —) is additive. and that it is left exact if A is a prin-
cipal ideal domain. Dualize.
5.8. Prove that right (or left) exact functors are additive.



136 IV. Derived Functors
6. The Two Long Exact Sequences of Derived Functors

In this section we will establish the two basic long exact sequences
associated with the concept of derived functors. In the first (Theorem 6.1),
we vary the object in 9, and keep the functor fixed; in the second
(Theorem 6.3) we vary the functor and keep the object fixed.

Theorem 6.1. Let T:M,— Wb be an additive functor and let
A5 AL A" be a short exact sequence. Then there exist connecting
homomorphisms

w,:L,TA"—L, TA', n=12....
such that the following sequence is exact:

o > L, TA% L, TASS L, TA" 25 L, TA'— - 61)

o > L TA" 25 Lo TA' 25 Lo TA-25 L, TA"—0.
Proof. By Lemma III. 5.4 we can construct a diagram with exact rows

Po—Py—> Pg

A5 A 54"
with Pg, P,, Pg projective. Clearly, Py = Po@ Pg. By Lemma IIL. 5.1 the

sequence of kernels
kere' >—kere—»kere” 6.2)

is short exact. Repeating this procedure with the sequence (6.2) in place
of A'>»A—» A" and then proceeding inductively, we construct an exact
sequence of complexes

P>%PEsP”,

where P, P, P” are projective resolutions of A’, A4, A" respectively. Since T
is additive and since P,= P, ® P, for every n=0, the sequence

0—-»TP—->TP—-TP"—0
is short exact. also. Hence Theorem 2.1 yields the definition of
@y Hn(TP")_)Hn—l(TP')

and the exactness of the sequence. We leave it to the reader to prove that
the definition of , is independent of the chosen resolutions P’, P, P” and
chain maps &', «”, and hence only depends on the given short exact
sequence. []
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Let t: T— T’ be a natural transformation between additive covariant
functors T, T’ : M,—Ab. For a projective resolution P of A we then
obtain a chain map tp: TP— T'P defined by (tp),=1p,:TP,—T'P,
n=0,1,2,.... Clearly 7, induces a natural transformation of the left-
derived functors, 7,: L,TA—L,T'A,n=0,1,....

We may then express the naturality of (6.1), both with respect to T
and with respect to the short exact sequence A’>— A—» A", in the following
portmanteau proposition.

Proposition 6.2. Let 7: T— T’ be a natural transformation between
additive covariant functors T, T' : IR, — Wb and let the diagram

A a’ > A a” A"
R
B > B—> B’

be commutative with short exact rows. Then the following diagrams are
commutative:

oo L, TA" %L, TA %L, TA" -2, ,TA — -

l TA’ l Ta l TAar l T4’

o LT A2 LT AL T A2 L, T'A'— -

oo L, TA' %L, TA %51, TA" L, _,TA — -
L S L
wo—L,TB —E51, TB 2,51, TB" 25, _,TB — -
The proof is left to the reader. []
We now turn to the second long exact sequence.
Definition. A sequence T’ T T” of additive functors
T, T, T : M,—Ab
and natural transformations t’,t” is called exact on projectives if. for
every projective A-module P. the sequence
0— TP TP-ET"P—0
is exact.

Theorem 6.3. Let the sequence T'>TT” of additive functors
T, T. T" : M, — UDb be exact on projectives. Then, for every A-module A,
there are connecting homomorphisms

w,:L,T"A—>L, \T'A
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such that the sequence
oL, TTA=SL,TA =SLT'A 2L, [ T'A— -
o L T"A2H Ly T' A5 LyTA —~—>L,T"A —0
is exact.

(6.3)

Proof. Choose a projective resolution P of A and consider the
sequence of complexes

0->TPSTPST P—0
which is short exact since 7’5 T T” is exact on projectives. The long
exact homology sequence (Theorem 2.1) then yields the connecting
homomorphisms w, and the exactness of sequence (6.3). []

Of course the sequence (6.3) is natural, with respect to both A and
the sequence T'—T— T". In fact, we have

Proposition 6.4. Let o : A— A’ be a homomorphism of A-modules and let
T—=>T-—=5T"
Lo |- |-
§ 2828

be a commutative diagram of additive functors and natural transformations
such that the rows are exact on projectives. Then the following diagrams
are commutative:

oL TA2LTAAS L T" AL, T'A— -

oL, TAASL TAASL T A2, T'A— -

o LT A2 L TA-4S LT AL, T'A— -

| | | o | o

o> L,SA %A [ SA-A[ S"A 2L, SA— -

The proof is left to the reader. []

Exercises:

6.1. Prove Proposition 6.2.

6.2. Prove Proposition 6.4.

6.3. Give an example of a sequence of functors T'— T— T"” which is exact on
projectives, but not exact.
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6.4. Use the exact sequences of this section to provide a solution of Exercise 5.5.

6.5. Give a direct proof of the exactness of LyTA'—L,TA— L,TA"—0 where
0—A'—A—A"—0 is exact and T = Hom,(B. —).

6.6. Consider the category € of short exact sequences in M, and consider the
category D of morphisms in Ab. Show that w, may be regarded as a functor

w,:C—-D.

7. The Functors Ext’; Using Projectives

The (contravariant) functor Hom,(—, B) is additive. We therefore can
define, in particular, right derived functors of Hom,(—, B). These will
be the Ext}; functors.

Definition. Exty(—, B)=R"(Hom,(—,B)),n=0,1, ....

We recall that this means that the abelian group Ext}(A, B) is com-
puted by choosing a projective resolution P of A and taking cohomology
in the cochain complex Hom,(P, B). Since Hom,(—, B) is left exact it
follows from Proposition 5.2 that Ext(4, B) = Hom,(4, B). The calcula-
tion of Ext}(A4, B) will justify our notation; we have

Proposition 7.1. Ext}(4, B) = Ext,(4, B).

Proof. We consider the projective presentation R,~£Py-2» A4 of A
and apply Proposition 5.8. We obtain the exact sequence

---—Hom,(P,, B)—Hom,(R,, B)— Ext}(4, B)—0
whence it follows that Ext}(A4, B) = Ext,(A4, B) by the definition of the

latter (Section II1.2). []

From the fact that Ext/;(—, B) is defined as a right derived functor the
following is immediate by Theorem 6.1. Given a short exact sequence
A'—A—» A" we obtain a long exact sequence

--- = Ext}(A", B)— Ext}j(A4, B)— Ext} (4, B)*» Ext}*1(4",B)— ---. (7.1)

This sequence is called the long exact Ext-sequence in the first variable.
By Proposition 6.2 this sequence is natural, i.e., if we are given a com-
mutative diagram

AI)_)A-____»AII
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then the diagram
--- —Ext%(4", B)— Ext’y(4, B)— Ext’(4’, B)-22 Ext* (4", B)— -+

l«p')" l o* l (" l((p'l" (7.2)

--- > Ext}(4", B)— Ext}y(4, B)—Ext}}(4’, B>~ Ext}* (4", B)— ---

is commutative, also.

Proposition 7.2. If P is projective and if I is injective, then
Exty(P, B)=0=Ext}(4,I) for n=1,2,....

Proof. The first assertion is immediate by Proposition 5.3. To prove
the second assertion, we merely remark that Hom,(—.I) is an exact
functor, so that its n'" derived functor is zero for n=1. [J

Now let f: B—B' be a homomorphism of A-modules. Plainly f
induces a natural transformation

B:Hom,(—, B—Hom,(—, B)).
By Proposition 6.2 we have that, for any short exact sequence

AI)_—)A_»A” ,
the diagram
---— Ext}(A". B) = Ext}}(4. B) —» Ext}y(4’, B) 22 Ext’,*1(4”,B) —---

l o l o l A l A (7.3)
---— Ext}(A4", B)— Ext}(A.B)— Ext}(A'. B)->» Ext}* 1 (4".B)—---
is commutative. From (7.3) we easily deduce the following proposition.
Proposition 7.3. Ext}(—. —), n=0. 1. ... is a bifunctor. []

Proposition 7.4. Let B' 25 B£5 B be a short exact sequence. then the
sequence Hom4(—, B')% Hom,(—, B)2Hom,(—, B") of left exact (con-
travariant) functors is exact on projectives.

This is trivial. ]

By Theorem 6.3 we now obtain
Proposition 7.5. For any A-module A the short exact sequence
B' )_ﬂ_') B 2:» B”
gives rise to a long exact sequence

.- —Ext(4, B) > Ext’(4, B) &5 Ext" (4, B")2» Ext’ 14, B)— -+-. [] (7.4)
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Sequence (7.4) is called the long exact Ext-sequence in the second
variable. By Proposition 6.4 sequence (7.4) is natural. Indeed, invoking
the full force of Proposition 6.4, we infer

Proposition 7.6. Let a: A— A’ be a homomorphism and let

BI )—’B_»B”
A
B’/ >—>§ — §Il

be a commutative diagram with short exact rows. Then the following

diagrams are commutative:

---— Ext3(4". B')— Ext}(A’, B)— Ext}(4’, B" )3 Ext}* 1(4",B)) —---

l a* l a* l a* l a* (75)

---—Ext(A4,B") - Ext}(4,B) —Ext}(4,B") 5 Ext}*(4,B") —---

.--—Ext%(A4, B') — Ext"}(4, B) — Ext’}(4, B") 2> Ext"* (4, B) — -

l v l o l v 1 v (7.6)
<+ Ext"(A. B') — Ext'(A. B) — Ext" (4. B")- 23 Ext"* (4. B) — -

Diagrams (7.2), (7.3), (7.5), (7.6) show that the long exact Ext-sequences
are natural in every respect possible.

Exercises:

7.1. Let —)P————)P l_.;..._)Po

be a projective resolution of 4 and let

Iy—I—--— - 1-———-»] — e

be an injective resolution of B. Establish 1somorph1sms
Ext%(A, B)= Ext’; '(R,. B) = --- = Ext{(R,_,. B).
Ext%(A, B)= Exty Y(4, K,) = --- = Ext{(4.K,_;), n=1.
7.2. Suppose given the exact sequence

0—K, 4P, _—--—Py—A—0
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7.3.

74.

75

7.6.
7.1.

IV. Derived Functors

with P, ..., P,_; projective. Prove that the sequence
Hom (P, _,, B)—Hom (K, B)—Ext}(4, B)—0

is exact.
Let M* =Hom (M, 1) for any A-module M. Let P,— P,— M—0 be an exact
sequence of A-modules with P,. P, finitely generated projective. Let

D = coker(P§— P{).
Show that the sequence
0— ExtY(D, A)— M— M**— Ext3(D. A)—0
is exact. (Hint: Consider the diagram
P, —»P,—M—0
|l
0— K*— P*— M**

where K = ker(P}— D)= coker(M*— P¥); and show that P,— P}* is an
isomorphism.)

Show that w:Hom (A, B")— Ext}(4, B") factors through ITP(A, B") (Exer-
cise 5.7) and deduce that

I1P(A, B)—IP(A, B)—I1P(A, BN\—Ext\(A, B)—Ext}(A, B)—---

is exact. What does this tell us about left derived functors of ITP(A4, —)?
Establish the existence of an exact sequence

<« —IIP(A, B)—IIP,(A, B/~ I1P,(A, B"Y—>IP,_ (A, B)—---
where ITP,(A, B)=IIP(A, S,), and
”'_’Qn Qn—l'_)'"—"QO

NS

S,

n

is a projective resolution of B.
Show that ITP,(A, By=L,_, Hom(A4, —)(B), n= 2. Does this hold for n=1?
A A-module 4 is said to have projective dimension <m. and we write

proj.dim.A<m,

if Ext%(A, B)=0 for all g>m and all A-modules B. Show that the following
statements are equivalent:
(i) proj.dim. A<m;
(ii) Ext?*!(A4, B)=0 for all A-modules B;
(iii) There exists a projective resolution of A of length m, i.e., a resolution

..._;P"_)Pn_l_;..._...Pl_,Po
with
Pm+1 =Pm+2= - =0.
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(iv) In every projective resolution
«e—>P,—P,_,— -+ —P,—P,

of A the image of P,,— P,,_, is projective, where P_; = A.
(Of course, we write proj.dim.4=m if proj.dim.A <m but projdim.Afm—1)

8. The Functors Ext; Using Injectives

The covariant functor Hom,(A4, —) is additive. We therefore can define,
in particular, right derived functors of Hom,(A4, —). These will be the
Ext", functors.

Definition. Ext%(A. —)=R"(Hom,(4, —)), n=0, L, ....

We recall that this means that the abelian group Ext(4, B) is com-
puted by choosing an injective resolution I of B and taking cohomology
in the cochain complex Hom,(A, I). Since Hom (A, —) is left exact

Ext9(4, B)= Hom,(4, B)

(Proposition 5.7). In order to compute Ext} (4. B) we choose an injective
presentation B~ I-1»S of B and apply the dual of Proposition 5.5. We
obtain the exact sequence

Hom ,(A. )-2Hom (4. S)— Ext}(4. B)—0. 8.1)
By definitions made in II1.3 it follows that
Ext}(4, B~ Ext,(4, B).

This justifies our notation.

The fact that Ext’(A4, —) is defined as a right derived functor
immediately yields a number of results.

(1) For any injective A-module I,

Ext%(4,1)=0 for n=1,2,... (8.2)

(compare Proposition 7.2).
_(2) A short exact sequence B'>—B—»B" gives rise to a long exact
Ext-sequence:

---— Ext% (4, B')— Ext" (4, B)— Ext" (4, B")-2>Ext,* (4, B)—--- (8.3)

(compare sequence (7.4)).

(3) Sequence (8.3) is natural with respect to the short exact sequence
(compare diagram (7.6)).

(4) For any projective A-module P, Ext(P,B)=0 for n=1,2,...
(compare Proposition 7.2).
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(5) A homomorphism a: A— A" induces a natural transformation
o*: Hom,(A', —)—Hom,(4, —), and sequence (8.3) is natural with
respect to the first variable (compare diagram (7.5)). 1t follows that
Ext"(—, —) is a bifunctor (compare Proposition 7.3).

(6) A short exact sequence A'>%>A<%»A” induces a sequence of
additive functors Hom 4(4", —)-%5Hom (4. —)-%>Hom (A4, —) which
is exact on injectives and therefore gives rise to a long exact sequence

...—Ext(4", B)— Ext’(4, B)— Ext’(4’, B)-2>Ext’;* 1 (4", B)—--- (8.4)

(compare sequence (7.1)).

(7) Sequence (8.4) is natural both with respect to the short exact
sequence (compare diagram (7.2)) and with respect to the second variable
(compare diagram (7.3)).

The conclusion of the reader from all these results must be that the
functors Ext"” and Ext" are rather similar. Indeed we shall prove

Proposition 8.1. The bifunctors Ext}(—, —) and Ext(—, —),n=0,1,...
are naturally equivalent.

Proof. We will define natural equivalences
@ : Extj(—, —)SExty(—, —)

inductively.

The construction of @" is trivial for n=0: @° is the identity. Now let
B>¥I-%» S be an injective presentation. By Proposition 7.2 and (8.2) we
have

Ext"(4,[)=0=Ext"(4,I) for n=1,2,....
We then consider the long exact Ext-sequence (7.4) and the long exact

Ext-sequence (8.3). We define &} ; by requiring commutativity in the
diagram

Hom (4, I)—*-Hom ,(4, S)—=Ext}(4, B—0
“ ” 45
Hom, (A4, I)~»Hom (4, S)—‘?’J—»E_xt}i (4, B)—0
and, assuming @" defined, we define @'y by requiring commutativity
in the diagram
Ext’ (A, S)l) Ext’y* 1 (A. B)
l o%s " ou'd

,

EXU% (4, S)—— Exty* (4, B)
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We obviously have to check that

1) the definition of @' does not depend on the chosen presentation
of B,

2) @'y is natural in B,

3) @74 is natural in A.
We shall deal in detail with points 1) and 2), but leave point 3) to the
reader.

So suppose given the following diagram

B——1—»S§

ol

B—I]'—» s

with I, I’ injective, and let us consider the cube

Ext’y (4, ') ——2—Ext}' (4, B)
V on B
Ext’y (4. S)——2——Ext;*1(4.B) |*""'
J ot (8.6)
" Exty(4,8)——2|—Exty" (4, B)
23 ﬂ*
Ext}y(4, S) = Exty*!(4, B)

We claim that this diagram is commutative. The top square is
commutative by naturality of the long Ext-sequence, the bottom square
by analogous reasons for Ext. Front and back squares are commutative
by definition, the left hand square by the inductive hypothesis that @} ¢ is
a natural transformation. It then follows that the right hand square also is
commutative, since w : Exty(4, S)— Ext’* 1 (4, B) is surjective.

To prove point 1) we now only have to set §=15: B— B; point 2) is
proved by the fact that the right hand square of the diagram is com-
mutative. []

We also prove

Proposition 8.2. For any A and any short exact sequence B’ B—» B”
the following square is commutative

Ext} (A. B')—2-Ext"*! (4. B)
l@n l pntit (8.7)
Ext;(4, B)——Ext;" (4, B)
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Proof. Choose an injective presentation B'>—I—»S of B’ and con-
struct ¢, v such that the diagram

B”'—) B—'» B/I

(S

B>—I——S

is commutative. We then embed (8.7) as front square in the following cube

Ext’ (4, S ——=—Ext"* (4, B)

4 /

Ext’(A. B)——>— Ext"*!(4.B) [|?

N

®  Extj(4,S)—— [—Ext}" (4, B)

i /

Ext}(4, B)————Ext}" (4, B)

The right hand square trivially is commutative, the left hand square is
commutative since @ is a natural transformation. Top and bottom
squares are commutative by naturality of the Ext-, resp. Ext-sequence.
The back square is commutative by the definition of &. It follows that
the front square is commutative, also. []

By Proposition 8.2 the natural transformation @ is compatible with
the connecting homomorphism in the long exact Ext-sequence in the
second variable. We remark that ¢ as exhibited above is also compatible
with the connecting homomorphism in the long exact sequence in the
first variable (see Exercise 9.8). In view of the equivalence expressed in
Proposition 8.1 and 8.2 we shall use only the notation Ext. even if we
refer to the definition by injectives. We then may express the assertion
of Theorem 8.1 by saying that the bifunctor Ext’; is balanced; it may be
computed via a projective resolution of the first, or an injective resolution
of the second variable, and is balanced in that the value of Ext(A4, B)
is obtained as the value of the n'* right derived functor of Hom 4(—, B)
at A or the value of the n'® right derived functor of Hom4(4, —) at B.

We finally point out the important fact that the steps in Section 7
necessary to define Ext" and elicit its properties are possible in any
abelian category with enough projective objects, and do not require any
other particular property of the category 9 ,. Similarly, of course, the
steps in Section 8 necessary to define Ext” and elicit its properties are
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possible in any abelian category with enough injective objects. Moreover,
in a category with enough projectives and injectives, Ext"= Ext".
However it may well happen that an abelian category has enough
projectives but not enough injectives (for example the category of
finitely generated abelian groups (see Exercise 8.1)); then clearly only
the procedure using projectives will yield Ext-functors according to our
definition. In the dual situation of course, that is, in a category with
enough injective but not enough projective objects (for example in the
category of torsion abelian groups (see Exercise 8.2)) only the procedure
using injectives will yield Ext-functors. Actually, it may be shown that
even in abelian categories with neither enough projectives nor enough
injectives, functors having all the essential properties of Ext-functors
may be defined (see Exercises 9.4 t0 9.7).

Exercises:

8.1. Show that the category of finitely generated abelian groups has enough
projectives but no non-zero injectives.

8.2. Show that the category of torsion abelian groups has enough injectives but
no non-zero projectives.

8.3. Suppose given the exact sequence

0—B—Ily—--—I,_;-55,—0
with I, ..., I,_, injective. Show that the sequence

Hom, (4, I, ;)—=>Hom, (4, S,)— Ext%(4, B—0

is exact.

8.4. Dualize the definition of IT P(A, B), to define I7 I(A, B).

8.5. Dualize Exercises 74, 7.5, 7.6.

8.6. Let us say that ¢: A—B is a fibre-map if every homomorphism I—B, I
injective, factors through ¢. Let 1: K> A be the kernel of the fibre-map ¢.
Show that there is an exact sequence, for any X,

e ITL(X, K} ITL(X, A)2S 1T L(X, By— I L,_, (X, K)—---

Dualize.

8.7. A A-module B is said to have injective dimension < m, and we write
inj.dim. B <m, if Ext%(A4, B)=0 for all g > m and for all A-modules A. Analo-
gously to Exercise 7.7 give different characterisations for inj.dim. B<m. (Of
course, we write inj.dim. B=m if inj.dim. B<m but injdim.BEm— 1))

8.8. A ring A is said to have global dimension £ m, and we write gl.dim.A<m,

if Ext%(A, B)=0 for all g >m and for all A-modules A, B.
The smallest m with gl.dim A < m is called the global dimension of A. What is
the global dimension of a field, of a semi-simple ring, of a p.i.d.? Characterize
the global dimension of A in terms of the projective and injective dimension
of A-modules.
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9. Ext" and n-Extensions

We recall that Ext,(A4, B) = Ext}(4, B) can be interpreted as the group
of equivalence classes of extensions B~ E—» A. A generalization of this
interpretation to Ext” has been given by Yoneda. An exact sequence

E:0—»B—E,—---—E;—A—0 9.1)

of A-modules is called an n-extension of A by B. Then an extension is a
1-extension. In the set of n-extensions of A by B we shall introduce an
equivalence relation that generalizes the equivalence relation given in
Section III.1 for 1-extensions. We shall say that the n-extensions £, £’
satisfy the relation £~ £ if there is a commutative diagram

E:0—»B—E,—---—E; —A—>0

[

EF:0—-B—E,—---—E|—>A—0

It is easy to see that the relation ~» is not symmetric for n = 2, although
it obviously is for n = 1. However every relation generates an equivalence
relation, which we now describe explicitly for the given relation m».
Accordingly, we define £ and £’ to be equivalent, £ ~ £, if and only if
there exists a chain Ey=E, £, ..., E,=F with

EOMElWEZM"’WEk.

By [£] we denote the equivalence class of the n-extension £, and by
Yext" (4. B), n= 1. we denote the set of all equivalence classes of n-
extensions of 4 by B. In order to make Yext’,(—. —) into a bifunctor we
shall define induced maps as follows.

First let B be fixed and let a: A'—~A4 be a homomorphism. Let
E:0—»B—E,—---—E; 1 A—0 be a representative of an element in
Yext” (4, B). Define E3 as the pull-back of (, 1),

EZ-Mos A
E 1 —;,—» A
By Lemma II1.1.2 5 is epimorphic and has the same kernel as . We
therefore obtain an exact sequence
E*:0»B—E,— -—E,—E}-15A4'—0

which determines an element in Yext(A4’, B). It is to be proved that two
different representatives of an element in Yext’ (A4, B) define the same
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element in Yext],(4’, B). This is achieved by proving that the relation
E~E implies the relation £~ E?, We concentrate on the right hand
end of the sequences. Setting K = kern, K =ker# we obtain the following
diagram

B ©.2)

where E3 is the pull-back of (a,7) and E? is the pull-back of (a, 7). We
have to show the existence of a map ¢&: E5— ES making the diagram
commutative. The maps E;-Z>A'— A and E“—-»El—>E 1,4 agree.
Since E3 is a pull-back there is a (unique) map ¢ : E{ — E% making the
right hand cube commutative. The reader will show easily that the left
hand cube also is commutative (see the proof of Theorem III1.1.4), so that
& establishes the relation £* s E*,

Thus a*[£]=[£*] defines a map o*: Yext’ (A, B)— Yext) (A4, B).
It is plain that 1*=1. Also, using the fact that the composite of two
pull-back squares is a pull-back square, we have (axa’)* =o'*oa*. These
facts combine to show that Yext’,(—, B) is a contravariant functor.

Given f§: B— B’ we define an induced map

B, : Yext'y(4, B)— Yext'y(4, B)

by the dual process. Thus let £:0—B—E,—---—E;,—A—0 be a
representative of an element in Yext% (4, B). Let

B— E,
[
) > J— > (En)ﬁ

be a push-out square. We obtain a sequence
Ey:0—B'—(E)—E,_—--—E;—A—0

which determines an element in Yext/(A4. B'). As above one proves that
B« [E]=[E] yields a map f, : Yext} (A4, B)— Yext} (4, B') which makes
Yext’ (A4, —) into a covariant functor.
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It is immediate that
Yext(A. B)= E(A. B) = Ext} (4. B) 9.3)

naturally in both 4 and B (see Theorem III 2.4). Since E(—, —) is a
bifunctor (Theorem III. 1.4) Yext(—, —) is a bifunctor, also. Indeed,
this is the only non-trivial case of the proposition that Yext%(—, —)is a
bifunctor for n = 1. Generalizing (9.3) we have

Theorem 9.1. There is a natural equivalence of set-valued bifunctors
0,: Yext)(—, —)>Exty(—, —),n=1,2,....

Note that since Ext’ (A4, B) carries a natural abelian group structure
the equivalence 6,, once established, introduces a natural abelian group
structure into Yext’;(A. B).

Proof. We proceed by a method analogous to the one used in the proof
of Theorem I11.2.4. We first choose a projective resolution

P: ..._,an,pn_l_,..._,po

of A. Proposition 5.8 applied to the functor Hom ,(—, B) yields the exact
sequence

Hom,(P,_,, B)——Hom,(R,, B)—1>Ext"(4, B)—0 9.4

where 1: R, P,_, is the embedding of R,=imd, in P,_,. We define
0: Yext", (A, B)— Ext’y (A, B) as follows.

Given the n-extension £:0—B—E,—-.-—E,—A—0 we consider
the acyclic complex D:0—B—E,—---—E,—E,—0 with
D,=E,,...,D,_,=E,, D,=B, D, =0 for k=n+ 1. Plainly Hy(D)= A.
By Theorem 4.1 there exists a chain map ¢ = {¢,, ..., ¢,} such that the
following diagram is commutative

R,
7 N\
P, y—P—2 P, — Po— A4 0
l ln an-l llpo II
0 > B >E, > E—— A—0

Clearly ¢,: P,— B factors as ¢, = ¢n where ¢ : R,— B. We define
0(E) =[¢]. We have to show that this definition is independent of the
chain map ¢. By Theorem 4.1 it follows that if p = {y,, ..., ,} is another
chain map there exists a chain homotopy X : ¢— . In particular we
have v, —¢,=2,_,0,, so that p—¢@=2,_,1 It follows by (9.4) that
[vl=[¢+Z,_,1]=[¢]. Finally it is obvious that if E~wE then
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6(E) = [¢] = 6(F). This completes the definition of the map
0: Yext’ (A, B)— Ext’ (4, B).

Next we define a map 0: Ext’,(A, B)— Yext,(4, B). Let ¢:R,—B
represent the element [¢] € Ext’y(4, B). We associate with ¢ the equiva-
lence class of the n-extension C,, in the diagram

Rn—l

C:0—R,—P,_, P,_, >oee > P, >A——0
X Rn—l
K ‘E —

,Pn_z——»--—)Po—-—»A——»O

[

C,:0—B

where E is the push-out of (1, ¢). If ¢ is replaced by ¢’ = ¢ + X1 then it
is easy to see that, if y is replaced by ' =y +«Z, the diagram is again
commutative. It then follows that E is also the push-out of (1, ¢"). Thus if
we set O[] =[C,], we indeed have defined a map

6 : Ext’,(A, B)— Yext"(4, B) .

Plainly 0 =1 and the diagram

C:0—R,—P,_; P_,—-—P,—A—0
Pl ||

€, 0—B —E —P,_,—-—F A—0
| b o

E:0—B >E, »E,_———E,—A—0

where ¢/,_, is defined by the push-out property of E shows that §6= 1.
It remains to prove that 0 is a natural transformation. First let
B : B— B’ be given; then the diagram

C:0—R,—P,_,—P,_,—>---—Py—A—0

S

E:0—B >E, »E,_,————E,—A—0
bl |
:En—l

Eg:0— B »(E,)p ... yE,—— A 0
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shows that 0,[E]=0[E;] = [Be] = B.[@] = B,O[E]. Finally let
o: A'— A be given. We then have to look at the following diagram

AT
T H

’ ’

0——/’B ———//E‘n -—»--//;EZ—\7 1—7[4 —0
E:0—B >»E, E,—E,——A—0

where E5 is the pull-back of (1, ®). Since the maps Pp—P,—E,— A
and P,— A’'— A coincide we obtain a (unique) map Py— E$ which makes
the diagram commutative. (There is, as usual, the extra argument
establishing that P;j— Py— Ej coincides with P;— E,— E5.) Thus we

stab
ovtain 0a*[E] = 0[E7] = [ x] = o*[¢] = a*O[E].

This completes the proof that 0 is a natural transformation. []

We now give a description of the connecting homomorphisms of
the Ext-sequences in terms of n-extensions. We first consider the long
exact Ext-sequences in the second variable (7.4). Let B'>»B—»B” be a
short exact sequence and let P:---—P,-*»P _,—...P,—P, be a
projective resolution of A. Set R,=imd,, n=1, R, = A. An element in
Ext’ (4, B") is represented by a homomorphism ¢ : R,—B" (see (9.4)).
By construction the connecting homomorphism

: Ext% (A, B")—Ext}*1(4, B)

associates with ¢: R,—B"” the homomorphism y:R,,;— B’ in the

commutative diagram
& R, —P,—>R,

.
B —B—-»B

(see the remark after the proof of Theorem 2.1). It follows that the diagram

0—R,,;— PP, _ P,_,—-——Py——A—0

\ /[

R,

0— B —B—|%E >P,_,—>:-+—— Pp——A—0

\l/

Bn
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is commutative, where E is the push-out of (i, ¢). Hence if
E:0—»B"—»E,—E,_ ,—--—E,—A—>0
represents the element [¢] € Ext’y (4, B"), then
E.0—»B—B—E,—E,_ ,---—E;,—A—0 (9.5)

represents the element w[¢] e Exty*'(4, B). We continue with an
analysis of the connecting homomorphism in the first variable, that is,
in sequence (7.1). Let A'’>~>A—» A" be a short exact sequence and let
P'—P—»P" be the short exact sequence of resolutions of 4’, 4, A"
respectively, as constructed in the proof of Theorem 6.1. We recall that
the resolution P is constructed by induction using diagrams of the
following form

’ n
Rn+l ) Rn+l ) Rn+l

Lo

P, ——P®P—»F;

1A

R, —— R, —»R;

where R, =imd,, R,=imd,, R; =imd,, n=>1, Ro=A', Rp=A, Rg=A"
and ¢, is constructed via y,. Now let ¢ : R,— B represent an element of
Ext}(A’, B). Then, by construction of the connecting homomorphism
 : Ext’(A4’, B)—Ext’y* ' (4", B), the element w[¢] is represented by the
map ¢@o in the diagram

R, ,— P,®F/—=>»F,—R,—*>B

0=0On+1

n
n+1

’

On the other handitisclear thaty,: P, —R,inducest=7,,;: R, —R,,.
From the construction of ¢, one sees that the sum of the two maps

” a ’
Rn+ l—_»Rn-l- l__)Rn’_)Rn

”n T ’
Rn+l 7 Rn+l ’Rn Rn

is zero, so that 6 = —1.
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Also, the following diagram is commutative
R;, »—Pi—>R;
Tne n
R, —R,—»R; (9.6)
(-

P,_ ®P,_, [

T~ 1

R, ——P,_—R,_,

Set0,=m,_, 1,_; Xn. We may compose the diagrams of the form (9.6)
to yield the top two rows in the following commutative diagram

R,
0 Ry B Pl ey Py Py 470
-0
(—1)"*lonst |(—1)"6n (=1~ 16p -y (-l)ﬂi ' lxo
A'
0—R, "1 P —h 4 A"—0
’ |
0—B »E »P,_,——---— P, > A »A"—0

It follows that if
£ :0-B—E,—E, ;—--—E —-A4'—0

represents the element [¢] € Ext(4'. B) then (— 1)"* 'w[¢] € Ext* 1(A”. B)
is represented by

E’':0»B—E,—E,_,——E,—~A—A"—0. 9.7)

It is clear that using injectives instead of projectives one can construct
a natural equivalence Ext(—, —)= Yext(—, —), An analysis of
the connecting homomorphisms in the long exact sequences of Ext shows
that the connecting homomorphism in the first variable is simply given
by the composition (9.7) whereas the connecting homomorphism in the
second variable is given by the composition (9.5) together with the
sign (—1)"*1,

Finally we would like to draw the reader’s attention to Exercises 9.4
to 9.7 where a direct description of the addition in Yext% (4, B) is given.
As a consequence it is then possible to construct functors Yext"(—, —)
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possessing the properties of Ext"(—, —)(i.e. the usual long exact sequences)
even in abelian categories with neither enough projectives nor enough
injectives.

Exercises:

9.1. Give the detailed proof that Yext"(—, —) is a bifunctor, n=2.
9.2. Given the diagram

E:0—-B —>E,—---—E,—»A—0

plo

£:0-B—E,—---——E;—A—>0

Show that £” and £ are in the same class. Dualize.
9.3. Define the Yoneda product

o : Ext",(A. BY® Ext"(B. C)— Ext’;*™(4, C)

by “splicing” an n-sequence starting with B with an m-sequence ending with B.
Show bilinearity, associativity, and existence of a unity.

9.4. Define addition in Yext';(A4. B). independently of the equivalence Ext7 = Yext.
Describe a representative of 0 € Yext%(A4, B), m=2 and show that ¢ +0=¢,
£ e Yext (4, B).

9.5. Show that if &y, o, : 4A'— A, then

(&g +oy)* =af +oF : Yexty(A4, B)—Yext% (4, B),

using your definition of addition in Exercise 9.4 above, but without invoking
the equivalence Yext% = Ext%. Using this property show that Yext%(4, B)
admits additive inverses.

9.6. Prove that the addition given in Exercise 9.4 above is compatible with the
equivalence Ext% =~ Yext” of Theorem 9.1.

9.7. Given B : B'>—B—» B", define a homomorphism

:Yext (A, B)—Yext* (4, B)
by setting w[£] =[£'] where
£ :0-B—>B—E,—---—E;—A—0,

(i.e. [F1=0([£],[B)) in terms of the Yoneda product).
Prove directly that the sequence

---—YextG (A, B)— Yext(A, B)— Yext%(A, B2 Yexth* (4, B)—---

is exact. Does this sequence coincide with (7.4)? Also, define a connecting
homomorphism for Yext in the first variable and deduce an exact sequence
corresponding to (7.1).

9.8. Construct an equivalence 8,: Yext",=»Ext", by proceeding dually to the proof
of Theorem 9.1. Identify the connecting homomorphisms in the exact se-
quences (8.3) and (8.4) in terms of n-extensions. Express the equivalence
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@" : Ext"-= Ext" as constructed in the proof of Proposition 8.1 in terms of #"
(Theorem 9.1) and 6". Show that " is compatible with the connecting homo-
morphism in the first variable.
9.9. Let A'>»A— A" and B'’>—B—» B" be two short exact sequences. Show that
Ext(A4’, B")—2—Ext%' Y(4’, B)
(2] w

Ext*1(A4”, B")—2-Ext}*2(4", B))

is anticommutative.

9.10.Show that the diagram of abelian group homomorphisms
A—»B

|

C

may always be embedded in a square, which is both a pull-back and a push-out.
Does this property remain- valid if we replace abelian groups by A-modules?

10. Another Characterization of Derived Functors

We have defined the functor Ext4 (A4, —) as the g-th right derived functor
of Hom (A4, —). We now show how the left derived functors of any right
exact functor may be obtained by means of the Ext-functors (Corol-
lary 10.2).

We use, as before, the symbol [S. S'] to denote the set (or class) of
natural transformations of the functor § into the functor §'. Clearly for
natural transformations of functors into an additive category one has
a well defined notion of addition.

Let R *%P,_,—P, ,—--—Py,—»A be an exact sequence with
Py, Py, ..., P,_, projective. To the additive functor T:IR,—UAb we
define abelian groups L T A as follows

L,, TA=ker(u,: TR,—TP,_,). q=12....
L,TA=TA.
For T aright exact functor we know by Proposition 5.5 that the sequence
0—-L,TA-TR - TP,_,
is exact. Hence in this case we conclude
L,TA=L,TA. q=0.1..... (10.1)

In particular this shows that Zq TA does not depend upon the choice
of the modules Py, Py, ..., P,_; in case T is right exact. It is an immediate
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corollary of the following result that this assertion holds true for
arbitrary T.

Theorem 10.1. Let T : M ,— ADb be an additive covariant functor and

let A be a A-module. Then there are natural isomorphisms
I:[Exty(4, -), TI>L,TA, q=0,1,....

In case T : 9t ,— b is right exact the assertion (10.1) immediately yields
the following characterization of left derived functors.

Corollary 10.2. Let T :9,—UDb be a right exact functor and let A
be a A-module. Then there are natural isomorphisms

I:[Exty(4, -), T]1>L,TA, q=0.1,.... []

Proof of Theorem 10.1. Since Hom,(—, B) is left exact we may
apply Proposition 5.8 to obtain the following commutative diagram
with exact rows

Hom,(P,-,, R)— Hom,(R,, R) -L1>Ext4(4, R)—0

l s lua l U
Hom,(P,_,.P,_,)—> Hom,(R,. P,_;)-11>Ext{(A. P,_,)—0
Consider the element neExt}(4, R)) defined by 1:R,—R,. Since

u:R,—P,_, extends to 1:P,_,—P,_, we have p,(7)=0. Now let
@ : Ext?(A, —)— T be a natural transformation. We look at the diagram

Ext}(A.R,) —2 . T(R,)

Px Hx
Ext}(4, Py )2 T(P, )

Since p, () =0. the element £ = @, (1) is in the kernel of
”* : T(Rq)—') T(Pq—l) ’

hence an element of iq TA. Thus, given the natural transformation &, we
have assigned to @ an element {=I(P)e L TA. Clearly this map
I':[Exty(4, —), T]—»L TAis a homomorphlsm

Conversely, suppose the element £ € L TA is given. We have to define

a natural transformation @ = &°, such that
Pr,(M)=C€ T(R). (10.2)

We first show that this rule determines @. if @ is to be a natural trans-
formation. For let M be an arbitrary A-module and let g € Ext%(4, M).

Since
Hom,(P, _;, M)—Hom,(R,, M)— Ext}(4, M)—0
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is exact, g € Extj(A4, M) can be represented by a homomorphism
6:R,—M.
We consider the square
Exty(4, R)—22% T(R)

Ext{(4, M)-2, T(M)

Then commutativity forces @,(0) = Pp 0, (1) = 7, Pg (1) = 7, ($). Wenext
show that we obtain the same value for @,(g), if we choose another
representative ¢’ of g. Consider o —a': R,— M it must factor through

P,_,.Hence (o —0’),: TR, TP,_;—TM;but sinceéei TA =kerp,,

we have (6 — o )*(6) 0 so that a*(é) 0, (£). Finally we show that the
& we have defined is indeed a natural transformation. Let ¢ : M— N be
a homomorphism then the diagram

Extd(4, M)-2, TM
. o
Ext{(4. N) 2%, TN
must be shown to be commutative. Since ¢o : R,— N represents
¢4(0) € Extj(4, N)

we have @N((p*(g)) = ((pa)* &= (0*6*(6) =Py ¢M(Q)* 0
We remark that the assertion of Theorem 10.1 for g =0 is nothing
but the Yoneda Lemma (Proposition II. 4.1) applied to additive functors.
We may apply Theorem 10.1 to find a description of the natural
transformations @ : Ext}(4, —)— Ext}(4’, —). It is clear that any homo-
morphism « : A’'— A will induce such a natural transformation. Proposi-
tion 10.3 says that all natural transformations are of this kind.

Proposition 10.3. Every natural transformarion
& : Ext}(A4, —)—Ext}(4’, —)
is induced by a homomorphism a: A'— A.

Proof. Since Extj(A4'. —) is additive we may apply Theorem 10.1. We
have that [Ext}(4. —). Ext}(4’, —)]=> L, (Ext}(4’, —)) (A). Let R>% P-» 4
be a projective presentation; then

L, (Ext}(4’, —))(4) =ker (i, : Exti(A’, R)—Ext}(4’, P)).
On the other hand the long exact Ext-sequence (7.4) yields
--—Hom(4’, P)—Hom(4’, A)>Ext}(4’, R)£5Exti(4, P)— --- (10.3)
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whence it follows that any natural transformation ¢ may be described
by a homomorphism a : A'— A. It is to be shown that the natural trans-
formation & described by o isindeed the one induced by o. Let R'>— P'—» A’
be a projective presentation of A’ and consider the following diagram

Hom,(A’, R)—— Hom,(A4', P)— Hom,(A4’, A)

|

Hom, (P, R)— Hom,,(P’, P)—» Hom,(P’, 4)

4 2
1 e Hom,(R, R)——~Hom,(R’, R)— Hom(R’, P)— Hom(R, A4)

L

n € Exti(4, R) —<— Ext}(4’, R) — Ext}(4’,P) — Ext}(4’, A),

where 0* is explained below.

We have to show that the natural transformation o* induced by « has
the property that a*(n) =¢ =w(a). By the remark after (10.2) this is
sufficient. In order to describe a* we choose g, 6 such that the following
diagram commutes

R—P —»4

e

R——P ——»A4

By construction of the connecting homomorphism @ we then have
() =[0]1=[0*(1g]=a*m)=¢. [

It follows from the exact sequence (10.3) that the homomorphism
o:A'— A is determined up to a homomorphism factoring through P.

Theorem 10.4. For a:A'— A the induced natural transformation
a*: Exti(A4, —)—Exti(4’, —) is a natural equivalence if and only if « is
of the form a =mo1,

0 A4 4D 02> AD P24 A (10.4)
where P, Q are projective.
In case (10.4) holds we say that o is an isomorphism modulo projectives.

Proof. If a is of the given form, then a* is clearly a natural equivalence.
To prove the converse first note that if a* : Ext}(4, —)—Ext}(4’, —) is
an equivalence, then o* : Ext§(A, —)— Ext}(A4’, —) is an equivalence for
all g = 1. Now suppose that a: A’— A is epimorphic. Let kera =A4" and
consider the short exact sequence A"~ A'—» A. For any B we have
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a long exact sequence
0— Hom(4, B)—»Hom(A4', B—Hom(A4", B)— Ext}(A4, B)ﬁ Ext}(4’, B)
—Ext}(A4". B)—Ext2(A. B) > Ex2(4', B)— .. (109)

Thus Ext}(A”, B)=0 for all B, so that A" is projective (Corollary III. 5.5).
Now choose B= A" in sequence (10.5) and observe that

Hom(A4', A")—Hom(4", A")

is surjective. The identity of A” therefore is induced by a map A'— A".
Hence the exact sequence A"~ A'—» A4 splits, i.e. A'=A@D A". We have

a: A5 AD P25 A with P = A" projective.
For the general case take a projective presentation ¢: Q—» A and
consider the epimorphism

a=<{o.e): ADQ—A.

Then a1 =0, where 1=1,.: A~ A'@Q; moreover 1* is obviously a na-
tural equivalence, so that a*: Ext}(A4, —)—Exti(4'@Q, —) is a natural
equivalence. By the previous argument « is of the form

T ADOHA®PA.,

so that a =701 as required. []

Exercises:

10.1. Dualize the theorems of this section.

10.2. Prove that f:B—B” induces isomorphisms B, :I1P(—.B)>II1P(—.B"),
By1: 1P (—, B)y=IIP,(—, B") if and only if # is an isomorphism modulo
projectives. Strengthen this result by weakening the condition on B,,.
Dualize.

10.3. Show that [Ext} (A4, —). L, T]= L, T(A), for any additive functor T.

10.4. Show that [Ext%(4, —), Ext}(4’, =)]1=0I P,_(A’, A), g2 1. Dualize.

11. The Functor Tor;,.

Here we generalise the bifunctor Tor(—, —) defined in Section II1.8. Let
A be a right A-module and B a left A-module.

By Proposition III. 7.3 the functor A® , — is additive, indeed right
exact. We therefore can define

Definition. Tor’A, —)=L(A®,—), n=0,1, ...

We briefly recall how the abelian group Tor(4, B) is calculated.
Choose any projective resolution P of B, form the chain complex A® ,P
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and then take homology,
Tor;(A. By=H,(A®4P).

It follows from Proposition 5.2 that
Torg(A.B)I=A®,B.
Similarly to Proposition 7.1, we prove that
Tor{(4, B) = Tor%(4, B),

as defined in Chapter III. 8. !
Given a short exact sequence B~— B—» B"” we obtain the long exact
Tor-sequence in the second variable

.- —>Tor?(4, B)— Tor(4, B)— Tor(4, B")-2~TorA_, (A, B)— -

‘(L1
- >Tor(A4,B")*>A®,B—A®,B—A® ,B"—0 (11.1)

by Theorem 6.1. Sequence (11.1) is natural with respect to the short exact
sequence. By Proposition 5.3 it follows that, for P projective, Tor(4, P)=0
forn=1,2,....

A homomorphism o : A— A’ clearly induces a map

a, : Tord(A4, B)—TorX(A4', B),

which makes Tor?(—, B), n=0, 1, ..., into a functor. Indeed we have —
as the reader may show — that Tor(—,—), n=0, 1,..., is a bifunctor
(compare Proposition 7.3). Applying Proposition 6.2 to the natural
transformation o, : A®, — — A’ ®, — we deduce that sequence (11.1) is
natural with respect to the first variable.

Given the short exact sequence A’ A—» A" the sequence of functors
A®——A®,——A"®,— is exact on projectives. It follows then by
Theorem 6.3 that there exists a long exact Tor-sequence in the first
variable,

~+-—Tor, (4, B)— Tor;/(4, B)— Tor, (A", B)*Tor,_,(4’, B)—--- (11.2)

---—Tor{i(A", B2 A' ® ,B—~A®,B—A"®,B—0.
This sequence is natural both with respect to the short exact sequence
and with respect to B.

In Section 8 we have shown that Ext} may also be obtained as a
derived functor in the second variable. Similarly we have

Proposition 11.1. Tor’(4, B)=L,(— ®,B)(A),n=0.1. ...

We may express the assertion of Proposition 11.1 by saying that the
bifunctor Tor(—, —) is balanced; it may be computed via a projective
resolution of the first or a projective resolution of the second variable.
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We leave the proof, which is analogous to that of Proposition 8.1, to
the reader. As a consequence, we have that Tor?(P, B)=0 for P pro-
jective and n=1,2, ..., though this, of course, follows from the first
definition of Tor and the fact that P® 4, — is exact.

We finally give another characterization of Tor; using Corollary 10.2.

Theorem 11.2. There are natural isomorphisms
I:[Exti(B, =), AQ ,— ] TorX(4,B) for n=0,1,....

Proof. We only have to observe that A® 4 — is right exact and that
Tor?(4,B)=L,(A®, —)(B). The assertion then follows from Corol-
lary 10.2. [

Exercises:

11.1. Write out a complete proof that Tor?(4, B) is a bifunctor.
11.2. Prove Proposition 11.1.
11.3. Show that Tor?(4, B) = ker(R,®,B— P,_, ®,B), where

esP——P,_,——P,

\/

is a projective resolution of A4.

11.4. Show that,if P is flat, then TorZ(P, A)=0=Tor(4, P) for all A and n>1.

115. Let Q:---—Q,—0,_,—---—Q, be a flat resolution of 4 (i.e. the sequence
is exact in dimensions n>1, Hy(Q)= A4, and each Q, is flat). Show that
Tor;! (4, B)=H,(Q ®,B).

11.6. Let A be a fixed A-module. Show that if Ext" (4. —)=0. then Tor/(4. —)=0.
n>0. Show that the converse is false.

12. Change of Rings

In this final section of Chapter IV we study the effect of a change of rings
on the functor Ext}. However, we will make further applications of a
change of rings in Chapters VI and VII, and hence we record in this
section certain results for future use.

Let A, A’ be two rings and let U : M, — M, be a functor. Then we
may restate Proposition II. 10.2 (and its dual) in this context as follows.

Theorem 12.1. (i) If U has a left adjoint F : M, —IM,. and if U pre-
serves surjections (i.e.,if U is exact), then F sends projectives to projectives.

(i) If U has a right adjoint F : M ,—M ,- and if U preserves injections
(ie., if U is exact), then F sends injectives to injectives. []
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Now let U satisfy the hypotheses of Theorem 12.1 (i), let A be a
A-module and let B’ be a A-module. Choose a projective resolution

P...-—sP,—P,_,—---—P,
of A4, and consider
FP:.--—FP,—FP, ;—---—FP,.

By Theorem 12.1, FP is a projective complex (of A’-modules), but it is
not in general acyclic. However, since F is right exact,

Ho(FP)=FA.

Let P’ be a projective resolution of FA. By Theorem 4.1 there exists
a chain map ¢: FP—P’, determined up to homotopy, inducing the
identity on F A. Combining this with the adjugant 5 : F - U, we obtain
a cochain map

Hom,.(P’, B)-%Hom,,.(FP, B’)i Hom ,(P, UB')
which gives rise to homomorphisms
" : Ext}.(FA, B)—Extj(4,UB), n=0,1,2,... (12.1)

which are easily seen to be natural in A and B'. Thus & is a natural
transformation, uniquely determined by the adjugant #.
We remark that if F preserves injections (i.e., if F is exact), then FP
is a projective resolution of FA and & is then a natural equivalence.
Now let 6 : FU— 1 be the co-unit of the adjugant 5 (see Proposition
II. 7.2). By (12.1) we obtain homomorphisms 6" = @"6*",

6" : Ext.(4', B)25 Extt.(FUA', B)-25>Exty(UA’, UB),

12.2
n=0,1,2,..., (122)

for any A’-module A’, and 6" is plainly natural in A’ and B'. If F is exact,
then 6" is equivalent to 6*". The reader is referred to Exercise 12.5 for
a different description of 6".

The theory described may be applied to the following specific pair
of adjoint functors. Let y: A— A’ be a ring-homomorphism. Then any
A’-module M’ may be given the structure of a A-module via y by defining

im'=@yA)m', AeA, wmeM. (12.3)

We denote this A-module by U? M’ so that U?: I ,.— I, is a functor
called the change-of-rings functor induced by y: A— A’. Then U? obvi-
ously preserves surjections and it is easily verified that U” has a left
adjoint F : M ,—IM ,., given by

FM=A®,M, Min M,; (12.4)
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here A’ is regarded as a right A-module via y, and FM acquires the
structure of a A'-module through the A’-module structure on A’. Thus,
for U?, we have natural transformations
@ : Ext}.(A'® 44, B)— Ext}(A4, U'B'), (12.5)
0:Exti.(A’, B)—Exty(U"4’, U'B). ’
We record for future reference

Proposition 12.2. If A’ is flat as a right A-module via 7y, then
@ : Ext}}.(A'® 4A. B)> Exty(A. U'B)
is a natural equivalence.

Proof. This is clear since the functor F given by (12.4)is then exact. []
We may apply Theorem 12.1 (ii) in essentially the same way. We
leave the details to the reader and simply assert that, with U and F satis-

fying the hypothesis of Theorem 12.1(ii). we get natural transformations
& : Ext.(A’, FB)—»Ext)(UA', B) , (1261
0:Exti.(A', B)—Exti(UA, UB). )

Moreover, @ is a natural equivalence if F preserves surjections (i.c., if
F is exact).

The case of special interest to us involves the same functor
UM, —M,
as above. For U” obviously preserves injections and, as the reader will
readily verify, U” admits the right adjoint F : I ,— M ,., given by
FM =Hom,(A',M), M in M,; (12.7)
here A'is regarded as a left A-module viay, and F M acquires the structure

of a A'-module through the right A’-module structure on A'. Thus, we
have natural transformations

@ : Ext};.(A". Hom,(A', B))—Ext3(U’4’, B), 128)
0: Ext}.(A', B)—Exty(UA’, U'B)). )
Again we record for future reference
_ Proposition 12.3. If A’ is projective as a left A-module via y, then
@ : Ext}.(A. Hom,(A'. B))=> Ext}(U? A", B) is a natural equivalence. []

We also remark that the natural transformations 6, A of (12.2), (12.6)
are, in fact, defined whenever U is exact and do not depend on the
existence of adjoints to U (though the descriptions we have given, in
terms of adjoints, facilitate their study). Indeed they have a very obvious
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definition in terms of the Yoneda description of Ext". Thus, in particular,
we have (see Exercises 12.5, 12.6)

Proposition 12.4. The natural transformation 6 of (12.5) coincides with
the natural transformation 6 of (12.8). [1

Finally, we record for application in Chapters VI and VII the fol-
lowing further consequences of Proposition II. 10.2.

Theorem 12.5. Let U?: 9 ,.— M, be the change-of-rings functor in-
duced by y: A— A'. Then (i) if A’ is a projective (left) A-module via v,
U? sends projectives to projectives; (ii) if A' is a flat right A-module via vy,
U? sends injectives to injectives.

Proof. (i) The hypothesis implies that F preserves epimorphisms, so
U? sends projectives to projectives. (ii) The hypothesis implies that F
preserves monomorphisms, so U? sends injectives to injectives. []

Exercises:

12.1. Apply the theory of this section to a discussion of Tor in place of Ext.

12.2. Let K beafield and let K[ ] be the group algebra over K functor. Let ¢ : m>—7'
be a monomorphism of groups and let y = K[¢] : K[nr]— K[x']. Show that
K[n'] is free as a left or right K[n]-module via y.

12.3. Show that §: FU*A'— A’ is surjective, where F, U? are given by (12.4), (12.3).
Hence embed 6 of (12.5) in an exact sequence when A'is flat as a right A-module
via y.

12.4. Give details of the definitions of &,  in (12.6). Carry out the exercise corre-
sponding to Exercise 12.3.

12.5. Identify 6 in (12.2) with the homomorphism described as follows (U being
exact). Let P’ be a projective resolution of A’ and let P be a projective resolu-
tion of UA'. Then we have a chain map y: P— UP’ inducing the identity
on UA’ and we form

Hom .(P’, B)—Hom,(U P, UB)%Hom,(P, UB).

Pass to cohomology.

12.6. Carry out a similar exercise for 8 in (12.6). Deduce that §=0.

12.7. Show that 6 (12.2) and § (12.6) are compatible with the connecting homo-
morphisms.



V. The Kiinneth Formula

The Kiinneth formula has its historic origin in algebraic topology. Given
two topological spaces X and Y, we may ask how the (singular) homology
groups of their topological product X x Y is related to the homology
groups of X and Y. This question may be answered by separating the
problem into two parts. If C(X), C(Y), C(X x Y) stand for the singular
chain complexes of X, Y, X x Y respectively, then a theorem due to
Eilenberg-Zilber establishes that the chain complex C(X x Y) is canoni-
cally homotopy-equivalent to the tensor product of the chain complexes
C(X) and C(Y),
CXxY)=C(X)®C(Y);

(for the precise definition of the tensor product of two chain complexes,
see Section 1, Example (a)). Thus the problem is reduced to the purely
algebraic problem of relating the homology groups of the tensor product
of C(X)and C(Y) to the homology groups of C(X) and C(Y). This relation
is furnished by the Kiinneth formula, whose validity we establish under
much more general circumstances than would be required by the topo-
logical situation. For, in that case, we are concerned with free chain
complexes of Z-modules; the argument we give permits arbitrary chain
complexes C, D of A-modules, where A is any p.i.d., provided only that
one of C, D is flat. This generality allows us then to subsume under the
same theory not only the Kiinneth formula in its original context but
also another important result drawn from algebraic topology, the uni-
versal coefficient theorem in homology.

When the Kiinneth formula is viewed in a purely algebraic context,
it is natural to ask whether there is a similar (“dual™) formula relating
to Hom instead of the tensor product. It turns out that this is the case,
and we give such a development in Section 3. Here the topological
motivation is not so immediate, but we do get, by specialization, the
universal coefficient theorem in cohomology.

Applications are given in Section 4. Others will be found in Chapter VI.
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1. Double Complexes

Definition. A double complex of chains B over A is an object in M5*Z,

together with two endomorphisms ¢ : B— B, 8" : B— B of degree (— 1,0)
and (0, — 1) respectively, called the differentials, such that

0o=0, 09=0, &0+0d=0. (1.1

In other words, we are given a bigraded family of A-modules {B, ;},
p.q€Z and two families of A-module homomorphisms

{050 Bpy—By-14}» {0,4: BBy g1},
such that (1.1) holds. As in Chapter IV we shall suppress the subscripts
of the differentials when the meaning of the symbols is clear.
We leave to the reader the obvious definition of a morphism of double
complexes. We now describe two ways to construct a chain complex

out of B.
First we define a graded module Tot B by

(TotB),= @ B,,.

ptq=n
Notice that ¢'(Tot B), S(Tot B),_,,"(Tot B), S (Tot B),_,, and that
@+0)-(@+0)=00+0"0+00"+0"0"=0.
Thus Tot B becomes a chain complex if we set
0=0+0":(Tot B),—(Tot B),_, ,

for all n. We call Tot B the (first) total chain complex of B. Second, we
define a graded module Tot’ B by

(Tot' B),= [] B,.,-

ptq=n
Thenif b= {b, ,} € (Tot’ B),, we define b by
(0b)pq=bpi1,4+0"bp g1

Again, the relations (1.1) guarantee that ¢ is a differential, so we obtain
Tot' B, the (second) total chain complex of B. Note that Tot BC Tot’ B,
the inclusion being an equality if for example B, , =0 for p or g negative
(positive).

Of course, given a double complex B, we may form the partial chain
complexes (B, ') and (B, @") (of graded A-modules). If H(B, &) is the
homology module of (B, &), then &” plainly induces a differential &}, in
H(B, @) by the rule

0, [z]=[0"2]
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where z is a cycle of (B, &); for by (1.1) 8"z is a ¢'-cycle and if z=2&'b
then 8"z=0"0'b= — @ 0"b is a &’-boundary. Writing 9" for o}, by abuse
of notation we may thus form

H(H(B,?),d") (1.2)
and, similarly, we may form

H(H(B,2"),9). (13)

A principal object of the study of double complexes is to establish a con-
nection between (1.2), (1.3) and the homology of Tot B or Tot' B. In
general, this connection is given by a spectral sequence (see Section
VIIIL.9), but there are cases, some of which will be discussed in detail in
this chapter, in which the connection is much simpler to describe.

Examples. (a) Given two chain complexes C, D of right and left
A-modules, respectively, we define B, a double complex of abelian
groups, by

B, ,=C,®4D,,

I(c®@d)=0c®d, '(c®d)=(—1)Pc®dd, ceC,, deD,.

(1.1) is then easily verified; we remark that the sign (— 1)? is inserted
into the definition of ¢ to guarantee that 8”& + &' @ = 0. Other devices
would also imply this relation, but the device employed is standard. We
call Tot B the tensor product of C and D, and write

B=C®,D,
TotB=C® ,D.
We record explicitly the differential in Tot B=C® ,D.
Pe@Rd)=0c®d+(—1Pc®dd, ce C,, deD,. 1.4

It will be convenient in the sequel to write n: C— C for the involution
given by n(c)=(— 1y’ ¢,ce C,, so that (1.4) asserts that 0® =0 @1 + 1 ®0.
Moreover

no=—an, n*=1. (L5)

(b) For our second example we consider two chain complexes of
A-modules D, E and define a double complex B. of abelian groups, by

Bp,q = HomA(D—p’ Eq) s
@Nd=(—1P*"*1 f@d). deD_,,,.f:D_,—E,,
@f)d=0(fd), deD_,f:D_,—E,.
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Obviously ¢'d'=0, 8”@ =0; also
@& ) d)=03(@ ) (d)=(—1)P*1*1 o(f(d)),
@ "N @d=(=1p*@ f)(@d)y=(—1¥*18(f(0d)),

deD_,.y,f:D_,—E,, so that 8"0'+ 00" =0.

The presence of the term D_, in the definition of B, , is dictated by
the requirement that ¢’ have degree (— 1. 0). Other conventions may also,
of course, be used. In particular if D is a chain complex and E a cochain
complex, then by taking B} ,= Hom,(D, E ), we obviously obtain a
double complex of cochains. This convention is often the appropriate one;
however, for our purposes in this chapter it is better to adopt the stated
convention, whereby B is always a double complex of chains, but the
translation to B* is automatic.

We call Tot’ B the chain complex of homomorphisms from D to E,

and write B =Hom,(D, E),
Tot' B=Hom,(D, E).
We record explicitly the differential in Tot' B= Hom 4(D. E). namely.
@ f)pg=(=1P"fp 11,0+ 0 pg415 (1.6)

where f={f, }. f,.s: D_,—E,.

Our reason for preferring the second total complex in this example
is made clear in the following basic adjointness relation. Note first
however that if E is a chain complex of abelian groups, then we may give
Homgy(D_,, E ) the structure of a left (right) A-module if D is a chain
complex of right (left) A-modules; and then Homg(D, E) is a chain-
complex of left (right) A-modules, since @ and ¢” are plainly A-module
homomorphisms. We write Hom for Hom; and state the adjointness
theorem as follows.

Theorem 1.1. Let C be a chain complex of right A-modules, D a chain
complex of left A-modules and E a chain complex of abelian groups. Then
there is a natural isomorphism of chain complexes of abelian groups

Hom(C® 4D. E)=Hom,(C, Hom(D, E))

Proof. We have already observed the basic adjointness relation
(Theorem II1.7.2)

Hom(C_,®,D_,, E,) =~ Hom,(C_,, Hom(D_,, E,)) . (1.7)
This induces a natural isomorphism
Hom(C® ,D, E)=~ Hom,(C, Hom(D, E)) (1.8)

as graded abelian groups, and it remains to check the compatibility with
the differentials. Note that we achieve this last isomorphism precisely
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because we have chosen the second total complex as the definition of the
Hom complex.
Now let f,, o)., correspond to f,, , ,, under the isomorphism (1.7), and
let f={fp.a.}s f ={Sp.q.n}> sO that f corresponds to f’ under (1.8).
Then, if ceC_,,deD_,,
(‘aﬂf)(p.q)»r(("@d)
=(= 1P (fpu1,0, (@D +(—= VP15, 41), (€@ D)+ Of iy, 41 (c® D) :
on the other hand
(aHf')p,(q,r)(c) (d)
=(= 1P (f e 1,0 00) @)+ (71 (0)),, (d)
=(- 1)p+q+r(fp+ 1 ,(q,nac)(d) + (_ 1)q+rfp,(q+l,r)(c)(ad)+ a(.fp,(q,r+l)(C))(d) .
This calculation shows that & f corresponds to 0 f under (1.8) and
completes the proof of the theorem. []
This theorem will be used in Section 4 to obtain connections between
the functors Hom, Ext, ®, and Tor in the category of abelian groups.
We close this section with some remarks on the homotopy relation
in the chain complexes C® ,D, Hom,(C, D). First we remark that
a chain map ¢ : C— C’ plainly induces chain maps
¢;:C®,D—-C®,D,
¢*: Hom,(C’, D)—Hom,(C, D)

while a chain map y: D— D’ induces chain maps
v;: C®,D—-CR,D’,
v, : Hom,(C, D)—Hom,(C, D’).
Moreover, we have the commutation laws
VP =0V, ¥, 0 = 0", ,

so that the tensor product complex and the homomorphism complex are
both bifunctors. Now suppose that I' is a chain homotopy from ¢ to ¢'.
where ¢@. ¢’ : C—C'. Thus ¢’ — ¢ =¢2I' +I'0. It then follows easily that
I,. defined in the obvious way. is a chain homotopy from ¢, to ¢;. For
plainly
Pi—0:=0'®l -1 =(¢'-9)®1

=@r+rowl

=@NI®N+TRN(0®1)

=01 +71)T®N+I'®1) (01 +1®7),

since '+ I'n=0,
= a® F ¢ + F # a® .
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Similarly one shows that I' induces a chain homotopy, which we call
I'*, between ¢'* and ¢* and that if 4 is a chain homotopy from y to v/,
where y, ¢’ : D— D) then 4 induces a chain homotopy 4, from y;, to v
and 4, from y, to ). The reader will. in fact. easily prove the following
generalization.

Proposition 1.2. Chain maps ¢ : C—C', y: D— D’ induce chain maps

¢Qy:CR®,D-CQ,D,
Hom (¢, ) : Hom,(C'. D)— Hom,(C. D’).
Moreover if o~ ¢, p~y/, then pQy =~ ¢' RV,
Hom(p, y) ~ Hom(¢', v). ]
Corollary 1.3. If C~C', D~ D', then C® ,D~C' ® ,D’,
Hom,(C, D) ~ Hom,(C’, D"). ]

We note finally that we obtain special cases C® , D, Hom,(C, D) by
allowing one of the chain complexes C, D to degenerate to a single
A-module, regarded as a chain complex concentrated in dimension O.
We shall feel free to speak of these special cases, and to refer to them by
the notation indicated, in the sequel, without further discussion. Here,
however, one remark is in order with regard to Hom,(C, B). [t is natural
to regard Hom,(C, B) as a cochain complex, in which

C"=Hom,(C,. B)
and §": C"—C"*! is induced by 9, , . Thus
C"=(Hom,(C, B))_,,. 1.9
Study of (1.6) shows that " differs from é¥, only in sign. Thus there is
no real harm in identifying Hom,(C, B), as a special case of Hom,(C, D),

with the cochain complex Hom,(C, B), by means of (1.9). We exploit this
observation later in Sections 3 and 4.

Exercises:

1.1. Show that if A is a commutative ring, then C® D, Hom,(C, D) acquire natu-
rally the structure of chain complexes over A and that there are then natural
isomorphisms of chain-complexes over A

c®,D=D®,C,
CR4(CR,CN=(C®,O0R,4C",
Hom,(C'® ,C, C") = Hom ,(C’, Hom,(C, C")).
1.2. Prove Proposition 1.2 in detail.

1.3. Propose other “rules of sign” for the differentials in C® , D, Hom,(C, D) which
preserve the adjointness relation of Theorem 1.1.
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1.4. We define a differential right A-module with involution to be a right A-module
A equipped with an endomorphism d : A— A such that d> = 0 and an involution
n:A—A such that dn=—nd. Given such an object 4, show how to
introduce a differential into A® ,B where B is a differential left A-module,
and into Hom, (A, B) where B is a differential right A-module. Suggest a defini-
tion of a chain map of differential A-modules with involution, and of a chain
homotopy between such chain maps.

1.5. Let A be a commutative ring and let A be a chain complex over A. Show that
there are natural isomorphisms of chain complexes

AQADA, A®ADA

(considering A as a chain-complex concentrated in dimension zero). Define
a differential graded algebra A as a chain complex A together with a chain map
n:A—A (unity) and a chain map u:A® ,A— A (product) such that the
diagrams of Exercise I1I.7.8 are commutative. (If the differential in A is trivial
we simply speak of a graded algebra over A.) If A, B are differential graded
algebras over A, show how to give A® B the structure of a differential
graded algebra.

1.6. Show that if {A4,}, — 00 <i< + 0, is a graded algebra over the commutative
ring A then A= 4, is an algebra over A. (We then call 4 internally graded.)

2. The Kiinneth Theorem

The Kiinneth theorem expresses, under certain restrictive hypotheses,
the homology of the tensor product C® ,D in terms of the homology
of C and D. Our main restriction will be to insist that A be a principal
ideal domain (p.i.d.). Of course, the most important case is that of A =7,
but we do not gain any simplicity by committing ourselves to the
domain Z.

However even the restriction to the case when A is a p.id. is not
enough, as the following example shows.

Example. Let A =Z. Let C=1Z,, concentrated in dimension 0, and
let D=C. Let Co=Z=(t), C;y=Z=(s), C,=0, p+0, 1, and let 0s=2t.
Then plainly

H,(C)=H,(C),
HI(C,®D)=12. HI(C®D)=0.

Thus the homology of C® D is not determined by that of C, D.

To eliminate this counterexample we make a further hypothesis,
namely that one of C, D is flat (a chain complex is flat if its constituent
modules are flat). We may then prove

Theorem 2.1. Let C,D be chain complexes over the p.id. A, and
suppose that one of C, D is flat. Then there is a natural short exact sequence

@ H,(O®,H(D)>H,(C®,D)— @ Tor{(H,(C), H(D)).(2.1)

ptq=n ptq=n-—1
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where { is induced by the inclusion mapping
Z,(O)®1Z(D)—=Z,,,(CR,D),

of representative cycles.
Moreover the sequence splits. but not naturally.

Proof. We recall the boundary operator 6® in C® , D, given by
(@ =0cd+(—1Pc®dd, ceC,, deD,. 2.2

Now it is plain that (over any commutative ring A). there is a natural
isomorphism
c®,D=D®,C 2.3

given by c®d—(—1/?d®c, ce C,,d € D,,so that it is sufficient to prove
the theorem when C is flat.
We next introduce the notation

Z,=Z,C), B,=B,C):

_ _ (2.4)
Z,=z,D), B,=B,D).

We consider Z={Z,}, B={B,} as complexes with trivial differentials.
We also introduce the notation B, = B,_,(C) and the complex B' = {B,},
where the grading is chosen precisely so that the differential in C may
be regarded as a chain map 9:C— B’. We then consider the exact
sequence of chain complexes

0-Z5CHB—0.

Since A is a p.i.d. and since C is flat, it follows that Z, B, and B’ are flat
also. Thus we obtain an exact sequence

0-Z®,D24C®,D 258 ®,D—0 (2.5)

of chain complexes. We apply Theorem IV.2.1 to (2.5) to obtain the
exact triangle

HZ®,D)—2Y ,H(C®,D)
> %n. 2.6)
H(B' ®,D)

Note that (d®1),, has degree 0 and that « has degree — 1. If we replace
H(B'®,D)by H(B® ,D)then (0 ®1), has degree — 1 and w has degree 0.

We now analyse H(B'® ,D). We first remark that since the dif-
ferential in B’ is trivial, the differential in B ® D is 1®4@ up to a sign.
Hence we may compute H(B'® ,D) using the differential 1®é. So
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consider the complex

v+ —=(B'®4D),44 (1822t (B'®AD)nM’(B'®AD)n—1—’ Tt

Since B’ is flat, we obtain
ker(1®9),=(B' ®,42),=(B®,2),-,,

im(1®2),+, =(B,®A§)n =(B®A§)n—l s

so that
H,(B'®,D)=(BQ,H(D)),-, . @7
Similarly, since Z is flat,
H(Z® D)= (Z® 4H(D)),. (2.8)
Thus (2.6) becomes

ZQ,H(D)—2* - H(C®,D)
o ﬁ:» (2.9)
B® ,H(D)

Moreover, it is plain that (1®1), induces { in the statement of the
theorem. We next analyse w. We revert to (2.5) and pick a representative
dc®z of a generator 8c®[z] of HB® ,D)=B® ,H(D). Then

0c®z=(0®1)(c®2)

and 0%°(c®z2)=0c®z. Thus w(dc®[z]) is the homology class in
H(Z®,D)=Z® H(D), of 0c®z. This means that o in (2.9) is simply
induced by the inclusion BC Z. Finally, since Z is flat. we obtain the
exact sequence

0— Tor{(H(C), H(D))»B® ,H(D)*»Z® 4H(D)— H(C)® ,H(D)—0

where Tor{!(—, —) has the obvious meaning on graded modules. Hence
(2.9) yields the sequence

0— H(C)®,4 H(D)*> H(C® 4 D)— Tor{(H(C). H(D))—0.

This sequence is, however, precisely the sequence (2.1).

It is plain, without going into details, that every step in the argument
is natural, so that the Kiinneth sequence is itself natural.

We prepare for the proof that the Kiinneth sequence splits by demon-
strating some basic lemmas related to free chain complexes over p.i.d.’s.

Lemma 2.2. Let H be a graded module over the p.id. A. Then there
exists a free chain complex C over A such that H(C)=H.
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Proof. Let 0—R,— F,—H,—0 be a free presentation of H,. Set
Cp=Fp®Rp-l ,
a(x,)/)=(y,0), xer, yGRP_l.

Then 80=0, Z,(C)=F,, B,(C)=R,, so that H,(C)= H,. []

Lemma 2.3. Let C, D be chain complexes over the p.id. A and let C
be free. Let y : H(C)— H(D) be a homomorphism. Then there exists a chain
map ¢ : C— D such that ¢, =y.

Proof. Consider 0—B,—Z,— H,—0, C,-%2» B,_,, where everything
relates to the chain complex C. Since B,_, is free, it follows that
C,=Z,®Y, where,|Y,: Y,~B,_,. Using barred letters to refer to D,
we have the diagrams

0—B,—Z,—H,—0
9,, ob lw» (2.10)
B0,
op
Yp_~’Bp—l
4’5 6p-1 (2.11)
5_»_

here we use the fact that Z, is free (projective) to lift y, to ¢} : Z —Z,
inducing 6, : B,— B, and then we use the fact that Y, is free (projective)
tolift 6,_, to ¢} : Y,— D, The reader will now easily verify that ¢ = {¢,},
where

(pp=<(p‘1” (p‘2)> : Cp=Zp@Yp—)Dp;

is a chain map inducing y in homology. []

We will need a refinement of Lemma 2.3 in the next section. For our
present purposes we record the following immediate consequence of
Lemmas 2.2 and 2.3.

Proposition 2.4. Let C be a chain complex over the p.i.d. A. Then there
exists a free chain complex F over A and a chain map ¢ : F— C such that
o, HF)>HC). [

We are now ready to prove that the Kiinneth sequence (2.1) splits.
We first make the simplifying assumption that C and D are free. Then
we have projections x : C—Z, ¥ : D— Z and plainly

k®%:C®,D—-ZR,Z
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maps a boundary of C® 4D to B® ,Z + Z® 4B. It follows that x ®¥%
induces 0: H(C® ,D)— H(C)® 4H(D)such that { =1 on H(C)® ,H(D).
Thus the sequence (2.1) splits if C and D are free.

We now return to the general case when C or D is flat. so that we
have a Kiinneth sequence (2.1) natural in C and D. By Proposition 2.4
we may find free chain complexes F.G and chain maps ¢:F—C,
v :G— D such that ¢, : H(F)> H(C), v, : H({G)> H(D). In view of the
naturality of (2.1) we have a commutative diagram

0— H(F\® ,H(G) —— H(F ® ,G) —— Torf(H(F). H(G))—0

0 »@px (PQy) Tor(pxp+) (2. 12 )
0— H(C)® 4 H(D)——> H(C ® , D)——> Tor{(H(C), H(D))—0

However, since ¢@,.y, are isomorphisms. so are ¢, ®@vy,, Tor(o,, y,).
Thus (¢ ®v), is an isomorphism and (2.12) exhibits an isomorphism
between two exact sequences. Since the top sequence splits, so does the
bottom one.

The only assertion of Theorem 2.1 remaining to be proved is that the
splitting of (2.1) is not natural. Were it natural, we would have, for any
¢:C—C,p:D— D' that (¢ ®vy), =0if o, ®y, =0and Tor(e,,y,)=0.
We will give a counter-example to this implication. Take A =1Z,
Ci=Z=(s), Co=Z=(so), C,=0, n£0,1, 05, =2s,; Ci=Z=(5),
C,=0, nx1; @,(s,)=sy; Do=2Z,=(t¢), D,=0, n+0; D'=D; p=1.
Plainly ¢, =0, so that, were the splitting to be natural, we would have
(¢®v),,=0. But H,(C®D)=7Z,=(s,®10), H{(C'QD)=Z, =(51Q1),
so that (¢ ®v), : H;(C® D)= H,(C’'® D). This completes the proof of
Theorem 2.1. []

A particularly important special case of the Kiinneth sequence occurs
when D is just a A-module A regarded as a chain complex concentrated
in dimension 0. We then obtain a slightly stronger result.

Theorem 2.5. (Universal coefficient theorem in homology.) Let A be a
p.id., let C be a flat chain complex over A and let A be a A-module. Then
there is a natural short exact sequence

0— H,(C)® 44~ H,(C® 4 A)—Tor{(H,-,(C), A)—0. (2.13)

Moreover, (2.13) splits; the splitting is unnatural in C but natural in A.

Proof. The only part of the assertion requiring proof is the final
phrase. That the splitting is unnatural in C is attested by the example
given to prove the unnaturality of the splitting of (2.1). Thus it remains
to prove the naturality of the splitting of (2.13) in the variable A. If C
is free, the splitting is given by k®1: C® 44— Z(C)® 4A. Thus, once x
is chosen, we get a left inverse 0, to {, which is plainly natural in 4. If C
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is an arbitrary flat chain complex over 4, then, as demonstrated in the
proof of Theorem 2.1, there is a free chain complex F and a chain map

. F—C which induces an isomorphism of the universal coefficient
sequence for F with the universal coefficient sequence for C which is
natural in A. Since the splitting of the sequence for F is natural in 4, so
is the splitting of the sequence for C. []

Exercises:

2.1. Let C be a resolution of Z,; thus Cy=F, C, =R, &, is the inclusion, where
0— R— F—Z,—0 is a presentation of Z,. Similarly let D be a resolution of
Z,. Compute HIC® D), HC®DRXZ,).

2.2. State and prove a Kiinneth formula for the tensor product of three chain
complexes over a p.i.d.

2.3. What does the Kiinneth formula become for tensor products over a field?

2.4. Show that if A is a differential graded algebra over the commutative ring A,
then H(A) is a graded algebra over A (see Exercise 1.5).

2.5. How may we weaken the hypothesis on A and still retain the validity of the
Kiinneth formula?

3. The Dual Kiinneth Theorem

In this section we obtain a sequence which enables us to analyse the
homology of Hom,(C, D), in the sense in which the Kiinneth sequence
provides an analysis of the homology of C® ,D. Again we suppose
throughout that A is a p.i.d.

Theorem 3.1. Let C. D be chain complexes over the p.id. A. with C
free. Then there is a natural short exact sequence

[1 Exty(H,(C), H(D)—H,(Hom,(C, D))
qg—-p=n+1
(3.1)
<5 ] Homy(H,(C). Hy(D))

q-p=n

where { associates with f e Z,(Hom,(C, D)) the induced homomorphism
S« H(C)— H(D). Moreover, the sequence splits non-naturally.

Proof. The reader should be able to provide the details of the proof
of the exactness and naturality of (3.1) by retracing, with suitable modifi-
cations, the argument establishing (2.1). It is pertinent to comment that,
if we define a chain map of degree n from C to D to be a collection f of
morphisms f,: C,— D, , such that

fo=(=1yof (G2



178 V. The Kiinneth Formula

then plainly (see (1.5)) such an f is just a cycle of dimension n of
Hom,(C, D) and f induces f,e€ [| Hom(H,(C), H/(D)).
q—p=n
This clarifies the definition of {; for it is plain from (1.6) that a bound-
ary of Hom,(C, D) maps a cycle of C to a boundary of D. Further, we
replace (2.5) by

0— Hom,(B, D)—Hom,(C, D)—Hom,(Z, D)—0. (3.3)

Here exactness is guaranteed by the fact that B is free; since we are
concerned with the functor Hom,(C, —) rather than C® , — (similarly
for Z, B) we must demand that C be free rather than merely flat.

We now enter into detail with regard to the splitting of (3.1). Again
we imitate the argument for the splitting of (2.1) by first assuming D is
also free. Reverting to the argument of Lemma 2.3 we see how to adapt
it to the case of a homomorphism y : H(C)— H(D) of degree n. The only
essential modification is that we must take

¢, =<oL (-1 ¢2:C,=Z,®Y,—D,,, (34)

in order to achieve ¢ =(—1)"d¢ (3.2). However. an additional point
arises if D is also free; namely. we choose a fixed splitting

Dp+n=zp+n® }_,p+n,

for each p, with 0|Y,.,:Y,,,~B,.,_;. Then the lifting of 6,_, to
(pf, : Y,—Y,,,in (211) becomes canonical and the only choice exercised
in the construction of ¢ from v is in the lifting of v, to ¢}: Z,—Z, ..

We now prove

Lemma 3.2. If D is free, the construction of ¢ from y in Lemma 2.3
induces a homomorphism

6: [I Hom,(H,(C), H(D))— H,(Hom,(C, D)).
q-p=n
Proof. 1t is plain that the only assertion to be established is that the

homology class of ¢ in H,(Hom,(C, D)) is independent of the choice of
¢!. Consider therefore a family of morphisms

a-P,q:Zp—’Ep‘Fn’ q=p+n.

(The indexing is consistent with our rule in Example (b) of Section 1,
whereby Hom,(C_,, D,) is indexed as (p, q).) We may lift a_, , to

'V—p,q+l : Zp—’ ?p+n+l
so that
oy=a. 3.5)

Now extend y_, ;1 t0Y_p 441 : Cp—> Dy sy by defining y_, ,.,]Y,=0.
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According to the rule (3.4), and incorporating the canonical lifting of
6,-11n (2.11), we see that a gives rise to the family of morphisms

ﬁ—p,q = <a—p,q’ (— I)U‘P—,—l ° a_p+1,q_1 ° a> : Cp =Zp@ Yp_)Dp'*n . (3.6)

Thus our assertion is proved if we can show that B is a boundary. In fact

e show that
" e(y)=8. (3.7)
For we find, by (1.6),

@)= pa= (1" 1,00+ 0y gu1 -

Thus, on Z,,
(3"?)-,,,., = 5y—p.q+1 =0_pg> by (35) 5

and, on Y,
(aH)')-p,q=(_ 1)"))-p+1,qa=(_ l)n 5_1 a—p+l,q—l : 8,

again by (3.5).

This proves (3.7) and hence the lemma. []

We now return to the proof of Theorem 3.1. It is plain that {6 is the
identity on || Hom(H,(C), H,(D)). so that we have indeed proved that
(3.1) splits if D is free. We now complete the proof exactly as for the
sequence (2.1): that is, we use Proposition 2.4 to find a free chain complex
G and a chain map ¢ : G— D inducing an isomorphism in homology;
and then prove that the Kiinneth sequence for Hom,(C, G) is isomorphic
to that for Hom,(C, D). The reader is now invited to construct an
example to show that the splitting is not natural. As in the case of (2.1)
such an example is easily constructed with D concentrated in dimen-
sion 0. This completes the proof of the theorem. []

We may apply Theorem 3.1 to the case when D is a A-module B,
regarded as a chain complex concentrated in dimension 0. Let us then
write H"(Hom,(C, B)) for H_,(Hom,(C, B)). We obtain

Theorem 3.3. ( Universal coefficient theorem in cohomology.) Let A be
a p.id., let C be a free chain complex over A, and let B be a A-module.
Then there is a natural short exact sequence

0— Ext,(H, _,(C), B)— H"(Hom,(C, B))*>Hom(H,(C), B)—0. (3.8)
Moreover, (3.8) splits; the splitting is unnatural in C but natural in B.
Proof. Only a few remarks are required. First, the notation
H"(Hom,(C, B))

is unambiguous, since the cohomology modules of the cochain complex
(Hom4(C, B), Hom(d, 1)) are given precisely by

H"(Hom,(C, B))= H_,(Hom,(C, B)),



180 V. The Kiinneth Formula

where B is the chain-complex consisting just of B in dimension 0. Second,
the example (which the reader should have constructed!) to show that
the splitting of (3.1) is not natural shows that the splitting of (3.8) is not
natural in C. That the splitting is natural in B is evident from the fact
that, when D = B, we construct a canonical right inverse to { based on
a splitting of C as Z@Y. []

Exercises:

3.1. Compute H(Hom(C, D)) where C. D are as in Exercise 2.1.
3.2. Prove that if C is a free chain complex of abelian groups, then

Hom(C, G)= Hom(C,Z)® G

provided C is finitely generated in each dimension or G is finitely generated.
Deduce that Hom(C, G) ~ Hom(C, Z)® G if H(C) is finitely generated in each
dimension. How may we generalize this to chain complexes over a ring A?

3.3. Use the result of the exercise above to obtain an alternative universal coef-
ficient theorem for Hom(C, G) under suitable hypotheses. May we obtain in
a similar way an alternative to the dual Kiinneth formula?

3.4. Reformulate the Kiinneth formula, regarding Hom(C, D) as a cochain complex.

3.5. Obtain a Kiinneth formula for Tot B, where B= Hom,(D. E) (we worked with
Tot’ B!). Prove the splitting property.

4. Applications of the Kiinneth Formulas

Since we are concerned to give here some fairly concrete applications,
we will be content to state our results for the case A =7 ; we will propose
in exercises the evident generalization to the case when A is an arbitrary
p.i.d. The following proposition is evident.

Proposition 4.1. Let C', C,C" be chain complexes of ubelian groups.
Then there is a natural isomorphism

CRORC"2CRICRCE). [ 4.1)

We are going to exploit (4.1) together with the companion formula
(which is just Theorem 1.1 in the case A =7)

Hom(C'®C, C") = Hom(C’, Hom(C, C")). 4.2)

First, we consider (4.1). We take C’,C, C” to be resolutions of abelian
groups A’, A, A". Thus, for example C, =R, Co=F, C,=0, p*0, 1, and
0, is the inclusion R C F, where

0—-R—>F—>A4—0
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is a free presentation of A. If we compute homology by means of the
Kiinneth formula on either side of (4.1), we find

Ho((CR®O)®C")=(A'®ARA4",
H,(C®CO)®C") = Tor(A', A)Q A" ®Tor(4A'® A4, A"),
H,((C®C)®C") =Tor(Tor(A4’, A), A") ;
Hy(CRICRC))=ARARA",
H,(CR®(CRC") = A®Tor(4,A")®Tor(4', A®A").
H,(C'®(C®C")="Tor(A’, Tor(4, A"),

where Tor means TorZ. We readily infer

Theorem 4.2. Let A'. A, A" be abelian groups. There is then an un-
natural isomorphism

Tor(A', A)® A" @ Tor(A’'® A, A”) = A’ ®Tor(A4, A")®Tor(4', AR A"),
4.3)
and a natural isomorphism

Tor(Tor(A’, A), A") =~ Tor(A’, Tor(4, A")). 4.4)

Proof. We simply show why (4.4) is natural. A homomorphism
¢ : A— Binduces a unique homotopy class of chain maps ¢ : C(4)— C(B),
where C(A), C(B) are resolutions of A4,B. Thus from ¢':A'—B,
@:A—B, ¢": A"—B", we obtain ¢’ :C(A)—C(B), ¢:C(A)—C(B),
¢":C(A")—C(B"). Then Proposition 1.2 guarantees unique homotopy
classes

(P ®9)R¢": (C(4)RC(A)®C(4A")—(C(B)®C(B)®C(B"),
P ®(@®0"): C(4)®(C(A)®C(A")—C(B)®(C(B)®C(B").

compatible with (4.1). Since the calculation of H,((C'®C)®C"),
H,(C’'®(C ®C")) does not involve the splitting of the Kiinneth sequence
(2.1), this proves naturality. [J

We now turn to (4.2) and use the same chain complexes C’, C,C" as
in the proof of Theorem 4.2. Computing either side of (4.2) by means of
the dual Kiinneth formula, we find

Ho(Hom(C'®C, C")) = Hom(4' ® 4, A”),
H_,(Hom(C'®C, C"))=Hom(Tor(4’, A), A")® Ext(4'® A4, A"),
H_,(Hom(C'®C, C"))=Ext(Tor(4’, A), A");
Hy(Hom(C'. Hom(C. C")) = Hom(A'. Hom(4, A")).
H_,(Hom(C', Hom(C, C")) = Hom(A'’, Ext(4, A”)) ® Ext(4’, Hom(4, A")),
H_,(Hom(C’, Hom(C, C")) = Ext(4’, Ext(4, A")),
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where Tor means Tor? and Ext means Ext}. We readily infer, leaving
all details to the reader,

Theorem 4.3. Ler A', A, A" be abelian groups. There is then an
unnatural isomorphism

Hom(Tor(4’, A), A")®Ext(A’'® A. A”) 45)
=~ Hom(A4’, Ext(4, A")@®Ext(4’, Hom(4, A")),
and a natural isomorphism
Ext(Tor(A4’, A), A”) = Ext(4’, Ext(4, A"). [ 4.6)
We may draw some immediate inferences from Theorem 4.3.
Corollary 4.4. If A is torsion-free, then Ext(A, B) is divisible, for all B.
Proof. It follows from (4.6) that, if A is torsion-free, then
Ext(A'. Ext(A. B))=0
for all Alz’l, B. This means that Ext(A4, B) is injective, that is, divisible, for
all B.

Corollary 4.5. If A’ is torsion-free. then Ext(A'. Ext(4, A"))=0 for all
A, A" [0

Corollary 4.6. (i) There is a natural isomorphism
Ext(A4’, Ext(A, A") = Ext(4, Ext(4’, A")).
(ii) There is an unnatural isomorphism
Hom(A4', Ext(4, A"))@® Ext(A4’, Hom(4, A"))
=~ Hom(A, Ext(4', A"))® Ext(4, Hom(4', 4")). [
Less immediate consequences are the following; the reader should
recall that Ext(Q,Z) =R (see Chapter IIl, Exercise 6.2).
Corollary 4.7. If Ext(A,Z)=0, Hom(A,Z)=0, then A=0.

Proof. By (4.5) we infer Ext(A'® A,Z)=0 for all A’. Now, since
Ext(A4,Z) =0, A is torsion-free. Thus if 440, take 4'= Q. Then Q® 4
is a non-zero vector space over @, so that Ext(Q®4,Z)+0. []

Corollary 4.8. There is no abelian group A such that Ext(4,Z)= Q,
Hom(4,Z)=0.

Proof. Since Ext(A.Z) = @, A is a non-zero torsion-free group. Again
by (4.5) we infer
Ext(Q®A,Z) ~ Hom(Q, Q) .

But Hom(Q, Q)= Q and Q®® A4 is a non-zero vectorspace over Q. Since
Ext(Q, Z) =R, we have a contradiction. []
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Remark. Theorems 4.2 and 4.3 really express certain associativity
relations between the bifunctors ®, Tor, Hom and Ext. Their true nature
ijs masked by the traditional notation, adopted here, whereby ® is
written between the two arguments, while Tor, Hom and Ext are written
to the left of their arguments. If we were to write

A+*B for Tor(A,B),
AhB for Hom(A4, B),
AtB for Ext(A,B),

then (4.3)—(4.6) would assume the form
(A*A)RA" DA R@A)*xA" = A'*x(ARQA VDA ®(AxA"),
(A'xA)x A" = A'x(AxA"),
A*AMA" DA QATA"=AT(AMA)DA N (ATA"),
(A*xA)TA"=A1(ATA").

These forms are surely more perspicuous.

Exercises:

4.1. Extend the results of this section to modules over arbitrary p.i.d.’s.

4.2. Show that all isomorphisms obtained by considering tensor products of four
chain complexes may be deduced from (4.3), (4.4) and the associativity of ®
by using functorial properties of ® and Tor.

4.3. Prove (by a suitable counterexample) that (4.3) is not natural.

4.4. Similarly, prove that (4.5) is not natural.

4.5. Generalize Corollary 4.8 in the following sense: Find a family & of abelian
groups such that Q@ € & and such that the relations Ext(4, Z) € § Hom(4,Z)=0
have no solution.
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In this chapter we shall apply the theory of derived functors to the
important special case where the ground ring A is the group ring ZG of
an abstract group G over the integers. This will lead us to a definition
of cohomology groups H"(G, A) and homology groups H,(G, B), n=0,
where A is a left and B a right G-module (we speak of “G-modules”
instead of “ZG-modules”). In developing the theory we shall attempt to
deduce as much as possible from general properties of derived functors.
Thus, for example, we shall give a proof of the fact that H%(G, A) clas-
sifies extensions which is not based on a particular (i.e. standard)
resolution.

The scope of the book (and of this chapter) clearly allows us to present
the most fundamental results only. The interested reader is referred to
the books [20, 33, 49; 41], for further material relating to the cohomology
of groups.

In this introduction we first give a survey of the content of this chapter
and will then discuss the historical origins of the theory in algebraic
topology.

In Sections 1, 2 we introduce the group ring and define the (co)homol-
ogy groups. Then we exhibit the nature of these groups in dimensions 0
and 1 in Sections 3.4. Section 5 consists of a discussion of the fundamental
interplay between the augmentation ideal. derivations, and the semi-
direct product. Section 6 is devoted to a short exact sequence associated
with an extension of groups. We then apply this in Section 7 to compute
the (co)homology of cyclic groups and in Section 8 to deduce the so
called 5-term exact sequence which connects the (co)homology in dimen-
sions 1 and 2. The 5-term sequence is then used in Section 9 to exhibit
relations between the homology of a group and its lower central series;
and it is the main tool for the proof, in the next section, of the fact that
H?(G, A) classifies extensions with abelian kernel.

We present in Section 11 the theory of relative injective and projective
modules as far as it is necessary to give a proof of the reduction theorems
(Section 12) and a description of various standard resolutions (Section 13).
In Sections 14 and 15 we discuss the behavior of (co)homology with
respect to free and direct products of groups. Also, we state the universal
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coefficient theorems. We conclude the chapter with the definition of
various important maps in (co)homology and finally apply the co-
homology theory of groups to give a proof of Maschke’s Theorem in the
representation theory of groups.

Homological algebra has profited greatly from interaction with alge-
braic topology. Indeed. at a very superficial level, it is obvious that the
homology theory of chain-complexes is just an algebraic abstraction
(via, e.g., the singular chain-complex functor) of the homology theory of
topological spaces. However, at a deeper level, the mathematical disci-
pline known as homological algebra may be held to have originated with
the homology theory of groups. This theory itself arose out of an observa-
tion of the topologist Witold Hurewicz in 1935 about aspherical spaces.
An aspherical space is a topological space X such that all the higher
homotopy groups of X, m;(X), i =2, are trivial. Hurewicz pointed out
that the homology groups of a path-connected aspherical space X are
entirely determined by its fundamental group. It was natural, therefore,
to inquire precisely how this determination was effected, and a solution
was given independently by Hopf and Freudenthal in the years 1945
to 1946. Hopf based himself on his own study of the influence of the
fundamental group on the second homology group of a space. Indeed,
Hopf had shown earlier that if one considers the quotient group of the
second homology group by the subgroup consisting of spherical cycles,
then this group can be explicitly determined in terms of a given presenta-
tion of the fundamental group. The resulting formula has come to be
known as Hopf’s formula for H,(r), where = is the fundamental group
(see Section 10). Hopf generalized this result and defined higher homology
groups of the group = in terms of a certain standard resolution associated
with the group 7. These groups are then the homology groups of a path-
connected aspherical space X with n,(X)=m.

At about the same time (actually, in the case of Eilenberg and Mac-
Lane, a little earlier) certain cohomology groups of the group n were
being introduced and investigated by Eilenberg and MacLane and inde-
pendently by Eckmann.

Actually, we know now that in a certain sense the second homology
group H, had been invented earlier, for back in 1904 Schur had intro-
duced the notion of the multiplicator of a group. This group was studied
by Schur in connection with the question of projective representations
of a group. It turns out that Schur’s multiplicator is canonically iso-
morphic to the second integral homology group, so that one could say
that Schur’s introduction of the multiplicator was, in a sense, the pre-
cursor of the theory.

The techniques employed by Hopf, Freudenthal, and Eckmann were
all, in their initial phases, very strongly influenced by the topological
application. If X is an aspherical space, then its universal covering space
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X is contractible. Moreover, it is a space upon which the fundamental
group acts freely. Thus the chain complex of X is, in modern terminology,
a free 7, (X)-resolution of the integers. If we take a group B upon which
m;(X) operates, that is to say, a m; (X)-module B, then we may form the
tensor product of the chain complex C(X) with B over the group ring of
7,(X), and this chain complex will yield the homology groups of X with
coefficients in the n;(X)-module B, or, in other words, the homology
groups of X with local coefficients B. In particular, if =,(X) operates
trivially on B we will get the usual homology groups of X with coef-
ficients in B. If, instead of taking the tensor product we take the cochain-
complex Hom,(C(X), A), where = =n,(X) and 4 is a n-module, then we
obtain the cohomology groups in the sense of Eckmann and Eilenberg-
MacLane.

We now know, following Cartan, Eilenberg and MacLane, precisely
how to interpret this entire program in a purely algebraic manner and
it is this purely algebraic treatment that we give in this chapter.

1. The Group Ring

Let G be a group written multiplicatively. The integral group ring ZG of
G is defined as follows. Its underlying abelian group is the free abelian
group on the set of elements of G as basis; the product of two basis
elements is given by the product in G. Thus the elements of the group

ring ZG are sums Y, m(x) x, where m is a function from G to Z which
x€G
takes the value zero except on a finite number of elements of G. The

multiplication is given by

(Zmex)-( Lme)y)= 3 (m(x)-m()xy. (L.1)
x€G yeG x,y€G

The group ring is characterised by the following universal property. Let
i: G—ZG be the obvious embedding.

Proposition 1.1. Let R be a ring. To any function f:G—R with
f(xy)=f(x)-f(y) and f(1)= L there exists a unique ring homomorphism
[ :ZG—R such that f'i=f.

Proof. We define f ’( Y m(x) x) = Y m(x)f(x) which obviously is the

x€G xeG
only ring homomorphism for which f'i=f. [

A (left) G-module is an abelian group A together with a group
homomorphism ¢ : G— Aut A. In other words the group elements act as
automorphisms on A. We shall denote the image of ae A under the
automorphism ¢(x). x€ G, by xca or simply by xa if this notation cannot
cause any confusion.
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Since Aut A € End 4, the universal property of the group ring yields
a ring homomorphism ¢’ :ZG— End 4, making A into a (left) module
over ZG. Conversely, if A is a (left) module over ZG then 4 is a (left)
G-module, since any ring homomorphism takes invertible elements into
invertible elements, and since the group elements in ZG are invertible.
Thus we need not retain any distinction between the concepts of G-module
and ZG-module.

We leave it to the reader toword the definition of a right G-module.
A (left) G-module is called trivial if the structure map o: G— Aut4 is
trivial, i.e. if every group element of G acts as the identity in A. Every
abelian group may be regarded as a trivial left or right G-module for
any group G.

The trivial map from G into the integers Z, sending every x € G into
1€Z, gives rise to a unique ring homomorphism ¢:ZG—Z. This map
is called the augmentation of ZG. If z m(x) x is an arbitrary element

xeG
in ZG, th
" o s( ZGm(x) x)= sz(x). (1.2)

The kernel of ¢, denoted by IG, is called the augmentation ideal of G. It
will play a key role in this chapter. First we note

Lemma 1.2. (i) As an abelian group 1G is free on the set
W={x—1|1¥xeG}.

(ii) Let S be a generating set for G. Then, as G-module, I G is generated
by S—1={s—1|seS}.

Proof. (i) Clearly, the set W is linearly independent. We have to show
that it generates IG. Let Y m(x)x€IG, then Y m(x)=0. Hence

xe€G xeG
Y m(x)x= Y m(x)(x—1), and (i) is proved.
xeG xeG
(ii) It is sufficient to show that if xe G, then x — 1 belongs to the

module generated by S — 1. Since xy—1=x(y — 1)+ (x— 1), and

x1—1l=—-x"1(x-1),

this follows easily from the representation of x as x=s!si! ... sf!,

s;eS. 1

Lemma 1.3. Let U be a subgroup of G. ThenZG is free as left (or right)
U-module.

Proof. Choose {x;}, x; € G, a system of representatives of the left cosets
of U in G. The underlying set of G may be regarded as the disjoint union
of the sets x;U. Clearly, the part of ZG linearly spanned by x;U for
fixed i is a right U-module isomorphic to ZU. Hence the right module
ZG is a direct sum of submodules isomorphic to ZU. []
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With Lemma 1.3 we deduce immediately from Theorem IV.12.5

Corollary L.4. Every projective (injective) G-module is a projective
(injective) U-module for any subgroup U of G. []

Exercises:

1.1. Let A be a ring with unit and let U(A) be the set of units of A. Show that U
is a functor R, —® from rings with unity to groups, and that U is right
adjoint to the group ring functor Z( ). Deduce that if G is the free product
of the groups G, and G,, then ZG is the coproduct of ZG, and ZG, in the
category of rings with unity.

1.2. Interpret the augmentation ¢ : ZG—Z (i) as a G-module homomorphism, (ii) as
a morphism in the image of the functor Z( ).

1.3. Set up an isomorphism between the category of left G-modules and the
category of right G-modules.

1.4. Propose a definition of AG where A is a ring with unity and G is a group.
This is the group ring of G over A. Develop the concepts related to G-modules
as in this section, replacing “abelian groups™ by “A-modules”. What is a
AG-module when A is the field K?

1.5. Prove Corollary 1.4 without appealing to the theory of adjoint functors.

1.6. Show that the functor — ®¢Z is left adjoint to the functor which assigns to
an abelian group the structure of a trivial G-module. Deduce that if P is a
projective G-module, then Pg =P ®4Z is a free abelian group.

2. Definition of (Co)Homology

For convenience we shall use A4, A’, A”, ... only to denote left G-modules,
and B,B',B”, ... only to denote right G-modules. Moreover we shall
write B®g A, Homg(4, A'), TorS(B, A), Ext(4, A") for
B®gzgA. Homgg(A,A4), Tor’6(B,A), Exthg(4,A4),
respectively.

We define the n-th cohomology group of G with coefficients in the

left G-module 4 by
H™(G, A)= ExtG(Z, 4), (2.1)

where Z is to be regarded as trivial G-module. The n-th homology group
of G with coefficients in the right G-module B is defined by

H,(G, B)=Tor;(B,Z), 22

where again Z is to be regarded as trivial G-module.

Clearly both H*(G, —) and H,(G, —) are covariant functors. The fol-
lowing is obviously an economical method of computing these groups:
Take a G-projective resolution P of the trivial (left) G-module Z, form the
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complexes Homg(P, A) and B®¢ P, and compute their homology. In
Section 13 we shall give a standard procedure of constructing such a
resolution P from the group G. Unfortunately even for groups of a very
simple structure the actual computation of the (co)homology groups by
resolutions is very hard. We therefore put the emphasis here rather on
general results about the (co)homology than on actual computations.
Indeed, we shall give a complete description of the (co)homology only
for cyclic groups (Section 7) and for free groups (Section 5).

Some properties of H"(G, A), H,(G, B) immediately follow from their
definition. We list the following:

(2.3) To a short exact sequence A'—A—»A" of G-modules there is
a long exact cohomology sequence

0— H°(G, A)— H%G, A)—» H°(G,A")—H!(G, A)— ---
-.-—H"(G, A') > H"(G, A)—H"(G. A") > H"*}(G, A)— ---.

To a short exact sequence B'~— B—» B” there is a long exact homology
sequence
---—H, (G.B)—H,(G,B)—H,(G,B"y—H,_,(G,B)— ---

-+ —H,(G,B")—H,(G, B)—H,(G, B) — H,(G, B")—0.

(2.4) If A is injective, then H'(G, A)=0 for all n= 1. If B is flat (in
particular if B is projective). then H,(G. B)=0for alln= 1.

(2.5) If A—I— A’ is an injective presentation of A, then
H"*Y(G, A) =~ H"(G, A")

for n=1. If B'>-»P—» B is a projective (or flat) presentation of B. then
H,,,(G.B)~H,(G,B)forn=1.

(26) Let 0-»K—P,— ---—P,—Z—0 be an exact sequence of
(left) G-modules, with P, ..., P, projective. Then the following sequences
are exact and specify the (co)homology groups of G:

Homg/(P,, A)—Homg(K, A)— H**(G, 4)—0,
0—H,.,(G,B>B®; K—B®gP; .
Under the same hypotheses as in (2.6) we have, for n =k + 2,
H"(G, A) = Ext; *"1(K, A),

2.7
Hn(G’ B) = Torg—k—l(B’ K) .
In particular, using 0—IG—ZG— Z—0, we get, for n > 2,
H"(G, A)= Ext%z Y(IG, A),
(G, 4) ¢ | ) 2.8)

H,(G, B) = Tor®_,(B, IG).
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The proofs of these simple facts (2.3), ..., (2.8) are left to the reader. Next
we make some remarks on the functoriality of the (co)homology groups.

Let f: G— G’ be a group homomorphism; clearly f induces a ring
homomorphism Zf:ZG—ZG', which we shall also write as f. By
(IV. 12.3), f gives rise to a functor U’ : M, 5. — M. If A’ is a G-module
then xe G acts on d € A'=U'A’ by x<a = fix)-a. By (IV. 12.4) the
functor U’ has a left adjoint F : M, — M, defined by FA=ZG ®; A.
By (IV. 12.5) this situation gives rise to a natural homomorphism

0: HY(G', A)— H"(G, U’ A). 29)

If we proceed similarly for right modules and if we use the statement for
the functor Tor analogous to (IV.12.5), we obtain a natural homo-

morphism i ; ,
6:H,(G,U’B)—H,(G,B). (2.10)

For convenience we shall omit the functor U’ in the statements (2.9),
(2.10), whenever it is clear from the context that the G'-modules A, B are
to be regarded as G-modules via f.

The above suggests that we regard H"(—, —) as a functor on the
category ®* whose objects are pairs (G, 4) with G a group and 4 a
G-module. A morphism (f, a): (G, A)—(G’, A’) in this category consists
of a group homomorphism f: G— G’ and a homomorphism o.: 4'— U’ A
(backwards!) of G'-modules. It is obvious from (2.9) that (f, ) induces
a homomorphism

(ffa)*=0c0*=a*-0: H(G', A)—H"(G, A) (211)

which makes H"(—, —) into a contravariant functor on the category G*.
We leave it to the reader to define a category ®, on which H,(—,—) is
a (covariant) functor.

We finally note the important fact that for trivial G-modules 4. B we
may regard H"(—, A) and H,(—, B) as functors on the category of groups.

Exercises:

2.1. Compute H"(G, A). H,(G. B) where G is the trivial group.

2.2. Show that H(G, —), H,(G, —) are additive functors.

2.3. Prove the statements (2.3), ..., (2.8).

2.4. Check explicitly that (2.11) indeed makes H"(—, —) into a functor. Similarly
for H,(—, ).

2.5. Let f: G— G’ be a group homomorphism. Show that for a G’-module 4 the
change-of-rings map (f,1)*: H"(G’, A)— H"(G, A), n=0, may be obtained by
the following procedure. Let P be a G-projective resolution of Z and Q a
G'-projective resolution of Z. By the comparison theorem (Theorem IV.4.1)
there exists a (G-module) chain map ¢ : P—Q lifting 1:Z—Z. Then (f, 1)*
is induced by ¢. Proceed similarly to obtain the change-of-rings map in
homology.



3. H% H, 191
30 HO’ Ho

Let A be a G-module. By definition we have H°(G, A)= Homg(Z, A).
Now a homomorphism ¢ : Z— A is entirely given by the image of 1 €Z,
¢(1)=a € A. The fact that ¢ is a G-module homomorphism implies that
x-a=@(x-1)=¢(1)=a for all xeG. Indeed one sees that ¢ is a
G-module homomorphism if and only if ¢(1) = a remains fixed under the
action of G. Thus, if we write

A®={aeA|x-a=a forall xeG} 3.1
for the subgroup of invariant elements in A, we have
H°(G, A)= Homg(Z, A)= A® . (32

Let B be a right G-module. By definition Hy(G, B)= B®¢Z. Thus
Hy(G. B) is the quotient of the abelian group B= B®Z by the subgroup
generated by the elements of the form bx —b=b(x —1), be B, xe G. Since
the elements x — | € ZG precisely generate the augmentation ideal IG
(Lemma 1.2), this subgroup may be expressed as B IG. Thus if we write

B;=B/B-1G=B/{b(x— 1)|be B, x e G} 3.3)
we have
We may summarize our results in
Proposition 3.1. Let A. B be G-modules. Then

H°(G, A)=A°, HyG,B)=B;.
If A, B are trivial G-modules, then
H°(G,A)=A, HyG,B)=B.

Proof. 1t is immediate that, in case the G-action is trivial, 4= A and
BG = B. D

Exercises:

3.1. Express the isomorphism Homg(Z, A)= A€ as an equivalence of functors.

3.2. Show that 45 =,;4={a|1a=0,1€IG}.

3.3. Let F':Ab—M,; assign to each abelian group A the trivial left G-module
with underlying abelian group 4. Show that F' is left adjoint to the functor
—C, Similarly show that F" (obvious definition) is right adjoint to the functor

-6
34. Prove, without appeal to homology theory, that if 0»A4'—-A-5A4"—0is a

short exact sequence of G-modules, then

0— A€ —s A2, 476



192 V1. Cohomology of Groups

is exact. Give an example where &, is not surjective. Carry out a similar
exercise for the short exact sequence 0— B'— B— B”—0 of right G-modules,
and the functor —g.

3.5. Express the functorial dependence of 4%, B; on G.

4. H', H, with Trivial Coefficient Modules

It turns out to be natural to begin with a study of H;. By definition we
have H,(G. B)= Tor¢(B.Z). If we take the obvious ZG-free presentation

ofZ.ie. IGHZGT, @4.1)
we get the exact sequence
0—H,(G.B)»B®gIG->B®;ZG— Hy(G.B)—0.
We therefore obtain, for an arbitrary G-module B,
H,(G.B)=ker (i, : B®cIG—B) 4.2)

where 1, (b®(x —1))=bx—b, be B, x € G. In order to compute the first
homology group for B a trivial G-module we remark that then 1, is the
zero homomorphism and hence H; (G, B)= B®;1G. Tocompute BRI G
when Bis trivial, we have to consider the subgroup of B®IG generated
by b®y(x—1)—by®(x —1). But by®(x—1)=b®(x — 1); hence the
subgroup is generated by b®(y—1)(x—1) and so. if B is a trivial
G-module, BQgIG=BRIGIIG)>.

Finally, let G,, = G/G’ denote the quotient of G by its commutator
subgroup G’ =[G, G]. i.e.. the subgroup of G generated by all elements
of the form x 'y~ !xy, x,ye G. By Lemma 4.1 below we obtain, for
a trivial G-module B,

H,(G,B)=B®IG/(IG)*=B®G/G'. 4.3)
In particular we note the result (well known to topologists!)
H,(G,Z)=G/G' =G, 4.4

Lemma 4.1. Z®¢;1G = IG/(IG? =G,

Proof. The first equality is already proved., so we have only to
show that IG/(IG)*>=G,,. By Lemma 1.2 the abelian group IG is free
on W= {x— 1|1+ x e G}. The function y : W— G/G’ defined by

px—1)=xG
extends uniquely to y': IG— G/G'. Since
-Dy—-D=Exy—H—-x—-1)-(y-1),
v’ factors through v”: IG/(IG)*>*— G/G' .
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On the other hand, the definition ¢(x) = (x —1) + (I G)* yields (by the
same calculation as above) a group homomorphism ¢’ : G—IG/(IG)?
inducing ¢" : G/G'—IG/(IG)>. 1t is trivial that ¢” and y" are inverse to
each other. []

We now turn to cohomology. Again by definition we have
H'(G, A) = Ext4(Z, 4),
and (4.1) yields the exact sequence

0— H°(G, A)—Homg(ZG, A)-*>Homg(IG, A)— H(G, A)—0.

We obtain for an arbitrary G-module 4,
H'(G, A) = coker(1* : A—Homg(IG, A)) 4.5)

where 1*(a)(x—1)=xa—a, a€ A, xeG. For A a trivial G-module we
remark that * is the zero homomorphism; hence

H'(G, A) =~ Homg(IG, A) .
Moreover, ¢ : IG— A is a homomorphism of G-modules if and only if
o(x(y —1)=x¢(y — 1)=¢(y— 1). x. y € G; hence if and only if
e(x=1)(y—1)=0.

Using Lemma 4.1 we therefore obtain, for 4 a trivial G-module.

H'(G, A) =~ Hom(IG/IGY*, A)=~ Hom(G,,, A4) . 4.6)
The relation of (4.6) to (4.3) which asserts that. for a trivial G-module A.

H'(G, A)= Hom(H,(G.Z)., A)

is a special case of the universal coefficient theorem (see Theorem V. 3.3),
to be discussed in detail later (Section 15).

Exercises:

4.1. Use the adjointness of Exercise 3.3 to prove Homg(I G, 4) = Hom(IG/IG)?, A)
for A4 a trivial G-module.

4.2. Let H,G be two groups, let 4 be a right H-module, let B be a left H-right
G-bimodule, and let C be a left G-module. Prove

(AQuB)®cC= A®u(BR:C).
Use this to show that,for a trivial right G-module M
M®eIGEZMRL)R®IG=MRZRcIG)=MRIG/IG).
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4.3. Show that the isomorphisms
H,(G,B)= B®G,,,
H'(G, A) = Hom(G,,, A),
where A, B are trivial modules. are natural in 4, B and G.
4.4. Let 0— B'— B— B"—0 be a short exact sequence of abelian groups. Show that
the connecting homomorphism  : Hy(G, B")— H,(G, B') is trivial. Does the

conclusion follow if0— B'— B— B"—0 is a short exact sequence of G-modules?
4.5. Carry out an exercise similar to Exercise 4.4 above in cohomology.

5. The Augmentation Ideal. Derivations, and the Semi-Direct Product

In the previous section we evaluated H' (G, A) for a trivial G-module A.
Here we give an interpretation of H!(G, A) in the non-trivial case. (The
analogous interpretation of H, (G, A) is possible, but does not seem to
have any interesting applications.)

Definition. A function d : G— A from the group G into the G-module A
with the property

dix-y)=dx+x-dy), x,yeG, (5.1)

is called a derivarion (or crossed homomorphism) from G into A.
Notice that, if d is a derivation, d(1)=0. The set of all derivations
d: G— A may be given an obvious abelian group structure; this abelian
group will be denoted by Der(G, A). Note that for a G-module homo-
morphism o« : A— A’ and a derivation d: G— A the composition

a-d:G—A
again is a derivation. With this Der(G, —) : M;— Ub becomes a functor.
For A a trivial G-module a derivation d: G— A is simply a group

homomorphism.
Next we relate the derivations to the augmentation ideal.

Theorem 5.1. The homomorphism n: Der(G, A)— Homg(IG, A) de-
fined by

m@)y—-1)=d@y), yeG (5.2)

is a natural isomorphism.

The theorem claims that the augmentation ideal IG represents the
functor Der(G, —).

Proof. Given a derivation d : G— A, we claim that the group homo-
morphism n(d)=¢,: IG— A defined by ¢,(y—1)=dy, yegG, is a G-
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module homomorphism. Indeed

0 x(y— D)) =gy((xy— 1) — (x— 1)) =d(xy) —dx
=dx+x(dy)—dx=x-¢4,(y—1).

Conversely, given a G-module homomorphism ¢ : IG— A4, we define a
map d,: G—A by d,(y)=¢(y—1). We claim that d, is a derivation.
Indeed
d,(xy)=p(xy—1)=@(x(y — 1)+ (x—1))
=x0(y—1D)+@lx—1)=xd,(y)+d,(x).

It is quite obvious that # is a homomorphism of abelian groups and that
o—d,isinverseton. [

The above theorem now allows us to give a description of the first
cohomology group in terms of derivations. By (4.5) H!(G, A) is the
quotient of Homg(I G, A) by the subgroup of homomorphisms ¢ : IG— A
of the form ¢(x —1)= xa—a for some a€ A. The derivation d,: G— A
associated with this map ¢ has the form

d,(x)=(x—1)a (5.3)
for some a € A.
Derivations of this kind are called inner derivations (or principal
crossed homomorphisms). The subgroup of Der(G, A) of inner derivations
is denoted by Ider(G, A). We then can state

Corollary 5.2. H!(G, A)= Der(G, A)/Ider(G, 4). [

Definition. Given a group G and a G-module A4, we define their semi-
direct-product A x G in the following way. The underlying set of 4 x G
is the set of ordered pairs (a, x), a€ A, x € G. The product is given by

(a,x)- (@, x)=(a+xa,xx"). (5.4)
This product is easily shown to be associative, to have a neutral element
(0, 1), and an inverse (@, x)"' =(— x~'a, x 1). There is an obvious mono-
morphism of groups i: A— A x G, given by i(a)=(a, 1), a € A. Also, there
is an obvious epimorphism of groups p : 4 x G— G, defined by p(a, x) = x,
ae A, xeG. It is easy to see that i4 is normal in A x G with quotient G,
the canonical projection being p; thus the sequence

AL AX GG (5.5

is exact. We say that A x G is an extension of G by A (see Section 10 for
the precise definition of the term extension). It follows that 4 x G acts
by conjugation in i4; we denote this action by -. We have

(a,’ x)u (aa 1)=(d, x) : (a~ 1) : (_x-la,’ x"1)=(xa, 1)’ (56)
adeA, xeG.
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In other words, the element (@', x) € A x G acts in i4 in the same way as
the element x € G acts by the given G-module structure in A. Thus we
may regard A itself as an (4 x G}-module by (d¢'. x) - a= xa.

We finally note that in (5.5) there is a group homomorphism
5:G— A x G. given by sx=(0, x), x € G, which is a one-sided inverse
to p, ps=14. It is because of the existence of the map s that we shall
refer — by analogy with the abelian case — to the extension (5.5) as the
split extension; s is called a splitting.

In contrast with the abelian case however the splitting s does not
force A x G to be the direct (but only the semi-direct) product of A and
G. The projection q: A x G— A, given by ¢(a, x)=a, is not a group
homomorphism; however it is a derivation:

q((a, %) - (@, x))=q(a+xa, xx')=a+xa' =q(a,x) +(a,x)< q(a@,x). (5.7)

We now easily deduce the following universal property of the semi-direct
product:

Proposition 5.3. Suppose given a group G and a G-module A. To every
group homomorphism f: X —G and to every f-derivation d: X— A (i.e.
d is a derivation if A is regarded as an X-module via f), there exists a
unique group homomorphism h : X — A x G such that the following diagram
is commutative:

d h I
AL A x G—25G

Conversely, every group homomorphism h: X — A x G determines a homo-
morphism f =ph: X —G and an f-derivation gh=d : X— A.

The proof is obvious; h is defined by hx =(dx, fx), x€ X, and it is
straightforward to check that h is a homomorphism. []

By taking X =G and f =1, we obtain:

Corollary 5.4. The set of derivations from G into A is in one-to-one
correspondence with the set of group homomorphisms f:G—A x G for
whichpf=1¢. [

As an application we shall prove the following result on the augmenta-
tion ideal of a free group.

Theorem 5.5. The augmentation ideal IF of a group F which is free
on the set S is the free ZF-module onthe set S—1={s—1|se S}.

Proof. We show that any function f from the set {s—1|se S} into
an F-module M may be uniquely extended to an F-module homo-
morphism f':IF—M. First note that uniqueness is clear, since
{s—1|s e S} generates I F as F-module by Lemma 1.2 (ii). Using the fact
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that F is free on S we define a group homomorphism f: F—M x F by
f(s)=(f(s—1),s). By Corollary 5.4 f defines a derivation d : F— M with
d(s)= f(s — 1). By Theorem 5.1 d corresponds to an F-module homomor-
phism f': IF—M with f'(s—1)= f(s—1). []

Corollary 5.6. For a free group F, we have
H"(F, A)=0=H,(F, B)
for all F-modules A, B and all n2> 2.
Proof. IF—ZF—1Z is an F-free resolution of Z. []

Exercises:
5.1. Let d: G— A be a derivation. Interpret and prove the following relation

x"—1
x—1

d(x")=( )dx, neZ, xeG.

5.2. Let A-5E-%»G be an exact sequence of groups with 4 abelian. Let s: G—E
be a one-sided inverse of p, ps=15. Show that Ex~ 4 x G.
5.3. Let the (multiplicative) cyclic group of order 2, C,, operate on Z by

X:n=—n,

where x generates C,. Use Corollary 5.2 to compute H'(C,, Z), for this action
of C, onZ.

5.4. Carry out a similar exercise to Exercise 5.3, replacing C, by C,,.

5.5. Let C,, operate on Z,® --- ®Z, (m copies) by

xXa;=a;,,. i=Ll..m. (G,+1=0ay)
where x generates C,, and g; generates the i™" copy of Z,. Compute
H'(C,Z,® - ®Z,).

for this action of C,,onZ,® --- ®Z,.

5.6. For a fixed group Q consider the category 6/Q of ®-objects over Q. Consider
the functors F : 6/Q— 3, and U : M, — G/Q defined by F(G— Q) =IGRcZQ
and U(4)=(4 x @-2Q), where G—Q is a group homomorphism, 4 is a ZQ-
module and A4 x Q is the semi-direct product. Show that F — G. Deduce Pro-
position 5.3 and Corollary 5.4.

6. A Short Exact Sequence

In this section we shall assign to any extension of groups N~»G—Q
a short exact sequence of Q-modules. We shall later apply this exact
sequence to compute the (co)homology of cyclic groups (Section 8), and
to deduce a 5-term exact sequence (Section 9) which will be basic for our
treatment of extension theory. We start with the following two lemmas.
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Lemma 6.1. If N>>G-5>Q is an exact sequence of groups, then
ZRNLG=ZQ as right G-modules.

Proof. As abelian group Z®yZG is free on the set of right cosets
G/N = Q. Itis easy to see that the right action of G induced by the product
in ZG is the right G-action in ZQ via p. []

Lemma 6.2. If N—G—»Q is an exact sequence of groups and if A is
a left G-module, then TorY (Z, A) = Tor$(ZQ, A).

Proof. The argument that follows applies. in generalized form, to
a change of rings (see Proposition IV.12.2). Let X be a G-projective
resolution of A, hence by Corollary 1.4 also an N-projective resolution
of A. By Lemma 6.1, ZQyX 2 ZQNZG®s X = ZQ ®¢ X; which proves
Lemma 6.2. []

Consider now the sequence of G-modules I G-ZG-4»Z. Tensoring
with ZQ over G we obtain

0> Tor$(ZQ, Z)»ZQ ®c IGHLQ®;ZGHLQRGZ—0. (6.1)

Note that each term in (6.1) has a natural Q-module structure, and that
(6.1) is a sequence of Q-modules. It is easy to see that the map

ZQ>2ZQRcZGHIQRL=Z
is the augmentation of ZQ. By Lemma 6.2,
Tor$(ZQ,Z) =~ TorY(Z,Z)= H,(N,Z) = N/N'.
Hence we get the following important result.
Theorem 6.3. Let N—G—»Q be an exact sequence of groups. Then
0—- N, SZO®cIGH10—0 (62)
is an exact sequence of Q-modules. []

For our applications of (6.2) we shall need an explicit description of
the Q-module structure in N, = N/N’, as well as of the map

K: Nab—’ZQ®GlG .

For that we compute Tor} (Z,Z) by the N-free presentation IN~»ZN—Z
of Z and by the G-free (hence N-free) presentation IG—ZG—»Z. We
obtain the following commutative diagram

0—Tor¥(Z.Z) — > ZQyIN—— Z®yIN—— Z®yZ—0
1 1
0—Tor¥(Z, Z) —— Z®y IG —— LRy ZG —— ZRyL—0 (6.3)

4 4 4 4

0—Torf{(ZQ,Z)—2ZQ ®cIG—ZQR;ZG — ZQ®cZ—0
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The vertical maps in the top half are induced by the embedding N>— G.
in the bottom half they are given asin Lemma 6.2. If we now trace the map

k: Ny TorY(Z,Z)SZ@yIN—Z Ry IGHLQO®cIG, we see that k is
given by
k>(MN)=1,®n—-1)eZQ®cIG, neN. 6.9
As a consequence we shall prove that the Q-module structure in N,, is
(as expected) induced by conjugation in the group G, that is,
y-nN' =(xnx"Y)N’, (6.5)
where ne N and xe G is a representative of yeQ, ie., y=px (see

Lemma 6.1). To prove this we proceed as follows, using the fact that x
is a Q-module monomorphism. Then

k(y:nN)=y®(n—1)=1@x(n—1)eZ0®;IG.

Since xnx ! € N, it follows that 1 @(xnx™!' —1)(x—1)=0in ZQ®¢;IG,
so we get 1®x(n— 1)=1®(xnx~! — 1) which obviously is the k-image
of xnx 1N’ e N/N', proving (6.5).

Corollary 6.4. Let R— F—»Q be an exact sequence of groups with F
a free group, i.e. a free presentation of Q. Then

0—R,SHZO®IF>10—0 (6.6)
is a Q-free presentation of 1Q.
Proof. By Theorem 5.5 IF is F-free, therefore ZQ ®IF is Q-free. []

Corollary 6.5. Let R— F—»Q be a free presentation of Q. Then for
any Q-modules A, B and all n=3

H,(Q,B)=Tor?_,(B,1Q) = Tor?_,(B,R,,),
H"(Q,A) = Ext}y '(IQ, A) = Extly %(R,, A).

Proof. The exact sequences 1 Q>~—~ZQ—»Z and (6.6) together with (2.7)
give the result. []

(6.7)

Exercises:

6.1. Establish the naturality of the isomorphisms in Corollary 6.5.
6.2. Generalize Corollary 6.5 to establish natural homomorphisms

Hn(Qa B)'—*TOI',?_ Z(Ba N/N/) ’
Exty 2(N/N', A)—H"(Q, 4)
associated with N>»G—»Q, n=>3.

6.3. Let R~ F—»Q be the free presentation of Q, free abelian on 2 generators, by
F, free on two generators. Describe R, as a Q-module.
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7. The (Co)Homology of Finite Cyclic Groups

We denote by C, the (multiplicatively written) cyclic group of order k
with generator 7, by C the (multiplicatively written) infinite cyclic group
with generator t. Given C,, we consider the exact sequence of groups
C> C-2» C, where u(t)=t*, e(t)=1. By Corollary 6.4 we have a C,-free
presentation

ZSLCRAC»IC,, (7.1

where the domain Z of k is C,,, the infinite cyclic group generated by ¢,
written additively and regarded as a trivial C,-module. For n= 3 and for
a C,-module A4, Corollary 6.5 yields

H"(Cy, A) = Extg 2(Z, A)=H""%(C;, A). (7.2

Hence we obtain for n=1,2, ...
H?*"!(C,, A= H'(C,, A),
H?"(C,, A)= H*(C,, A).
Since H%(C,, A)= A by (3.2), the cohomology of C, is known, once it
is computed in dimensions 1 and 2. The higher dimensional cohomology
groups then are determined by (7.3) which says that the cohomology of

C, is periodic with period 2.

By Theorem 5.5 the augmentation ideal IC is C-free on r —1; hence
ZC,®cIC ~ZC,. The sequence (7.1) therefore becomes

Z-5ZC A IC, (7.4)
Now by (6.4) k sends the generator t of Z into 1®c(t* — 1) e ZC, ®IC.
Since 1®c(t*—1)=(*"1+1"2+ --- +7+1)®(t — 1), the map « is
described by a(f)=7*"! + 772+ ... + 1+ 1€ZC,. The map p clearly is
multiplication in ZC, by 7 — |, whence it follows from (7.4) that
IC,=ZC,/(t* '+ 2+ .- +1+1). (7.5)
Using the remark (2.6) we obtain
H?(C,, A) = coker(a* : Hom, (ZC,, A)—Homc, (Z, A))
={aeAdl|ta=a}/(F '+ 2+ - +1+ 1) A
H'(C,, A) = coker(1* : Hom, (ZC,, A)—Homc, (I C,, A))
={acA|(?* '+ 2+ - +1+1)a=0}(z—1)A,

(1.3)

the latter using (7.5). Proceeding analogously for homology, one obtains
the homology of C, (see Proposition 7.1).
If we define C,-homomorphisms ¢,y : A— A by

pa=(t—1a, wya=@E@*"'1+7"24+ .. +1+1)a, acAd, (76)
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and similar maps ¢, y for the right C,-module B, we can state our results
as follows:

Proposition 7.1. Let C, be a cyclic group of order k with generator t,
and let A, B be C,-modules. Then, for n=1,

H*"~Y(C,, A) =kery/imp, H?*"(C,, A)=kerg/imy;

7.7

HZn—l(Ck’ B)=ker(p/imq,s HZn(Ck’ B) =kerW/lm(P ( )

while H°(C,, A) = ker @, Hy(C,, A) = cokerg. For A, B trivial C,-modules
we have

H*"~'(C,, A)=kerk, H?*(C,, A)= cokerk:

7.8
H,,_,(C,, B) =cokerk. H,,(C,, B) =kerk (7:8)

where w=k: A— A (resp. k: B— B) is multiplication by k.

It follows readily from these results that a (non-trivial) finite cyclic
group C, has H"(C,,Z)+0 for infinitely many n. Hence there cannot
exist a finite C,-projective resolution of Z.

Exercises:

7.1. Prove the following statement: To a group G containing an element x % 1 of
finite order there cannot exist a finite G-projective resolution of Z.

7.2. Describe explicitly a periodic free resolution of Z as C,-module.

7.3. Compute H"(C,, Z), H,(C,,Z) explicitly.

7.4. Use Exercise 2.5 and the periodic resolution of Exercise 7.2 to compute
explicitly the change-of-rings map in integral homology for f: C,— C, where
f(=s", t is the generator of C,, s is the generator of C,. and n|rm.

7.5. Let C,, be generated by t, and C,. by s. Define an action of C,, on C,,. by
t«s=s"*1, Using Exercise 7.4, compute the resulting C,-module structure on
H/(C,2), j =0, the integral homology of C,,..

7.6. Under the same hypotheses as in Exercise 7.5 compute H;(C,,, H;(C,,)). where
m is an odd prime.

7.7. Let G be a group with one defining relator, i.e. there exists a free group F and
an element r € F such that G = F/R where R is the smallest normal subgroup
of F containing r. It has been shown that the relator r may be written in a
unique way as r =w?, where w cannot be written as a proper power of any
other element in F. Note that g may be 1. Denote by C the cyclic subgroup
generated by the image of w in G. R. C. Lyndon has proved the deep result
that R,, ~Z®ZG. Using this and Corrollary 6.5 show that, for G- modules
A, B. we have H"(G. A\= H"(C. A) and H,(G. B)= H,(C. B) for n= 3. Deduce
that if r cannot be written as a proper power (i.e., if ¢ = 1) then G is torsion-free.
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8. The 5-Term Exact Sequences

Theorem 8.1. Let N—G—»Q be an exact sequence of groups. For
Q-modules A. B the following sequences are exact (and natural)

H,(G, B)—H,(Q, B)»B®,N,,— B®sIG—B®,10—0;
@8.1)
0— Der(Q, 4)— Der (G, 4)— Hom(N,,, A)— HX(Q, A)— H*(G, A).

Proof. We only prove the first of the two sequences, the cohomology
sequence being proved similarly, using in addition the natural iso-
morphisms Der (G, 4) = Homg(I G, A4), Der(Q, A) = Homy(I1Q, A).

By Theorem 6.3 N,,»>ZQ ®sIG—»1Q is exact. Tensoring with B
over ZQ yields the exact sequence

Tor(B,ZQ ®¢1G)—Tor¢(B, I0)—»B®yN,,—B®cIG—B®,10—0
since, plainly, BQ,ZQ ®¢IG = B®¢IG. Moreover, by (2.8)
H,(Q, B)=Tor¢(B,1Q).
It therefore suffices to find a (natural) map
Tor¢(B, IG)—>Tord(B,ZQ®;1G)
and to show that it is epimorphic. To do so, we choose a Q-projective

presentation M>—P—B of B. Applying the functors — ®sIG and
— ®oZQ®¢IG) we obtain the commutative diagram, with exact rows,

- > Tor$(B.1G)— Toré(B,IG) — M ®gIG—P®¢IG — -

o 0 ——Tor(B,ZQ ®cIG)—M@cIG—PRgIG — ---

which proves immediately that the map in question is epimorphic.
Naturality of the sequence is left as an exercise. []

We remark that the sequences (8.1) can be altered to

H,(G, B)— H,(Q, B)—B®¢y N,,— H,(G, B)— H,(Q, B)—0,
8.2)
0— H'(Q, A)— H'(G, A)—Hom(N,;, A)— H*(Q, A)— H*(G, A).
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Again we concentrate on the homology sequence. Using (4.2) we obtain
the following commutative diagram, with exact rows and columns,

0 0
H,(G, B)—2H, (0, B)

e > B®gN,;,—+ B®cIG—2>BR,10—0

Ix Ix

B———B
! !

It is obvious now that p, : H,(G, B)— H,(Q, B) is epimorphic. Further-
more we have 0=1,p,x, =1,x,: B®yN,,— B, whence it follows that
K, factors through H, (G, B). Exactness of (8.2) is then trivial.

We remark that the sequences (8.2) coincide with the sequences (8.1)
in case A, B are trivial Q-modules.

Finally, with a view to application in the next section, we write down
explicitly the sequence in the case of integral homology. For short
we write H,(G) for H,(G,Z), and analogously for Q. By (4.4) we have
H(G) = G, H,(Q) = Q- Also, Z®y N, is isomorphic to the quotient
of N,, by the subgroup generated by the elements (y — 1) - (nN’) where
y€Q, neN, and - denotes the Q-action. By (6.5) we see that Z®,N,,
is therefore isomorphic to the quotient of N by the normal subgroup
generated by xnx'n~! with x€ G, ne N. This subgroup is normally
denoted by [G, N], so that

ZQ®yN,, = N/[G,N]. (8.3)
With these preparations we get the following

Corollary 8.2. Let N~ G—»Q be an exact sequence of groups. Then
the following sequence is exact

H,(G)— H,(Q)— N/[G, N] -G —Q,—0. (84)

Exercises:
8.1. Prove without homological algebra the exactness of

Nvl‘ [Gs N] - Gab_’ Qab__’o .
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8.2. Use Theorem 8.1 to compute H,(C;, B) and H?*(C,, A).

8.3. Prove the exactness of the cohomology sequence in Theorem 8.1 in detail.

8.4. Prove that the 5-term sequences of this section are natural.

8.5. Prove that the maps H,(G, B)— H,(Q, B) and H, (G, B)— H,(Q, B) of (8.2) are
the maps given by (2.10). Similarly in cohomology.

. 8.6. Prove that if H is a normal subgroup of K of prime index, then

H«'I [K9 H]_>H[K’ K]/[K’ K]
is monomorphic.

9. H,, Hopf’s Formula, and the Lower Central Series

Let R— F—» G be an exact sequence of groups with F free, i.e., a presen-
tation of the group G. For B a G-module, Theorem 8.1 provides us with
the exact sequence

H,(F,B)—H,(G,B)»B®gR,,—»B®rIF>B®;IG—0.
By Corollary 5.6 we have H,(F, B)=0, whence
H,(G.B)~ker(B®gR,,—B®gIF). ©.1)
In case B=7Z Corollary 8.2 leaves us with
H,(G) = ker(R/[F, R]—F/[F, F]),
and we obtain Hopf’s formula for the second integral homology group
H,(G)= Rn[F, F]/[F,R]. 9.2)

As an immediate consequence we deduce that the group given by the
formula on the right hand side of (9.2) is independent of the choice of
presentation of G.

Next we state a result which relates the homology theory of a group
to its lower central series.

Definition. Given a group G, we define a series of subgroups G,
n=0, by
Gyo=G, G,.,=[G,G,]. 9.3)

This series is called the lower central series of G. A group G with G, = {1}
is called nilpotent of class < n.

It is easily proved by induction on n that the groups G, are normal
in G. Also, the quotients G, /G, are plainly abelian. A homomorphism
f:G—H maps G, into H, for every n=0.

Theorem 9.1. Let f: G— H be a group homomorphism such that the
induced homomorphism f, : G,,— H,, is an isomorphism, and that

J+ 1 Hy(G)—Hy(H)
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is an epimorphism. Then f induces isomorphisms
f.,:G/G,~>H/H,, nz0.

Proof. We proceed by induction. For n=0, 1 the assertion is trivial
or part of the hypotheses. For n 22 consider the exact sequences

G,_,—G6—»G/G,_,, H, ,—H—»H/H,_,
and the associated 5-term sequences in homology (Corollary 8.2):
H,(G)—> H,(G/G,_) —>G,_1/G,— G,,—(G/G,_1)sp—0
@ o s o as 94)
H,(H)—H,(H/H,_)—H,_/H,— H,,——(H/H,_,),,—0

Note that [G, G,_,]1=G,, [H, H,_,] = H, by definition. By naturality the
map f induces homomorphisms «;, i=1, ..., 5, such that (9.4) is com-
mutative. By hypothesis «, is epimorphic and o, is isomorphic. By
induction a, and a5 are isomorphic. Hence by the generalized five Lemma
(Exercise 1. 1.2) a5 is isomorphic. Next consider the diagram

Gn - l/IGn)_> G/Gn_—» GI/Gn -1
a3 In Sn-1
H,_ ,/H——H/H—H/H,_, .
The map f: G— H induces a3, f,, f,,—,- By the above «; is isomorphic,
by induction f,_, is isomorphic, hence f,, is isomorphic. [J
Corollary 9.2. Let f:G— H satisfy the hypotheses of Theorem 9.1.
Suppose further that G, H are nilpotent. Then f is an isomorphism. f: G H.

Proof. The assertion follows from Theorem 9.1 and the remark that
there exists n=0 such that G,= {1} and H,={1}. []

Exercises:
9.1. Suppose f:G—H satisfies the hypotheses of Theorem 9.1. Prove that f
induces a monomorphism f: G / N G,—H / N H,.
I 'n=0 "'n=0

9.2. Let R— F—»G be a free presentation of the group G. Let {x;} be a set of
generators of F and {r;} a set of elements of F generating R as a normal sub-
group. Then the data P =({x;}; {r;}) is called a group presentation of G, x; are
called generators, r; are called relators. The group presentation P is called
finite if both sets {x;}, {r;} are finite. A group G is called finitely presentable
if there exists a finite group presentation for G. The deficiency of a finite group
presentation, def P, is the integer given by defP = (number of generators —
number of relators). The deficiency of a finitely presentable group, defG, is
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defined as the maximum defiency of finite group presentations for G. Prove
that defG < rank G,, — sH,(G), where sM denotes the minimum number of
generators of the abelian group M.

9.3. Let G have a presentation with n+r generators and r relators. Suppose
s(G,;) S n. Prove that H,(G)=0 and conclude by Exercise 9.1 that G contains
a free group F on n generators such that the embedding i: F € G induces iso-
morphisms i, : F/F,~ G/G,, k= 0. Conclude also that if G can be generated
by n elements, then G is isomorphic to the free group F on n generators

(Magnus). (Hint: Use the fact that () F,={1} for a free group F.)

k=0

9.4. Prove that the right hand side of (9.2) depends only on G without using
Hopf’s formula.

9.5. Deduce (8.4) from Hopf’s formula.

10. H? and Extensions

Let A-5E-2»G be an exact sequence of groups, with A4 abelian. It will
be convenient to write the group operation in A as addition, in G and E
as multiplication, so that i transfers sums into products. Let the function
(section) s: G—E assign to every x € G a representative sx of x, i.e.,
ps = 14. Given such a section s, we can define a G-module structure in i A,
and hence in A4, by the following formula

x:(ia)=(sx)(ia) (sx)™', xeG, aeA (10.1)

where the multiplication on the right hand side is in E. It must be shown
that (xy): (ia) = x = (y - ia) but this follows immediately from the remark
that s(xy) =(sx) (sy) (ia’) for some a’ € A and the fact that A is abelian.
Similarly we see that 1. (ia) =ia. Also, again since A is abelian, different
sections s, s : G—E yield the same G-module structure in A, because
s'x =(sx) (ia’) for some a’' € A.

We define an extension of the group G by the G-module A as an
exact sequence of groups AL EDG (102)

such that the G-module structure on A4 defined by (10.1) is the given
G-module structure.

We proceed in this section to classify extensions of the form (10.2),
and we will of course be guided by the classification theory for abelian
extensions presented in Chapter 1IL

We shall call the extension A~ E—» G equivalent to A— E'— G, if
there exists a group homomorphism f: E— E’ such that

A—E —»G

| ]

A—E—>G
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is commutative. Note that then f must be an isomorphism. We denote
the set of equivalence classes of extensions of G by A by M(G, A), and
the element of M(G, A) containing the extension A~ E—» G by [E]. The
reader notes that in case G is commutative, and operates trivially on 4,
we have E(G, A) € M(G, A), where E(G, A) was defined in IIL 1.

The set M(G, A) always contains at least one element, namely, the
equivalence class of the split extension A—A x G— G, where A x G is
the semi-direct product (see (5.5)).

We now will define a map 4:M(G, A)— H*(G, A). Given an exten-
sion (10.2) then Theorem 8.1 yields the exact sequence

0— Der(G, A)— Der(E, A)— Homg(A4, A)-%> H*(G, A)— H*(E, A).  (10.3)

We then associate with the extension 4> E—» G the element
A[E]=6(1,)e H*(G, A). (10.4)

The naturality of (10.3) immediately shows that 6(1,) € H*(G, A) does not
depend on the extension but only on its equivalence class in M(G, A).
Hence 4 is well-defined,

A: M(G, A)— H?*(G, A).

We shall prove below that 4 is both one-to-one and surjective. The
analogous result in the abelian case E(4, B) = Ext,(A4. B) has been proved
using prominently a projective presentation of A, the quotient group in
the extension (see Theorem IIL. 2.4). If we try to imitate this procedure
here, we are naturally led to consider a free presentation R—F—»G
of G. We then can find a map f: F— E such that the following diagram

commutes
R—F—»G

li J ! " (10.5)

A—E-»G,

where f is induced by f. Clearly f induces a homomorphism of
G-modules ¢:R,,— A. Diagram (10.5) now yields the commutative
diagram

.- —Der(E, A)— Homg(4, A) —2> H*(G, A)—> H?*(E, A)

” o (10.6)
... — Der(F, A)——Homg(R ;. AA—*—> HX(G, A—— 0

It follows that A[E]=6(1,)=0¢*(1,)=0a(p). We are now prepared
to prove

Proposition 10.1. The map A: M(G, A)— H?(G, A) is surjective.
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Proof. Since o in (10.6) is surjective, it suffices to show that every
G-module homomorphism ¢ : R,,— A arises from a diagram of the form
(10.5). In other words we have to fill in the diagram

R—15F—45G
1,- ¥ " (10.7)
A s E PG

where f induces ¢. We construct E as follows. Regard 4 as an F-module
via ¢ and form the semi-direct product ¥V = A x F. The set

U={(fr,hr")IreR}

is easily seen to be a normal subgroup in V. Define E = V/U. The map
i: A— E is induced by the embedding A— A4 x F and p : E— G is induced
by A x F—F followed by q: F—G. Finally f: F—E is induced by
F— A x F. The sequence A— E— G is easily seen to be an extension of
G by A, and (10.7) is plainly commutative. []

Proposition 10.2. If two extension have the same image under A, they
are equivalent, in other words, the map A : M(G, A)— H*(G, A) is injective.

Proof. Let the two extensions be denoted by A-H>E-2»G and
A>55E'2»G. Choose a presentation R-2>F-% G and (see (10.5)) lifting
maps f: F—E, f': F—FE lifting the identity on G, in such a way that
f and f’ are both surjective. (For example choose F to be the free group
on the set E x E') Let f, f" induce ¢, ¢’ : R,,— A. Note that ¢, ¢ are
surjective if and only if f, f* are surjective.

Since A[E] = A[E], it follows that o(¢) = o(¢") in (10.6). Thus, by the
exactness of the lower row in (10.6), there exists a derivation d: F—A4
such that ¢ = ¢’ + t(d). Consider now f”: F—E’ defined by

f"x=@dx)(f'x), xeF.

We claim that (i) f” is a group homomorphism, and (ii) f” is surjective.
We remark that once the first assertion has been proved. the second is
immediate. since plainly f” induces ¢” =1(d) + ¢’ = ¢ : R,,— A. which is
surjective by hypothesis.

For the proof of (i)let x. y € F. Consider

["xy)=i'd(xy)-f'(xy)=idx+xdy)-(f'x)-(fy)
=@@dx)-(x-i'dy)-(f'x}-(f'y)
where - denotes the multiplication in E’ and « the action of F on A which

is given via q: F—G. Since this action is defined by conjugation in E’
we obtain

x> (Fdy)=(f"%)-(dy)- (f'x)""
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whence it follows that f"(xy)=(f"x)-(f"y). Hence f” is indeed a
homomorphism.
We now have the following commutative diagram

R—F ——» G

|
AL —E-

/ 7

where f” induces ¢” : R,,— A. Since ¢ = ", it follows that f = f": R—A;
hence f and f” have the same kernel, namely, the kernel of f. It then
follows that there is an isomorphism E— E’ inducing the identity in 4
and G. []

Propositions 10.1 and 10.2 yield the following theorem.

Theorem 10.3. There is a one-to-one correspondence between H*(G, A)
and the set M(G, A) of equivalence classes of extensions of G by A. The
set M(G, A) has therefore a natural abelian group structure and

M(G, - ) M tUtG_)Q«[b
is a (covariant) functor. []

Note that. if 4 is a trivial G-module, then M (G, A) is the set of equiv-
alence classes of central extensions of G by 4, i.e., extensions 4—E—»G
with A4 a central subgroup of E.

We conclude this section with the observation that the neutral
element in the abelian group M(G, A) is represented by the split extension
A A x G—G. By Proposition 10.2 it is enough to show that 4 maps
the class of the split extension into the neutral element of H%(G, 4), i.e.,
one has to show that 6(1,) =0in 10.3. By exactness this comes to showing
that there is a derivation d: E— A which, when restricted to 4, is the
identity. But, for E= A4 x G, such a derivation is given by d(a, x)=a,
ae A, xeq.

Exercises:

10.1. Show that an extension A-» E-2G may be described by a “factor set”, as
follows. Let s: G—E be a section, so that ps=1;. Every element in E is of
the form i(a)- s(x) with a, x uniquely determined. The multiplication in E
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determines a function f: G x G— A4 by
s(x)-s(x)=if(x,x)-s(xx"), x,xX€G.

Show that associativity of multiplication in E implies

(l) xf()’az)“f(x}’,z)+f(x’yz)—f(X,Y)=0, X,y,zeG.

A function f satisfying (i) is called a factor set.

Show that if s, s': G— E are two sections and f,f the corresponding factor
sets, then there is a function g : G— A4 with

@ [0 y)=r0)+g(xy)—g(x)—xg(»), x,y€G.

[In fact, every factor set can be realized by means of a suitable extension
equipped with a suitable section. For an indirect argument, see Exercise 13.7.]

10.2. Show directly that M(G, —) is a functor.

10.3. Proceeding analogously to Exercise 2.5, 2.6, 2.7 of Chapter III describe an
addition in M(G, A). Show that with this addition 4 becomes a group iso-
morphism.

104. Using the universal property of free groups, show that M(F, A), with F free,
consists of one element only, the class containing the semi-direct product.

10.5. Given the group extension £ : A~»G—»Q with abelian kernel, show that we
may associate with £ the 2-extension of Q-modules

0-A4A-ZQ0®cIG—ZQ—Z—0,

(called the characteristic class of E). Interpret this in terms of H*(Q, A) and
Ext3(Z, A).

11. Relative Projectives and Relative Injectives

It is clear (see (2.4)) that H"(G, A)=0 for n= 1, whenever A is injective,
and that H,(G, B)=0 for n = 1, whenever B is projective (or flat). We shall
see in this section that the class of modules for which the (co)homology
groups become trivial in higher dimensions is much wider.

Definition. The right G-module B is called induced, if there is an
abelian group X, such that B>~ X ®ZG as G-modules.

It is easy to see that any G-module B is a quotient of an induced
G-module. For let us denote by B, the underlying abelian group of B;
then ¢:B,®ZG— B defined by ¢(b®x)=bx, be B, xe G is an epi-
morphism of G-modules. We remark that the map ¢ is even functorially
dependent on B, for Bm» B, is easily seen to be a functor.

Proposition 11.1. If B is an induced G-module, then H,(G, B)=0 for
n=1.
Proof. Let P be a G-projective resolution of Z. The homology of G

with coefficients in B is the homology of the complex B®g P. Since
B>~ X®ZG for a certain abelian group X, we have BQsP=XQP.
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Since the underlying abelian group of a G-projective module is free, the
homology of X ® P is TorZ(X,Z) which is trivial for n=1. []

Definition. A direct summand of an induced module is called relative
projective.

Since the module B is a quotient of B, ®ZG, every module has a
relative projective presentation.

The reader may turn to Exercise 11.2 to learn of a different charac-
terisation of relative projective modules. This other characterisation also
explains the terminology. We next state the following elementary pro-
positions.

Proposition 11.2. A direct sum B= P B, is relative projective if and

iel
only if each B;, i € I, is relative projective.
The proof is immediate from the definition. [J
Since H,(G, —) is an additive functor, we have

Proposition 11.3. If' B is a relative projective G-module, then

H,(G,B)=0
fornz=z1. [
We now turn to the “dual” situation:

Definition. A left G-module A is called coinduced, if there is an abelian
group X such that A = Hom(ZG, X) as G-modules. Note that the left
module structure of Hom(ZG, X) is induced by the right module struc-
ture of ZG. Any G-module A may be embedded functorially in a
coinduced module. For let A, denote the underlying abelian group of 4;
then the map v : A—Hom(ZG, A,), defined by y(a) (x) =xa,x€G,a€ A
is a monomorphism of G-modules. The functoriality follows easily from
the fact that A~ A4, is a functor.

Proposition 11.4. If A is a coinduced G-module then H(G, A)=0 for
n1.

The proof is left to the reader. []

Definition. A direct summand of a coinduced module is called relative
injective.

Againitis clear that every module has a relative injective presentation.

Proposition 11.5. A direct product A = || A; is relative injective if and

iel

only if each A, i€l is relative injective. []

Since H"(G, —) is an additive functor, we have:

Proposition 11.6. If A is arelative injective G-module, then H"(G,A)=0
fornz1. ]
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For the next two sections the following remarks will be crucial.
Let A, A, be left G-modules. We define in 4, ® A, (the tensor product
over Z) a G-module structure by

x(a, ®a,)=xa,®xa,, x€G, ae€A,. a,eA,. (1.1

The module axioms are easily verified. We shall say that G acts by
diagonal action.

It should be noted that the definition (11.1) is not possible if we replace
ZG by an arbitrary ring A. It depends upon the fact that the map
A:ZG—ZGR®ZG given by 4(x) =x® x. x €G.is a ring homomorphism.
Generally, one can define an analogous module action for an augmented
K-algebra A. K a commutative ring, if one is given a homomorphism of
augmented K-algebras 4:A—A®xA, called the diagonal. Given A-
modules A; and A,, there is an obvious action of AQxA on A; ®xA,
and A then acts on 4, ®g A, by diagonal action, that is,

Ma; ®ay)=(44) (2, ®a,).
Such an algebra A, together with the diagonal 4, is usually called a Hopf
algebra.

Henceforth we will adhere to the following two conventions.

(11.2) [f A is a G-module, we will regard its underlying abelian group
A, as a trivial G-module.

(11.3) Whenever we form the tensor product over Z of two G-
modules it is understood to be endowed with a G-module structure by
diagonal action.

With these conventions, our enunciations become much simplified.

Lemma 11.7. Let A be a G-module. Then the G-modules A’ =ZG® A
and A" =7 G® A, are isomorphic.

Proof. We define a homomorphism ¢ : A'— A” by

o(x®a)=x®(x"'a), xeG, acA.

Plainly, ¢ respects the G-module structures and has a two-sided inverse
y:A"—> A, defined by p(x®a)=x®@xa. []

Corollary 11.8. A’ =ZG® A is relative projective. []

We note for future reference that if A, is a free abelian group,ZG ® A,
and, hence, ZG® A are even free G-modules.

We now turn to the “dual” situation.

Let A4,, A, be left G-modules. We define a G-module structure in
Hom(4,, 4,) by

)@=y 'a), yeG, aecd,. x:4,—A4,. (114

Again the module axioms are easily checked. We shall say that G acts
by diagonal action on Hom(A4,, A,). Also, we shall adopt the following
convention which is analogous to (11.3).
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(11.5) Hom(4,, A,) is understood to be endowed with a G-module
structure by diagonal action.

Lemma 11.9. Let A be a left G-module. Then the G-modules
A' = Hom(ZG, A)
and A" = Hom(ZG, A,) are isomorphic.

Proof. We define @ : A'— A" by (¢(a)) (x) =x "' (x(x)), x € G.a: ZG—A.
We verify that ¢ is a homomorphism of G-modules:

(@)@ =x"1 (¥ @) @)=x""(y@p '),
0 (@) X)=(@) (' )=x"'Y @y 'x), xyeC.

The map y: A”— A’ defined by (ya) (x) = x(xt(x)) is easily checked to be
a two-sided inverse of ¢. []

Corollary 11.10. A’ = Hom(ZG, A) is relative injective. (]

Exercises:

11.1. Show that the functor — ®ZG is left-adjoint to the functor B~ By,

11.2. Prove that a G-module P is relative projective if and only if it has the following
property: If A—»B—»P is any short exact sequence of G-modules which
splits as a sequence of abelian groups, then it also splits as a sequence of
G-modules. (See also Exercise 1X.1.7.)

11.3. Characterise relative injective G-modules by a property dual to the property
stated in Exercise 11.2.

11.4. Show (by induction) that H"(G, A), may be computed by using a relative
injective resolution of A and H, (G, B) by using a relative projective resolution
of B.

11.5. Show that 4:ZG—ZG®ZG defined by 4(x)=x®x, x € G is a homomor-
phism of augmented algebras over Z; hence ZG is a Hopf algebra.

11.6. Show that the tensor algebra TV over the K-vectorspace V is a Hopf algebra,
A being defined by A(v)=v®1+ 1®v, veV.

11.7. Show that with the conventions (11.3) and (11.5) Hom(—, —) and — ® —
are bifunctors to the category of G-modules.

11.8. Let A4,, ..., A, be G-modules. Let A, ® --- ® A, be given a G-module structure
by diagonal action, i.e., x(a, ® - ®a,)=xa,; ®xa,® --- ®xa,,x€G,a,€ A,
i=1,...,n. Show that ZGR A4, ® --- ®A,ZZGRA,,® - ®A,0.

12. Reduction Theorems

Theorem 12.1.  For n=2 we have
H(G.B)=H,_,(G,B®IG).
H"(G. A\~ H""*(G. Hom(IG, A)),

where B®I1G and Hom(I G, A) are G-modules by diagonal action.
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Proof. We only prove the cohomology part of this theorem. Consider
the short exact sequence of G-module homomorphisms (see Exercise 11.7)

Hom(Z, A)>»Hom(ZG, A)— Hom(IG, A).

By Corollary 11.10, Hom(ZG, A) is relative injective, so that the above
sequence is a relative injective presentation of Hom(Z, A)= A. By the
long exact cohomology sequence and Proposition 11.6, we obtain the
result. []

Theorem 12.2. Let G= F/R with F free. For n=3, we have

H,(G.B)~H,_,(G.B®R,;).
H"(G.A)=~ H"%(G.Hom(R,,, A)).
where B R, and Hom(R,,, A) are G-modules by diagonal action.

Proof. Again we only prove the cohomology part. By Corollary 6.4
we have the following short exact sequence of G-module homomorphisms

Hom(IG, A)>Hom(ZG®gIF, A)—Hom(R,,, A).

NowZG ®pIF is G-free, hence Hom(ZG ® ¢IF, A) is relative injective
by Proposition 11.5 and Corollary 11.10. The long exact cohomology
sequence together with Theorem 12.1 yields the desired result. []

Exercises:

12.1. Show that Theorem 12.2 generalizes the periodicity theorem for cyclic groups.
12.2. Prove the homology statements of Theorems 12.1, 12.2.

13. Resolutions

Both for theoretical and for computational aspects of the homology
theory of groups, it is often convenient to have an explicit description
of a resolution of Z over the given group. In this section we shall present
four such resolutions. The first three will turn out to be, in fact, equivalent
descriptions of one and the same resolution, called the (normalized)
standard resolution or bar resolution. This resolution is entirely described
in terms of the group G itself, and indeed, depends functorially on G; it
is the resolution used, almost exclusively, in the pioneering work in the
homology theory of groups described in the introduction to this chapter.
The fourth resolution, on the other hand, depends on a chosen free
presentation of the group G. Throughout this section G will be a fixed

group.
(a) The Homogeneous Bar Resolution. We first describe the non-
normalized bar resolution. Let B,, n =0, be the free abelian group on the
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set of all (n+ 1)-tuples (yo, Y1, ---» Y of elements of G. Define a left
G-module structure in B, by
Yo, Yis > V) =(VY0s VY15 --» YY), VEG. (13.1)
It is clear that B, is a free G-module, a basis being given by the (n + 1)-
tuples (1, y1, --., ¥,)- We define the differential in the sequence
B:---—B,*B, ,—..-—B, 2B, (13.2)

by the simplicial boundary formula
an()’o, Vi +-05 yn) = 'ZO(_ l)' (yO’ ARt j)b IR ] yn) s (133)

where the symbol j, indicates that y, is to be omitted; and the augmenta-
tion £: B,—Z by
ey)=1. (134)

Plainly d,, ¢ are G-module homomorphisms. Moreover, an elementary
calculation, very familiar to topologists, shows that

an_lan=0, ngz; sal=0.

We claim that B is a free G-resolution of Z; this, too, is a translation into
algebraic terms of a fact familiar to topologists, but we will give the proof.
We regard

..—B,B,_,—...—B,- 2B, —~Z—0

as a chain-complex of abelian groups and, as such, it may readily be seen
to admit a contracting homotopy 4, given by

A_M=1. Ao -2 V)=, V0, ce0s V).

We leave the reader to verify that 4 is indeed a contracting homotopy,
that is, that

ed_y=1, 0,dg+d_je=1, 0,,448,+4,_,6,=1, n=1. (135

The complex B is called the (non-normalized) standard (or bar) resolution
in homogeneous form. Now let D, € B, be the subgroup generated by the
(n + 1)-tuples (yo, y15 ---» V) Such that y,=y;,, for at least one value of
i,i=0,1,...,n—1; such an (n+ 1)-tuple will be called degenerate, and
plainly D, is a submodule of B,, generated by the degenerate (n + 1)-tuples
with y, = 1. We claim that 8D, C D, _,. For, if (yo, y;, ---» ¥,) is degenerate,
let y;=y;,,. Then 8,(yo, V15 ---, ¥y) is a linear combination of degenerate
n-tuples, together with the term

(= 1Y Wos +++» Yj=15 s Vj+ 25 +++» Vi)
+(_ l)j+l(y0’ ""yj—l9y9yj+2a ceey yn)9 y=y,-=y,-+1 5
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which is clearly zero. Thus the submodules D, yield a subcomplex D,
called the degenerate subcomplex of B. (Of course, we could choose other
definitions of degeneracy; for example, we could merely require that any
two of yg, V1, .-, y, be the same.) We remark that D, =0. We also notice
that the contracting homotopy 4 has the property that Z,,l_),,gD,,ﬂ,
n=0. Thus we see that, passing to the quotient complex B = B/D, each
G-module B, is free (on the (n + 1)-tuples (yo, y;. ---, ¥,) for which y; =y,
for no value of i,i=0, 1, ...,n— 1), and B is a G-free resolution of Z, the
contracting homotopy 4 being induced by 4. The complex B is called
the (normalized) standard (or bar) resolution in homogeneous form. It is
customary in homological algebra to use the normalized form with
precisely this definition of degeneracy.

(b) The Inhomogeneous Bar Resolution. Let B, n=0, be the free left
G-module on the set of all n-tuples [x,|x,]|...|x,] of elements of G. We
define the differential in the sequence

B:..-—B,*B, ,—--—B;- 2B (13.6)
by the formula
Onlx1 132l - 1 xp] = %1 [X2] ... [ X,]
n—1
+ Z(_ IV B ION 2 AAPY O b A (13.7)
i=1
(= 1)"[x1x2] - 1% -1 5
and the augmentation ¢: By—Z by
e[1=1. (13.8)

The reader is advised to give a direct proof that B’ is a G-free resolution
of Z, using the hint that the contracting homotopy is given by

A_(M)=[1, A&l 1xD=0xIx]...|x], nz0, (139)
(recall that 4, is a homomorphism of abelian groups). However, we avoid

this direct proof by establishing an isomorphism between lz’ and B, com-
patible with the augmentations. Thus we define ¢, : B,— B, by

Gully y1s s V) =011y y2l o 1Y 21 v
and y,: B,—B, by
WYal X1 |- 1%, ] = (1, Xq0 X1 X5 oo X1 X5 <20 X,)

It is easy to see that ¢,, p, are mutual inverses, and that they are com-
patible with the differentials and the augmentations. Moreover, if
D, =¢@,D,, then D, is the submodule of B, generated by the n-tuples
[x:1x2]...1x,] with at least one x; equal to 1. The modules D, constitute
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the degenerate subcomplex D’ of B’ and the quotient complex B’ = B'/D’
is a G-free resolution of Z, isomorphic to B, and called the (normalized)
standard (or bar) resolution in inhomogeneous form.

(c) Alternative Description of the Bar Resolution. Here and in (d)
below we shall construct a resolution step by step. First we recall that

IG—ZGHZ

is a G-free presentation of Z. Tensor with the free abelian group IG to
obtain the exact sequence of G-modules

IGR®IG—HZGRIG—IG.

By Corollary 11.8 and the remark following it, this is a G-free presenta-
tion of IG. In general write I G" for the n-fold tensor product of IG, and
give IG" a G-module-structure by diagonal action (see Exercise 11.8).
Clearly

IG* > SZGRIG—IG" (13.10)

is a G-free presentation of I G". Putting the short exact sequences (13.10)
together, we obtain a G-free resolution of Z

C: - >IGRIGCHIGRIG - ... »ZG (13.11)

In each ZG ® I G" the G-action is given by the diagonal action
x(y®(z = D® -+ Bz, — 1)) =xy@x(z, — )® - ®x(z,— 1),
X, V5245 .52, €G.

The differential 3,: ZGRIG"-ZG®IG" ! is defined by

0,(x®(z; = N® - ®(z,— 1))

=(z;-D® - ®(z,—-1). x,z,...,2,€G.
One can prove that the resolution C is isomorphic to the resolution B.
The isomorphism 6,: B,—»ZG®IG" is defined by
0.(yos V15 -5 V)

=Yo®1=Y0)® - ®Wn=Ya-1)> Yor--sVa€G.
Details are left to the reader (see Exercises 13.1 through 13.5). It is also
plain that a homomorphism f: G— G induces a chain map
Bf: B(G)—B(G) (B f:B(G)—B(G), Cf:C(G)—C(G)),

Wwhich is even a chain map of G-complexes if B(G) is given the structure
of a G-complex via f. Thus the bar construction is evidently functorial,
and the isomorphisms ¢, ¥,, 8, of (b) and (c) yield natural equivalences
of functors.

(13.12)

(13.13)
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(d) The Gruenberg Resolution. Here we shall present a resolution,
which, unlike the bar resolution, depends on a chosen free presentation
of the group G. Let G be presented as G = F/R with F free. We recall that

IG—ZG—T (13.14)

is a G-free presentation of Z. By Corollary 6.4 the short exact sequence
R, —ZG®pIF—IG (13.15)

is a G-free presentation of IG. Tensoring (13.14), (13.15) with the n-fold
tensor product R?, of the free abelian group R,, endowed with the
G-module structure by diagonal action (RS, =7Z), we obtain G-free
presentations

IG®R.,—ZGR®R.,—R", n=x1, (13.16)

R\ @ZGQIF)®R",—IGRR",, nz0.  (13.17)

Thus we obtain a G-free resolution of Z,

D:--—D,,.;—Dy,— - —Dy,
where
D2n=ZG®R2b’ D2n+l =(ZG® FIF)®RZb'

The differentials are given by combining (13.15), (13.16); thus

Oz2n+1:Dans1— Dy,

is induced by ZG®¢IF—»1G—ZG and 0,,: D,,—D,,_, by
ZG®R,,— R, ,—ZGRIF.
We conclude with the remark that, if we take F to be the free group
on the set S={x € G|x =+ 1}, then we obtain the resolution C, described

under (c), hence a resolution isomorphic to the standard resolution B.
The only thing to prove is that the two short exact sequences

R,—»ZG®pIF—IG, IGRIG—»LGRIG—IG

are isomorphic. Indeed, the map a:ZGR®IF-ZG®IG defined by

a(x®@y —1)=x®x(y —1),x, y €G,y=*1,is an isomorphism and induces

the identity in IG. Hence it also induces an isomorphism
B:R,>IGRIG.

We summarize this last result in

Proposition 13.1. Let G~ F/R with F free on all non-unity elements
in G. Then R,, = IG®IG as G-modules. []
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Exercises:

13.1.

13.2.

13.3.

134.
135.

13.6.

13.7.

13.8.

Show that the functions 4;, given by
2,0o®@ —D® - @, — )=1@ W, — N® - ®(—1),

yield a contracting homotopy in the augmented complex C-*»Z of (c).
Show that 6,: B,— C, as defined in (13.13) is a G-module homomorphism.
Show that 4,6,=80, ., 4,.

Define ¢, : C,— B, inductively by (o= 6;',

L@ — DB, — - ®(,— 1)
=xAn—l n- l(x—lyl®‘”®(x—lyn'_x—l)_x—l®“'®(x_lyn_x_l)).

Show that {, is a G-module homomorphism.

Show (inductively) that {, is a two-sided inverse of 0,.

Show that 6, respects the differential, either directly or inductively by using
the fact that it is enough to prove 66, 4,_,=6,_,04,_,,since 4,_,B,_, CB,
generates B, as G-module.

Let B denote the homogeneous bar resolution of the group G. Consider
cochains with coefficients in a ring R, regarded as a trivial G-module. To
a p-cochain f: B,— R and a g-cochain g: B,— R associate a (p + g)-cochain
fug:B,,,— R by defining

(S UG) (X0 s Xpag) = [ (X0s -3 Xp) = G(Xps - Xt g) -

Show that this definition makes Homg(B, R) into a differential graded algebra
(see Exercise V. 1.5), and hence, by Exercise V.24, that H*(G, R) becomes
a graded ring. This ring is called the cohomology ring of G with coefficients
in R, and the product induced by v is called the cup-product. Show that the
ring structure in H*(G. R) is natural in both variables. (Harder:) Show that
if R is commutative, H*(G, R) is commutative in the graded sense.
Compare formulas (i), (ii) of Exercise 10.1 with the formulas for 2-cocycles
and 1-coboundaries in the inhomogeneous description of the bar construction.
Conclude that M(G. A) = H*(G. A) (compare Theorem 10.3).

Show that if G is finite, and if A, B are finitely-generated G-modules, then
H"(G, A), H,(G, B) are finitely-generated.

4. The (Co)Homology of a Coproduct

Let G,. G, be two groups. Denote as usual their coproduct (free product)
!)Y G =G, * G,. Let A. B be G-modules. By (2.9), (2.10) the coproduct
Injections 1;: G;— G, * G, yield maps

H"(G, A)—H"(G,, A® H(G,,A), nz=0,
Hn(Gl’ B) @ Hn(G29 B)_)Hn(G’ B) ’ n g 0 .
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In this section we shall prove that these maps are isomorphisms forn> 2,
So, loosely speaking, H"(—, A), H,(—, B) are coproduct-preserving. We
start with the following lemma.

Lemma 14.1. Let G =G, * G,. Then there is a natural isomorphism,
IG6=(ZG®qg,1G)DZGC®g,1G,). (14.1)

Proof. First we claim that for all G-modules A there is a natura]
isomorphism
Der(G. A) = Der(G,, A)® Der(G,, A). (142

Clearly, by restriction, a derivation d: G— A gives rise to derivations
d;: G;— A,i=1,2.Onthe other hand a derivation, d; : G;— A4 corresponds
by Corollary 5.4 to a group homomorphism f;: G;—A x G; S A x G such
that the composition with projection onto G is the injection 1;: G;—G.
By the universal property of the coproduct the homomorphisms
G;— A x G give rise to a group-homomorphism f: G— A x G. Composi-
tion of f with projection onto G clearly yields the identity. So f gives
rise to a derivation d : G— A, whose restriction to G, is d; : G;— A. This
proves (14.2). Finally we have Der(G, A) =~ Homg(I G, 4) and

Der(G,, A) = Homg, (IG,, A) = Homg(ZG ®g, [G;, A)
(see (IV. 12.4)). Together with (14.2) this proves Lemma 14.1. []

Theorem 14.2. Let G = G, * G,, A a left G-module, B a right G-module.
Then for n=2
H"(G, A) =~ H"(G,, A) ® H(G,, A),
Hn(Gl’ B) @ Hn(GZa B) = Hn(Ga B) .

Proof. We only prove the cohomology part of the assertion. For
n=2 we have, by (6.7),

H"(G. A) = Exty"'(IG. A)
~ Extl N (ZG®g, I Gy, A)® Exty (LG ®q, IG,, A).

by Lemma 14.1. But Ext§ "(ZG®g IG;, A) = Extg '(IG;, A) by Pro-
position IV.12.2. []

The conclusion of Theorem 14.2 is clearly false for n=0; for n=1
and trivial coefficient modules the conclusion is true, the cohomology
part being a restatement of (14.2), and the homology part following easily
from (14.1). However, in general, it is false for n= 1, as we now show by
a counterexample. Let G be the free group on two elements x,, x,, and
let A be an infinite cyclic group on which x;,x, act non-trivially;
x,a=—a=Xx,a, ac A. Now consider the exact sequence

Homyg(Z, A)— Homg(Z G, A)— Homg(IG, A)—» H'(G, A).



15. The Universal Coefficient Theorem and the (Co)Homology of a Product 221

Since Homg(Z, A)= A® =0 and since IG is G-free on two elements it
follows that rank H!(G, 4) = 1. On the other hand G = G, * G, where G;
is infinite cyclic on x;, i = 1, 2. Thus rank (H'(G,, A)® H'(G,, A)) is even.

Exercises:
14.1. Compute H'(G, A). H'(G;, A), i=1,2 for G, G, A as in the counterexample
at the end of Section 14.

14.2. Let
U—5G,

- T

G,—G
be a pushout diagram in the category of groups with 1, : U G; monomorphic
for i =1, 2. The group G is usually called the free product of G, and G, with

amalgamated subgroup U (see [36]). Prove that for every G-module 4 the
sequence (Mayer-Vietoris-sequence)

0— Der(G, A)*5 Der(G,, A)® Der(G,, A)—> Der(U, A)— H?*(G, A)— -+
-+— H"(G, A) = H"(G,, 4) ® H"(G,, A)-“->H"(U, A)— H"*'(G, 4) —---
is exact, where x* = {k¥, 3} and 1*= (i}, — 1%). (Hint: Use the fact that
K, . k, are monomorphic to prove first that the square

ZG®yIU - ZG®g,IG,
1
G20 *x1)e
ZG®q¢,I1G, 521G

is a pushout diagram in the category of G-modules.)
14.3. Show that the Mayer-Vietoris sequence may be started in dimension 0, i.e. that

0— H°(G, A~ HO(G,, A® H°(G,, A\ HO(U, A)— H(G. A)—*>
—H' (G}, A®H"(G,, A-H' (U, AA— H*(G. A)—--
is exact.
14.4. Using Exercise 14.3 show that the conclusion of Theorem 14.2 fails to be true
in dimensions 0, 1. What happens if A4 is a trivial G-module?

14.5. Compute the cohomology with integer coefficients of the group G given by
the presentation (x, y; x2y~3).

5. The Universal Coefficient Theorem and the
(Co)Homology of a Product

In the previous section the (co)homology of a coproduct of groups was
computed. It may be asked, whether the (co)homology of a (direct)
product of groups can be computed similarly from the (co)homology of
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its factors. We will not discuss this question in general, but restrict
ourselves to the case where the coefficient modules are trivial. We wi]j
see that then the answer may be given using the Kiinneth theorem
(Theorem V. 2.1).

As a first step we deduce the universal coefficient theorems which
allows us to compute the (co)homology with trivial coefficient moduleg
from the integral homology. As before we shall write H,(G) instead of
H,(G,Z).

Theorem 15.1. Let G be a group and let C be an abelian group con-
sidered as a trivial G-module. Then the following sequences are exact and
natural, for every n=0.

H,(G)® C—H,(G, C)—»Tor(H,_,(G), C),
Ext(H,_,(G). C)— H"(G. C)—» Hom (H,(G), C).

Moreover both sequences split by an unnatural splitting.

Proof. Let P be a G-free (or G-projective) resolution of Z. Tensoring
over G with Z yields P;=P®;Z, which is a complex of free abelian
groups. Also, plainly, P®;C =~ P;® C and Homg(P, C) = Hom(Pg, C).
Theorem V. 2.5 establishes the homology part, Theorem V. 3.3 the co-
homology part of the assertion. []

By Theorem 15.1 the question about the (co)homology with trivial
coefficients of a product is reduced to a discussion of the integral
homology.

Now let G,. G, be two groups, and G = G, x G, their (direct) product.
Let PV, i=1,2, be a Gi-free (or G;-projective) resolution of Z. Since the
complexes P are complexes of free abelian groups, we may apply the
Kiinneth theorem (Theorem V.2.1) to compute the homology of the
complex PV’ ® P, We obtain

HyPVQPP)=ZR®Z=Z; H,PVQP?)=0, n21.

Furthermore we can regard P'''® P'?’ as a complex of G-modules. the
G-module structure being given by

(%1, x2) (@ ®aP) = x,aV®@x,a?, x;€G,, a%eP?, i=12.

The reader may verify that this action is compatible with the differential
in PY@P?. Also, P{V®P{? is a projective G-module. To see this, one
only has to prove that ZG, ®ZG, =~ZG, which we leave to the reader.
Thus PY® P? is a G-projective resolution of Z. Finally

H,(G)=H,(PV®P?)®Z)= H,(PV®P?);)= H,(P§) ®PE)).
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Since the complexes PP, i = 1, 2, are complexes of free abelian groups we
may apply the Kiinneth theorem again. This proves the following
Kiinneth theorem in the homology of groups.

Theorem 15.2. Let G, i=1,2 be two groups, and let G=G, x G, be
their direct product. Then the following sequence is exact:

@ Hp(Gl) ® Hq(GZ)’_’Hn(G)_'» @ TOI'(HP(GI), Hq(GZ)) .

p+q=n ptg=n—1
Moreover the sequence splits by an unnatural splitting. []

We finally note that the two theorems of this section allow us to
compute the (co)homology groups of any finitely generated abelian
group with trivial coefficient module (see Exercises 15.1, 15.3).

Exercises:

15.1. Compute the integral (cojhomology of C, x C,,.

15.2. Show that the integral (co)homology groups of a finitely generated com-
mutative group G are finitely generated. (An interesting example of Stallings
[43] shows that this is not true if G is an arbitrary finitely presentable group.)

15.3. Find a formula for the integral homology of a finitely generated commutative
group.

15.4. What information do we obtain about the homology of a group G by com-
puting its (co)homology with rational coefficients?

15.5. Show that the splitting in the universal coefficient theorem in homology
(Theorem 15.1) is unnatural in G, but may be made natural in C.

15.6. A group G is said to be of cohomological dimension < m, cdG < m, if
HYG, A)=0 for every ¢g>m and every G-module A. It is said to be of
cohomological dimension m,if cd G<mbutcd GEm— 1. Show thatcd G<m,
m=1, if and only if, for every G-projective resolution,

.mP,—P,_ —---—P,—P,

of Z, the image of P,,—P,,_, is projective. Show that

(i) for G a free group we have cd G=1;
(i) if cd G, =m,, cd G, =m,, then cd (G, * G,) =max (m,, m,), and

cd(Gy x G))Emy +m,.

(iii) Compute cd G for G finitely-generated free abelian.

16. Groups and Subgroups

In this section we shall introduce certain maps which are very significant
in a detailed study of (co)homology, especially of finite groups. We
restrict ourselves entirely to cohomology and leave to the reader the
translation of the results to the “dual” situation.



224 VI. Cohomology of Groups

In (2.11) it was shown that H"(—, —) may be regarded as a contra.
variant functor on the category &* of pairs (G, 4), with G a group ang
A a G-module. A morphism (f, a):(G, A)—(G,, 4,) in G* consists of
a group homomorphism f: G—G,; and a map o: A;—A which is 3
homomorphism of G-modules if 4, is regarded as a G-module via f.
Thus

a(f(x)a)=xala;), a,€d;, xeG. (16.1)

The maps in cohomology to be defined in the sequel will be obtained
by choosing specified maps f, a.
(a) The Restriction Map. Consider a group G and a G-module A. Le
U be a subgroup of G. Regard A as a U-module via the embedding
1: U—G. Clearly (1, 1) : (U, A)—(G, A) is a morphism in ®*. We define
the restriction (from G to U) by

Res =(1,1,)*: H'(G, A)—»H"(U,A4). nz=0.

The following considerations allow us to make a more detailed study
of the restriction map. Let ¢ : ZG—Z be the augmentation: tensor it with
Z over ZU. We obtain the short exact sequence

K—ZGQuZ-HT (16.2)

where K is the kernel of ¢'. Next we apply the functor Homg(—, A4) to
(16.2). By Proposition IV. 12.2 we obtain

Extg(ZG®yuZ. A) = Ext}(Z, A\ = H"(U. A).
Hence we have proved

Proposition 16.1. Let U be a subgroup of G, and let A be a G-module.
Denote by K the kernel of ¢ :ZG®yZ—1Z in (16.2). Then the following
sequence is exact :

- > Exti* (K, A)— H"(G, A)Res HY(U, A)— Ext(K, A)— - []

Note that, in case U is normal in G with quotient group Q. the module
ZGQ®yZis isomorphic to ZQ by Lemma 6.1. Hence K =~ I Q. the augmen-
tation ideal of Q.

(b) The Inflation Map. Let N~>G-B>Q be an exact sequence of
groups, and let A be a G-module. Consider A", the subgroup of 4 con-
sisting of those elements which remain invariant under the action of N.
Then A" admits an obvious Q-module structure. Denote the embedding
of A¥ in A by a: AN— A. Then (p, o) : (G, A)—(Q, A") is easily seen to be
a morphism in &*. We define the inflation map (from Q to G) by

Inf = (p, )* : H(Q, A¥)—H"(G, 4), n=0.
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In Proposition 16.1 the restriction map has been embedded in a long
exact sequence. We remark that an analogous embedding for the inflation
map exists: but since it is of no apparent use in the study of the inflation
map we refrain from stating it here.

(c) Conjugation. Let x € G be a fixed but arbitrary element, and let 4
be a G-module. Define f: G—G and x: A— A4 by

foO)=x"'yx, yeG; oa@=xa, acA. (16.3)

It is easily seen that (f, a): (G, A)—(G, A) satisfies the condition (16.1),
and therefore is a morphism in ®*. Moreover (f, «) is invertible in G*,
hence the induced map

(f,®*:H"(G, A)—>H"(G,4), n=0
is an isomorphism. However. we prove more, namely

Proposition 16.2. Let (f,a):(G, A)—(G, A) be defined as in (16.3).
Then (f, o)* : HY(G, A)— H"(G, A), n=0, is the identity.

Proof. We proceed by induction on n. For n=0, H°(G, A) = A€, and
the assertion is trivial. If n>1 we choose an injective presentation
A—I—A’, and consider the long exact cohomology sequence

—H""Y(G, A)— H"(G, A)—0
) f,a)*
— H""Y(G, A)— H"(G, A)—0

where of course o'a=xa’, a’ € A’. By induction (f,o)* is the identity,
hencesois (f,0)*. [

(d) The Corestriction Map. Let A be a G-module and let U be a sub-
group of finite index m in G. Suppose G = U U x, s a coset decomposition

of G. We then define a map 0: HomU(ZG A)—»A by
0(p)= Z xlox;,, @:ZG—A. (16.4)
i=1
We claim that 0 is independent of the chosen coset decomposition.

Indeed, if G= U Uy, is another coset decomposition, then we may

assume that the enumeration is such that there exist u;e U with x;=u;y,,
i=1,....m. But then clearly

Zxi toxi=Zx; ol y) =Zx; w0y, =Zv; ' oy;.

Furthermore we claim that 6 is a G-module homomorphism. To show
this let y e G, and define a permutation © of (1,...,m) and elements
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v;€ U by the equations
X;y=0;Xp;, i=1,...,m. (16.5)
We then have
0(9) =Zx; ' @(x:y) = Zx; ' QUi xe) = Zx; ' 0, 9(xy))

=Zyx ' o(x.) =y0(9).

Finally we claim that 6 is epimorphic. Let a € A, and define ¢ by ¢(x;)=0
if i+ 1, ¢(x;)=x,a; then 8(¢)=a. We summarize. our results in the
following proposition.

Proposition 16.3. Let U be a subgroup of finite index m in G, and let

G= U Uxi

i=1

be a coset decomposition. Then the map 0 : Homy(Z G, A)— A, defined by

0(p) = Z:"] x; Lox;

is an epimorphism of G-modules. []
Now since, by Proposition 1V.12.3, H"(G,Homy(ZG, A)) = H"(U, A),
n 20, we may define the corestriction map (from U to G)
Cor : H"(U, A)— H"(G, A)
by
H"(U, A)= H"(G, Homy(ZG, A))-2>H"(G,A), n=0. (16.6)

Using the fact that 6 is epimorphic, the reader may easily embed the
corestriction map in a long exact sequence (compare Proposition 16.1).

Theorem 16.4. Let U be a subgroup of finite index m in the group G,
and let A be a G-module. Then Cor : Res : H'(G, A)— H"(G, A), n=0, is
Jjust multiplication by m.

Proof. We proceed by induction on n. For n=0 the restriction
Res: H°(G, A)—H®(U, A) simply embeds A° in AY. The corestriction
Cor : AV (Homy(ZG. A))°— A€ sends a G-invariant(!) element ae A
first into the U-module homomorphism ¢ : ZG— A given by

o(x)=x;ra=a

and then into

0lp)= Y, x ' ox;=ma.

i=1
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For n=1 let A—I—» A’ be a G-injective presentation of A. Note that I
is U-injective. also. Then the diagram

.- > H""Y(G, A)— H(G,A)—0
Cor Resl Cor Res

- —H""Y(G, A)— H"(G, A)—0

is commutative, and the assertion follows by induction. []

Corollary 16.5. Let G be a finite group of order m. Then mH"(G, A)=0
for alln=>1.

Proof. Use Theorem 16.4 with U = {1} and observe that H"({1},4)=0
forn=1. [

We close this section by applying Corollary 16.5 to yield a proof of
a celebrated theorem in the theory of group representations. We have
seen that K-representations of G are in one-to-one correspondence with
K G-modules (Example (c) in Section I. 1). The K-representations of G
are said to be completely reducible if every KG-module is semi-simple,
ie.if every short exact sequence of K G-modules splits.

Theorem 16.6 (Maschke). Let G be a group-of order m, and let K be
a field, whose characteristic does not divide m. Then the K-representations
of G are completely reducible.

Proof. We have to show that every short exact sequence
Ly (16.7)

of K G-modules splits. This is equivalent to the assertion that the induced
sequence
0—Homg(V”, V)5 Homg(V, V)25 Homg(V', V')—0  (16.8)

is exact. In order to prove this, we first look at the short exact sequence
of K-vector spaces of K-linear maps

0— Homg(V". V')-£5 Homg(V, V')-5> Homg(V'. V')—0. (169)

We remark that these vector spaces may be given a K G-module structure
by diagonal action (compare (11.4)) as follows. If, for instance, 6 : V— V'
is a K-linear map, we define

(xo)v=x0(x"'v), xeG, vel. (16.10)

It is easily checked that, with this G-module structure, (16.9) becomes an
exact sequence of G-modules. In terms of the module structure (16.10),
the K-linear map ¢: V— V"' is a G-module homomorphism if and only
if ¢ is an invariant element in the G-module Homg(V, V’). It therefore
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remains to prove that
0— H°(G.Homg(V".V"))—H(G.Homg (V. V))—H®(G.Homg (V. V")) —(

is exact. This clearly is the case if H'(G, Homg(V", V'))=0, which j
proved in Lemma 16.7. In fact we shall prove more, namely

Lemma 16.7. Under the hypotheses of Theorem 16.6 we have
H"(G,W)=0
for n=1 and any K G-module W.

Proof. Consider the map m : W— W, multiplication by m. This clearly
is a G-module homomorphism. Since the characteristic of K does not
divide m, the map m: W— Wisin fact an isomorphism, having 1/m: W— W
as its inverse. Hence the induced map m, : H*(G, W)— H"(G, W) is an
isomorphism, also. On the other hand it follows from the additivity of
H"(G, —) that m, is precisely multiplication by m. But by Corollary 16.5
we have mH"(G, W)=0 for all n> 1, whence H"(G, W)=0forn=1. [

Exercises:

16.1. Define Res, Inf. Cor for homology and prove results analogous to Pro-
positions 16.1, 16.3, Theorem 16.4, and Corollary 16.5.

16.2. Prove that the (co)homology groups of a finite group with coefficients in
a finitely generated module are finite.

16.3. Let A be a G-module and let 4, G be of coprime order. Show that every
extension A— E—» G splits.

16.4. Let U be of finite index in G. Compute explicitely Cor: H,(G,Z)— H,(U,Z).
Show that this is the classical transfer [28].

16.5. Let G be a group with cd G=m (see Exercise 15.6). Let U be of finite index
in G. Show that cd U =m. (Hint: The functor H™(G. —) is right exact. Let A
be a G-module with H™(G, A)+0. Then Cor: H™(U, A)— H™(G, A) is sur-
jective.)

16.6. Prove the following theorem due to Schur. If Z denotes the center of G and
if G/Z is finite. then G’ =[G, G] is finite. also. (Hint: First show that G'/G'nZ
is finite. Then use sequence (8.4) in homology for N =Z.)
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In this Chapter we shall give a further application of the theory of
derived functors. Starting with a Lie algebra g over the field K, we pass
to the universal enveloping algebra Ug and define cohomology groups
H"(g, A) for every (left) g-module A4, by regarding A as a Ug-module.
In Sections | through 4 we will proceed in a way parallel to that adopted
in Chapter V1 in presenting the cohomology theory of groups. We
therefore allow ourselves in those sections to leave most of the proofs
to the reader. Since our primary concern is with the homological aspects
of Lie algebra theory, we will not give proofs of two deep results of Lie
algebra theory although they are fundamental for the development of
the cohomology theory of Lie algebras; namely, we shall not give a
proof for the Birkhoff-Witt Theorem (Theorem 1.2) nor of Theorem 5.2
which says that the bilinear form of certain representations of semi-
simple Lie algebras is non-degenerate. Proofs of both results are easily
accessible in the literature.

As in the case of groups. we shall attempt to deduce as much as
possible from general properties of derived functors. For example
(compare Chapter VI) we shall prove the fact that H?(g, A) classifies
extensions without reference to a particular resolution.

Again, a brief historical remark is in order, As for groups, the origin
of the cohomology theory of Lie algebras lies in algebraic topology.
Chevalley-Eilenberg [8] have shown that the real cohomology of the
underlying topological space of a compact connected Lie group is iso-
morphic to the real cohomology of its Lie algebra, computed from the
complex Hom,(C, R), where C is the resolution of Section 4. Sub-
sequently the cohomology theory of Lie algebras has, however, developed
as a purely algebraic discipline, as outlined in the main Introduction.

1. Lie Algebras and their Universal Enveloping Algebra

Let K be a field. A Lie algebra g over K is a vectorspace over K together
with a bilinear map [,]: g x g—g, called the Lie bracket, satisfying the
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following two identities
[x,x]=0, xeg; (1.1)

[[x.y] 21+ [ 2. ]+ [[.x1,)]=0, xyzeg.  (12)

(1.2) is called the Jacobi identity. Note that (1.1) and the bilinearity of the
bracket imply [x.y]=—[y.x], x,yeg.

A Lie algebra homomorphism f:g—b is a K-linear map with
fIx,y1=0Lfx.fyl, x,y€g. A Lie subalgebra b of g is a subspace of g
closed under [, ]. A Lie subalgebra |y is called a Lie ideal of g.if [x, yl€}
for all xegand yely. If b is a Lie ideal of g then the quotient space g/
has a natural Lie algebra structure induced by the Lie bracket in g.

A Lie algebra g is called abelian if [x, y] =0 for all x, yeg. To any
Lie algebra g we can associate its “largest abelian quotient” g,,,; clearly
the kernel of the projection map from g to g,, must contain the Lie
subalgebra [g, g] generated by all [x, y] with x,yeg. It is easy to see
that [g, g] is an ideal, so that g,, = g/[g, g]. Any K-vector space may be
regarded as an abelian Lie algebra. Given any K-algebra A we can
associate (functorially) a Lie algebra LA with the same underlying
vector space as A, the Lie bracket being defined by

[x,yl=xy—yx, x,yed.

We leave it to the reader to verify the Lie algebra axioms for LA.

Next we ask whether there exists a construction for a Lie algebra
analogous to the construction of the group ring for a group. We remind
the reader that the group ring functor is determined by the fact that it is
a left adjoint to the unit functor, from rings to groups, which assigns
to every ring A its group of units (see Exercise VI.1.1). Now, our functor L
from algebras to Lie algebras will correspond to the unit functor, so that
we have to discuss the existence of a left adjoint to L. Such a left adjoint
indeed exists ; the image of the Lie algebra g under that functor is called the
universal enveloping algebra of g and is denoted by Ug. (We follow here
the usual notational convention of denoting the universal enveloping
algebra by Ug. despite the fact that U is left adjoint to L.)

We now proceed to give the explicit construction of Ug, state its
adjoint property in Proposition 1.1, and discuss additional properties
in the remainder of the section. For the construction of Ug we need the
notion of the tensor algebra TM over the K-vector space M. Denote,
for n2 1, the n-fold tensor product of M by T, M,

7-;IM=M®KM®K"‘ ®KM, n-fOld.
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Set T, M = K. Then the tensor algebra TM is @ T, M, with the multipli-
cation induced by n=0

(m, @m,®@---@m,) - (m) @mrQ--- @my)

=m @M@ - @m,@m,@m,®---@my,

where m;, mje M for 1 Si<p, | £j<gq. Note that TM is the free K-
algebra over M ; more precisely: To any K-algebra A and any K-linear
map f:M—A there exists a unique algebra homomorphism
fo: TM— A extending f. In other words the functor T is left adjoint
to the underlying functor to K-vector spaces which forgets the algebra
structure. This assertion is easily proved by observing that
fo(m ® --- ®m,) may, and in fact must. be defined by

flmy)- f(my)- ... j(m,,)

Definition. Given a K-Lie-algebra g; we define the universal en-
veloping algebra Ug of g to be the quotient of the tensor algebra Tg by
the ideal I generated by the elements of the form

xQ@y—y®x—[x,y]l, x,yeg;
thus
Ug=Tg/(x®@y—y®x—[x,y]).

Clearly we have a canonical mapping of K-vector spaces i:g—Ug
defined by g € Tg-2 Ug, which plainly is a Lie-algebra homomorphism
i:g—LUg. It is now easy to see that any Lie algebra homomorphism
f:g—LA induces a unique K-algebra homomorphism f,:Ug—4,
since plainly the homomorphism f,: Tg— A vanishes on the ideal I.
Thus U is seen to be left adjoint to L. We further remark that the Lie
algebra map i: g— LUg is nothing else but the unit of the adjoint pair
UL

Proposition 1.1. The universal enveloping algebra functor U is a left
adjoint to the functor L. []

Next we state without proof the famous Birkhoff-Witt Theorem which
is a structure theorem for Ug.

Let {e;}, ie J. be a K-basis of g indexed by a simply-ordered set J.
Let I=(i,,i,,...,i;) denote an increasing sequence of elements in J,
ie,ijeJ for 1 £I<k,and i, <i, <--- <i, under the given order relation

in J. Then we define e;=¢; e;,...e, € Ug to be the projection of
€,® --®e, eTg.

Theorem 1.2 (Birkhoff-Witt). Let {e;}, i€ J, be a K-basis of g. Then the
elements e, corresponding to all finite increasing sequences I (including
the empty one) form a K-basis of Ug.
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For a proof of this theorem we refer the reader to N. Jacobson [29,
p. 159]; J.-P. Serre [42, LA. 3]. As an immediate corollary we note

Corollary 1.3. The unit i: g— LUg is an embedding. []

Consequently we see that every Lie algebra g over K is isomorphic
to a Lie subalgebra of a Lie algebra of the form LA for some K-algebra A.

Before we state further corollaries of Theorem 1.2 we introduce the
notion of a (left) g-module.

Definition. A left g-module A is a K-vector space A together with a
homomorphism of Lie algebras ¢ : g— L(Endg A).

We may therefore think of the elements of g as acting on A and write
x<a forg(x)(a), xe g, a€ A, so that x ae A. Then A is a (left) g-module
if x < a is K-linear in x and a and

[x,y]-a=x-(y a)—y (x a), x,yeg ael. (1.3)

By the universal property of Ug the map ¢ induces a unique algebra
homomorphism g, : Ug— Endg A, thus making A into a left U g-module.
Conversely, if 4 is a left Ug-module, so that we have a structure map
o:Ug—Endg A4, it is also a g-module by ¢ =¢i. Thus the notions of a
g-module and a Ug-module effectively coincide. We leave to the reader
the obvious definition of a right g-module. As in the case of A-modules
we shall use the term g-module to mean left g-module.

An important phenomenon in the theory of Lie algebras is that the
Lie algebra g itself may be regarded as a left (or right) g-module. The
structure map is written ad : g— L(Endg g) and is defined by

(adx)(z)=[x,z], x,z€g. (1.4)

It is easy to verify that ad does give g the structure of a g-module. For
[x, z] is certainly K-bilinear and (1.3) in this case is essentially just the
Jacobi identity (1.2).

A g-module 4 is called trivial, if the structure map ¢ : g— L(Endg A)
is trivial, i.e. if x: a=0 for all x € g. It follows that a trivial g-module is
just a K-vector space. Conversely, any K-vector space may be regarded
as a trivial g-module for any Lie algebra g.

The structure map of K, regarded as a trivial g-module, sends every
xeg into zero. The associated (unique) algebra homomorphism
¢: Ug— K is called the augmentation of U g. The kernel Ig of ¢ is called the
augmentation ideal of g. The reader will notice that Ig is just the ideal
of Ug generated by i(g).

Corollary 1.4. Let by be a Lie subalgebra of g. Then Ug is free as an
bh-module.

Proof. Choose {e}}, i€ J', a basis in j) and expand it by {e;}, jeJ,
to a basis in g. Let both J',J be simply ordered. Make J'uJ simply
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ordered by setting
if i,jeJ' and i<j in J'.
i<jiif ieJ’ and jelJ.
if i,jeJ and i<j in J.

It follows from Theorem 1.2 that the elements e, for all finite increasing
sequences in J form a basis of Ug as h-module. []

The reader may compare Corollary 1.4 with the corresponding result
for groups (Lemma VI.1.3). We note explicitly the following consequence
of Corollary 1.4 and Theorem IV.12.5.

Corollary 1.5. Every g-projective (injective) module is h-projective
(injective). []

If n is a Lie ideal of g with quotient I, we say that the sequence
n—g—»b is exact.

Corollary 1.6. If n—g—»b is an exact sequence of Lie algebras, then
K®y,.Ug= U} as right g-modules.

The proof is left to the reader. ]

Exercises:

1.1. Show that the following are examples of Lie algebras over K, under a suitable
bracket operation.
(@) the skew-symmetric n x n matrices over K.
(b) the nx n matrices over K with trace 0.

1.2. Show that the following are examples of Lie algebras over €, under a suitable
bracket operation.
(a) the skew-hermitian n x n matrices over C,
(b) the skew-hermitian n x n matrices with trace 0.

1.3. Show that the set of all elements x € g with [x, y]=0 for all ye g is an ideal.
(This ideal is called the center of g. Clearly the center is an abelian ideal.)

1.4. Show that, for f:g—»b surjective, the induced map U f:Ug—U}l is
surjective, also.

LS. Prove that Ig is generated by ig as an ideal of Ug.

1.6. Prove Corollaries 1.5, 1.6.

1.7. Let A be a (non-trivial) left g-module. Define in A a (non-trivial) right g-module
structure. (Hint: Define ax = — xa)

1.8. Let g,,g, be two Lie algebras over K. Show that g =g, @g, has a natural Lie
algebra structure, which makes g the product of g, and g, in the category of
Lie algebras over K.

1.9. Prove that the product in TM makes {T,M}, n=0,1,... into a graded K-
algebra (see Exercise V.1.5).
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2. Definition of Cohomology; H®, H'

For notational convenience we shall write Hom,(—, —) Ext;(—, —), etc,,
for Homy,(—, —), Extye(—, —), etc.

Definition. Given a Lie algebra g over K and a g-module A, we define
the n'™ cohomology group of g with coefficients in A by

H'(g, A)=Ext!(K, 4), n=0,1,...

where K is, of course. regarded as a trivial g-module.

We note that each H"(g, A) is actually a K-vector space. Nevertheless
we shall continue to use the term cohomology group. Plainly, the co-
homology theory of Lie algebras has properties closely analogous to
those listed in Section V1.2 for the cohomology theory of groups. We
therefore shall abstain from.listing them again here (see Exercise 2.2).

We shall compute H° H'. For any g-module A4, H%g, A) is by
definition Hom, (K, A4). By arguments similar to those used for groups in
Section VI.3 we obtain

H°(g, A)={ac A|x-a=0, forall xeg}; 2.1

we call this the subspace of invariant elements in A and denote it by A4°.
In order to exhibit the nature of H!(g, A) we introduce the notion
of Lie algebra derivations.
Definition. A derivation from a Lie algebra g into a g-module A4 is a
K-linear map d:g— A such that

d[[x,y)=x dy)—y d(x), x,yeg. 22

Notice that this property of d is compatible with (1.1) and the Jacobi
identity (1.2). It is plain that the set of all derivations d:g— A4 has a
K-vector space structure; we shall denote this vector space by Der (g, A).
Note that if 4 is a trivial g-module, a derivation is simply a Lie algebra
homomorphism where A is regarded as an abelian Lie algebra.

For a € A fixed we obtain a derivation d, : g— A4 by setting d (x) = x " a.
Derivations of this kind are called inner. The inner derivations in Der (g, A)
clearly form a K-subspace, which we denote by Ider(g, 4).

The reader should compare the following two results with Theo-
rem VL5.1 and Corollary VI.5.2.

Theorem 2.1. The functor Der(g, —) is represented by the g-module I g,
that is, for any g-module A there is a natural isomorphism between the
K-vector spaces Der(g. A) and Homy(Ig, A).

Proof. Given a derivation d:g— A4, we define a K-linear map
fi: Tg— A by sending K= T gC Tg into zero and x; ®---®x, into
xy (xp -+ (x,-; dx,)...). Since d is a derivation f; vanishes on all
elements of the form t@(x®y —y®x —[x,y]), x,yeg, t€ Tg. Since A
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is a g-module, f; vanishes on all elements of the form
HRX®y—y®x —[x, y])®t,,

x, VEG, t1,t,€ Tg. Thus f; defines a map f,: Ig— A, which is easily
seen to be a g-module homomorphism.

On the other hand, if f : Ig— A is given, we extend f to Ug by setting
f(K)=0 and then we define a derivation d,:g— A4 by d;= fi, where
i:g— Ug is the canonical embedding. It is easy to check that f, ,=f
and d;, =d, and also that the map f+d, is K-linear. []

If we take the obvious free presentation of K
Ig—Ug—K,
then, given a g-module A4, we obtain
H'(g, A) = coker(Hom,(Ug. A)—Hom,(Ig, A4)). 2.3

Hence H'(g, A) is isomorphic to the vector space of derivations from g
into A modulo those that arise from g-module homomorphisms
f:Ug—A. If f(ly)=a, then clearly d (x)=x a, so that these are
precisely the inner derivations. We obtain

Proposition 2.2. H'(g, A)= Der (g, A)/Ider(g, A).. If 4 is a trivial
g-module, H'(g, A)= Homg(g,;, A).

Proof. Only the second assertion remains to be proved. Since 4 is
trivial, there are no non-trivial inner derivations, and a derivation
d:g— A is simply a Lie algebra homomorphism, A being regarded as an
abelian Lie algebra. []

Next we show that, as in the case of groups, derivations are related
to split extensions, i.e., semi-direct products.

Definition. Given a Lie algebra g and a g-module A we define the
semi-direct product A x g to be the following Lie algebra. The underlying
vector space of Axg is A@g. For a,be A and x,yeg we define
[(a, x),(b, y)] =(x-b—y~a,[x,y]). We leave it to the reader to show
that 4 x g is a Lie algebra, and that, if 4 is given the structure of an
abelian Lie algebra, then the canonical embeddings i,: A—A X g,
iy:g— A x g as well as the canonical projection p,: A x g—g are Lie
algebra homomorphisms. The semi-direct product therefore gives rise
to an extension of Lie algebras. with abelian kernel.

A4 4 x g—Bng 2.4)

which splits by i,:g—A xg. The study of extensions with abelian
kernel will be undertaken systematically in Section 3. Here we use the
split extensions (2.4) to prove the analogue of Corollary VI.5.4.
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Proposition 2.3. The vector space Der(g, A) is naturally isomorphic to
the vector space of Lie algebra homomorphisms f :g— A x g for which
po f=1,.

Proof. First we note that A may be regarded as an 4 x g-module via
Pq: A x g—g, and that then the canonical projection d'=p,: A xg—A4
becomes a derivation. A Lie algebra homomorphism f:g—4Ax g,
inducing the identity on g, now clearly gives rise to a derivation
d;=d' f :g—A. On the other hand, given a derivationd: g— A, we define
a Lie algebra homomorphism f;:g—Axg by fy(x)=(dx,x), xeg.
The two maps f+d,, d— f, are easily seen to be inverse to each other,
to be K-linear, and to be natural in A. []

We conclude this section by establishing the analogue of Corol-
lary V1.5.6, which asserts that the cohomology of a free group is trivial
in dimensions = 2. First we introduce the notion of a free Lie algebra.

Definition. Given a K-vectorspace V, the free K-Lie algebra f ={(V)
on V is a Lie algebra over K containing V' as a subspace. such that the
following universal property holds: To any K-linear map f : V—g of V
into a Lie algebra g over K there exists a unique Lie algebra map
f:§V—g extending f. In other words, f is left adjoint to the underlying
functor from Lie algebras to vector spaces which forgets the Lie algebra
structure. The existence of f(V) is proved in Proposition 2.4. Note that
its uniqueness follows, of course, from purely categorical arguments.

Proposition 2.4. Let TV denote the tensor algebra over the K-vector
space V. The free Lie algebra §(V) over K is the Lie subalgebra of LTV
generated by V.

Proof. Suppose given f:V—g. By the universal property of the
tensor algebra the map if : V—g—Ug extends to an algebra homo-
morphism T V— Ug. Clearly the Lie subalgebra of LTV generated by V/
is mapped into g < LUg. The uniqueness of the extension is trivial. []

Theorem 2.5. The augmentation ideal If of a free Lie algebra f is a
Jree §-module.

Proof. Let f=f(V) and let {e} be a K-basis of V, and let f: {e}—>M
be a function into the g-module M. We shall show that f may be extended
uniquely to a g-module homomorphism f’:I1{— M. First note that
uniqueness is clear since f extends uniquely to a K-linear map f : V—M
and V CIf generates If. Using the fact that f is free on V, we define a
Lie algebra homomorphism f':§— M x § by extending f(v)=(f(v), ),
veV. By Proposition 2.3 f determines a derivation d:f—M with
d(v)= f(v), ve V. By Theorem 2.1 d corresponds to an f-module homo-
morphism f':1f—M with f’(v)= f(v), ve V. Thus {e} is an f-basis
for If. [
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Corollary 2.6. For a free Lle algebra f, we have H"(f, A)=0 for all
j-modules A and allnz2. ]

Exercises:

2.1. For a Lie algebra g over K and a right g-module B, define homology groups
of g by
H,(g, B)=Tor(B,K), nz=0.

Show that H,(g, B) = B/Bg. where Bg stands for the submodule of B generated
by b x; beB, xeg. Show that H,(g, B)=ker(B®,Ig—B®,Uq).
Finally show that for B a trivial g-module, H, (g, B) = B ®x,s-

2.2. List the properties of H*(g, A) and H,(g, B) analogous to the properties stated
in Section V1.2 for the (co)homology of groups.

2.3. Regard g as a g-module. Show that Der(g, g) has the structure of a Lie algebra.

3. H? and Extensions

In order to interpret the second cohomology group. H(g, A). we shall
also proceed in the same way as for groups. The relation of this section
to Sections 6, 8. 10 of Chapter VI will allow us to leave most of the
proofs to the reader.

Let n~—g—» ) be an exact sequence of Lie algebras over K. Consider
the short exact sequence of g-modules Ig— Ug—» K. Tensoring with
U} yields

0—Tor}(Uh, K)»Ub®,Ig—Uh®,Ug—Uh®,K—0.

with each term having a natural h-module structure. Using Corollaries 1.5,
1.6 and the results of Section IV.12 we obtain

Tor§(Ug ®,K, K)=Tor} (U, K)= Tor} (K, K).
Since Tor}(K, K)=~n,, by Exercise 2.1 we obtain

Theorem 3.1. If n—»g—»} is an exact sequence of Lie algebras, then
0—n,— Ubh®,Ig—1H—0 is an exact sequence of h-modules. []

From this result we deduce, exactly as in the case of groups,

Theorem 3.2. If n—g—»b is an exact sequence of Lie algebras and if
A is an h-module. then the following sequence is exact

0— Der (b, A)— Der(a, A)—Hom,(n,,, A)— H?*(h, A)—H*(g. A). (3.1)

The proof is analogous to the proof of Theorem VI1.8.1 and is left to the
reader. [J
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Let A-5g-2» be an extension of Lie algebras over K, with abelian
kernel A. If s : h—g is a section, that is, a K-linear map such that ps= 1,
we can define in iA, and hence in A4, an h-module structure by
x-ia=[sx,ial, ae A, xel, where [ , ] denotes the bracket in g. It is
easily verified that, since A is abelian, the h-action thus defined on A does
not depend upon the choice of section s. This h-module structure on A4
is called the h-module structure induced by the extension.

An extension of ) by an h-module A4 is an extension of Lie algebras
A~—g—»h, with abelian kernel, such that the given h-module structure
in A agrees with the one induced by the extension. Notice that the split
extension (2.4) is an extension of g by the g-module A.

We shall call two extensions A~—g—»b and A~—g'—»h equivalent,
if there is a Lie algebra homomorphism f : g— ¢’ such that the diagram

A—g —>b

| L]

A—g'—>b

is commutative. Note that, if it exists, f is automatically an isomorphism.
We denote the set of equivalence classes of extensions of f by A4 by
M(, A). By the above. M(h, A) contains at least one element, the

equivalence class containing the semi-direct product A4 4 x hEo.
With these definitions one proves, formally just as for groups (Section
V1.10), the following characterization of H?(h, A).

Theorem 3.3. There is a one-to-one correspondence between H>(b, A)
and the set M(h, A) of equivalence classes of extensions of § by A. The
set M(h, A) therefore has a natural K-vector space structure and M (b, —)
is a (covariant) functor from h-modules to K-vector spaces.

The proof is left to the reader; also we leave it to the reader to show
that the zero element in H2(h, A) corresponds to the equivalence class
of the semi-direct product. []

Exercises:

3.1. Let n—g—»h be an exact sequence of Lie algebras and let B be a right b-
module. Show that the following sequence is exact

HZ(Q’ B)_’HZ ([)9 B)_)B ®g p— Hl(g9 B)_’Hl(l)’ B)_)O .

3.2. Assume g = f{r where { is a free Lie algebra. Show that H,(g. K) = [f, f1nt/[f, t],
where [f, ¥] denotes the Lie ideal of { generated by all [ f,r] with fef, rer.
3.3. Prove the following result: Let f : g—b be a homomorphism of Lie algebras,
such that f, :g,—b, is an isomorphism and f, : H,(g, K)—H,(b, K) is
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surjective. Then f induces isomorphisms

fn:g/gn;)b/bn, n=0, 1, eee

where g, and b, denote the n-th terms of the lower central series (go=g,
9,=[9.8,-1))-

4. A Resolution of the Ground Field X

By definition of the cohomology of Lie algebras, H"(g, 4) may be com-
puted via any g-projective resolution of the trivial g-module K. For
actual computations it is desirable to have some standard procedure for
constructing such a resolution. We remark that copying Section VI.13
yields such standard resolutions. However, for Lie algebras a much
simpler, i.e., smaller resolution is available. In order to give a com-
prehensive description of it we proceed as follows.

For any K-vector space V., and n = 1, we define E, V to be the quotient
of the n-fold tensor product of V. that is. T, V. by the subspace generated by

X ®x2®”‘®xn—(8igo)xal®x¢72®':'®x¢m’

forx,, ..., x, € V,and all permutations ¢ of the set {1, 2, ..., n}. The symbol
sigo denotes the parity of the permutation ¢. We shall use {x,, ..., x,>
to denote the element of E,V corresponding to x; ®---®x,. Clearly
we have

Xy vy Xy ey Xjo vy X = =KXy vy Xjy aeny Xiy oeey X -
Note that E, V= V.and set E, V =K. Then E, V is called the n'™ exterior

[« ]

power of V and the (internally graded) K-algebra EV= @ E,V, with

n=0
multiplication induced by that in TV, is called the exterior algebra on
the vector space V.

Now let g be a Lie algebra over K. and let V be the underlying vector
space of g. Denote by C, the g-module Ug®E, V,n=0. L, ... . For short
we shall write u{x,. ..., x,> for u®<{x,, ..., x,,>, ue Ug. We shall prove
that differentials d,, : C,— C,_; may be defined such that

o Cp 2 C,_ > C—Cy 4.1

is a g-projective resolution of K. Of course Co=Ug, and ¢: Co— K is
just the augmentation. Notice that plainly C,, n=0,1,..., is g-free,
since E, V is K-free.

We first show that (4.1) is a complex. This will be achieved in the
5 steps (a). (b). .... (e). below. It then remains to prove that the augmented
complex ---—C,—C,_;—--—Cy->K—0 is exact. This will be a
consequence of Lemma 4.1 below.
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(@) We define, for every yeg, a g-module homomorphism
6(y):C,—C,,n=0.1..... by
O(y) <xl’ ceey X,,) = —y<x1’ ""xn>

+ Y (=)D X Xy, oo Ry ey X s
i=1

where the symbol %; indicates that x; is to be omitted. Note that

(=D VLD, X3y X1y eemy iy ooes Xy = X1 oo [V Xi], -+ -, X,p. We use this
remark to prove that

0([x. y1) =0(x) 8(») — 6(» O(x) . 4.2
Proof of (4.2)
We have

0(x) 0(y) {X15 coer Xnp = YX{X 15 oevy X
_ i X{Xqgs s Xy ooy X0 — g‘ Py ores [ XDy ey X

n
+ Z <x1’ cevy [x’ xi]’ i) [y, xj], --~,xn>
ii=1
o

+ gl g D D X T T oo X,

Using the Jacobi identity we obtain
0(x) () — 0(¥) 0(x)) {X 1« coee Xy =[1- X] (X1 - o= X

+ =Zl g [0 Y1, %] oo x> = 0% Y1) Xpeeeee Xy - [0

(b) Wedefine g-module homomorphismsa(y): C,—C,,,,n=0,1,...,

b
y 0()’)<X1,‘--’xn>=<y,x1,---,xn>-

We claim that
0(x)a(y)—a(y) 0(x)=a([x, y]). 4.3

Proof of (4.3)
(o(x) U(,V)—U(Y) O(X)) <xl’ ...,X,,) = —X<y, X1, '-',xn>

+ <[x’ J’], xl, '--axn> + _Zl <y’ xl, ey [X, xi]a '--axn>

+ XY X Xy — Z Py Xgs oo [ X 15 o ens XD

i=1

=a([x,y])<x1,...,x,,). D
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(¢) Next we define g-module homomorphisms d,:C,—C, .,
n=0,1,2,..., such that. for all yeg,

U(J’)dn1+dn‘7()’)=—9(y), n=la29"- - (44)

We set d, =0. We then proceed inductively. Assume d,_,:C,_—C,_,
is defined. Since {x, ..., X,» = (x;) (X3, ..., X,,», we are forced by (4.4)
to define d, by

d, (X1« ... Xpy =d,0(x) X5, ... %)
= (_e(xl) - a(xl)dn— l) <x2’ seey xn> .
We remark that d,, is given explicitly by

dn<x1, ...,xn> = Z (— 1)i+lx,-<xl, ceey ii’ ...,x,,)
i=1

4.5)
+ Y (DX x L Xy e Ry ey Ry e XD
15i<jsn
since this d, obviously satisfies our requirements.
(d) We claim that
0(y)d,—d,0(y)=0 (4.6)

for n=0,1,2,....
Proof of (4.6)
We proceed by induction on n. For n=0, (4.6) is trivial. For n=1,
0y d, — d,0(y) <Xy, -, X, =(0(y)d, 0(x1) — d,0(y) 5 (x,)) {35 ..., Xp) -
Thus it is sufficient to show that
6(y)d,o(x)—d,0(y)o(x)=0.
But
00)d,o(x) —d,0(y)o(x)
= —0(y)0(x) — 0(y)o(x)d, -, — d,6(x)0(y) —d,c[y, x], by(44)and(4.3),
= -0 0(x)—0(Na(x)d,_, + 0(x)0()+ a(x)d,_ 60+ O[y. x]
+O'[y, x]dn—l' by (4'4)‘
= —-0(y)o(x)d,-, +0o(x)0(»)d,-, + o[y, x]d,_,, by (4.2) and the
inductive hypothesis ,
=0 by (43). []

(e) Finally, we prove that d, _, d, =0, whence it will follow that (4.1)
is a complex. Clearly dyd, =0. To prove d,_,d,=0 we proceed by
induction. We have, for n > 2.

dn—ldn<xl? sty xn> = dn— 1 dna(XI) <x27 ceey xn> 5
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but by (4.4) we obtain
dy_1d,0(x)= —d,_(0(x;) +0(x,)d,_,)
=—d,_,0(x,)+0(x,)d,_, +0(xy)d,_,d,_, =0

by (4.6) and the induction hypothesis. []
It remains to prove that the complex

C:...—C,—C,_,—-—>Cy5K—0. 4.7

where ¢:C,— K is the augmentation ¢:Ug— K, is exact. This is
achieved by regarding (4.7) as a complex of K-vector spaces and proving
that its homology is trivial. Our tactics here are entirely different from
those adopted in proving that (4.7) is a complex. (We use (4.5) which has
not been used previously!)

Let {e;}, ie J, be a K-basis of g, and assume the index set J simply
ordered. By Theorem 1.2 (Birkhoff-Witt) the elements

ekx oo ekm<elp sees el,,> (4.8)
with
k,Sk,<- £k, and l<l<---<I,

form a K-basis of C,. We define a family of subcomplexes F,C of C,
p=0.1..... as follows: (F,C)_, =K. and (F,C),, n20. is the subspace
of €, generated by the basis elements (4.8) with m+n <p. Plainly, the
differential d,. n 2 0. maps (F,C), into (F,C),_, so that F,C is indeed a
subcomplex of C. Plainly also, F,,; C2F,C and UFPC =C. For every
p21 we define a complex W? by WF=(F,(),/(F,-,C), for n20 and
WP, =K. It is immediate from (4.5) that the differential d? in W? is
given by
di(e e, ... e, Le,,....e))

n . 4.9
=) (-D''e, ... eLe,....6,...)mod(F,_ C),_,
i=1

Note that the summands on the right hand side are not necessarily of
the form (4.8), since we cannot guarantee k,, <I;. However, it follows
easily from Theorem 1.2 (Birkhoff-Witt) that the class in W? modF,_, C
represented by an element of the form (4.8) remains the same when the
order in which e, , ..., ¢, are written is changed. We remark that. in the
terminology of Section VIIL.2, {W?} is the graded object associated with
the object C filtered by F,C.

Lemma 4.1. The complex WP is exact.

We postpone the proof of Lemma 4.1 in order to show how it implies
the desired result on C.
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It follows from Lemma 4.1 that H,(W?)=0 for all p=1 and all n.
We then consider the short exact sequence of complexes
Fp_ 1 C’—’FPC—» Wp .
The associated long exact homology sequence then shows that
H,(F,-1C)= H,(F,C) for all n, and all p=1. Since F,C is the complex

0— K— K—0. we have H,(F,C)=0, for all n. Hence, by induction,
H,(F,C)=0 for all n and all p=0. Since C= U F,C it follows easily

that H,(C)=0. r=e

Proof of Lemma 4.1. In order to show that W? is exact, we define a
K-linear contracting homotopy X as follows. 2_, : K— W{ is given by
> _1(1x)=1¢ ), and, for n=0, we define Z,: WP— WP, _, by

=0, if k,=I, inJ,in particular if m=0:
=(—1ye,...e,,_[Ley,.... e, e, if k,>1,.
One readily verifies that ¢X =1, d¢Z,+X_,e=1 and

dh 2y + 2, di=1. ]

We now summarize our results in a single statement.

e, e, ey ....e))

Theorem 4.2. Let C,=Ug®yE,V where V is the vectorspace
underlying g, and let d,: C,— C,_, be the a-module maps defined by

n

d(Xys X)) =Y (— 1 x5 ey Ky ey XD

i=1

+ Y (DI X1 X ey R Ko XD

15i<jsn
Then the sequence
C: ..._,Cn-d_n)cn_l_,..._,co
is a g-free resolution of the trivial g-module K. []
We finally note the following important corollary.

Corollary 4.3. Let g be a Lie algebra of dimension n over K. Then for
any g-module A. H*(g. A)=0 fork=>n+ 1.

Proof. Fork=n+1 we have E,V=0. []

Exercises:
4.1. Show that the product in the tensor algebra TV induces a product in
EV= @ E,V. which makes EV into a K-algebra.

n=0
4.2. Suppose that the characteristic of K is different from 2. Show that EV = TV /(v?),
where (v?) denotes the ideal in TV generated by all squares in TV.
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4.3. Let A—g-2»1 be an extension of Lie algebras over K. Let s : h— g be a section,
that is, a K-linear map with ps=1y, so that, as K-vector-spaces, g=~ A®H.
Show that the Lie algebra structure of g may be described by a K-bilinear
function h:hxh— A defined by [sx,sy]=s[x,y]+h(x,y), x,yeh. Show
that h is a 2-cocycle in Homy(C, A) where C is the resolution of Theorem 4.2
for the Lie algebra b. Also, show that two different sections s,, s,, yield two
cohomologous cocycles h, . h,.

4.4. Using Exercise 4.3, show directly that H2(h, A)= M(b, A).

5. Semi-simple Lie Algebras

In the next two sections of Chapter VII we shall give cohomological
proofs of two main theorems in the theory of Lie algebras over a field of
characteristic 0.

The first is that the finite-dimensional representations of a semi-
simple Lie algebra are completely reducible. The main step in that proof
will be to show that the first cohomology group of a semi-simple Lie
algebra with arbitrary finite-dimensional coefficient module is trivial.
This is known as the first Whitehead Lemma (Proposition 6.1). Secondly
we shall prove that every finite dimensional Lie algebra g is the split
extension of a semi-simple Lie algebra by the radical of g. The main step
in the proof of this result will be to show that the second cohomology
group of a semi-simple Lie algebra with arbitrary finite-dimensional
coefficient module is trivial. This is known as the second Whitehead
Lemma (Proposition 6.3). Since this section is preparatory for Section 6,
we will postpone exercises till the end of that section.

In the whole of this section g will denote a finite-dimensional Lie
algebra over a field K of characteristic 0. Also, A will denote a finite-
dimensional g-module.

Definition. To any Lie algebra g and any g-module 4 we define an
associated bilinear form B from g to K as follows. Let g : g— L(Endy 4)
be the structure map of A. If x, yeg then gx, gy are K-linear endo-
morphisms of A. We define B(x, y) to be the trace of the endomorphism

(@x) (ey).
B(x,y)="Tr((ex)(@y)), x,y€g. (5.1)

The proof that § is bilinear is straightforward and will be left to the
reader. Trivially B(x, y)= p(y, x), B is symmetric.
If A=g,i.e. if g is regarded as g-module, then the associated bilinear
formis called the Killing form of g; thus. the Killing form is Tr((ad x) (ad y)).
Lemma 5.1.

ﬂ([x’ y], z)= ﬁ(x’ [y’ z]), x, y,Z€9.
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Proof. Since the trace function is additive and Tr(ey)=Tr(y¢),,
for .y € Endg 4, we have

B([x.y], 2)=Tr((ex ey —ey ex)ez)=Tr(ex(ey ez—ez¢y)=B(x.[y,2]). [

Definition. A Lie algebra g is called semi-simple if {0} is the only

abelian ideal of g.
We now cite a key theorem from the theory of semi-simple Lie algebras.

Theorem 5.2. Let g be semi-simple (over a field of characteristic 0), and
let A be a g-module. If the structure map g is injective, then the bilinear
form B corresponding to A is non-degenerate.

The fact that g is injective is usually expressed by the phrase that ¢
is a faithful representation of g in A.

We do not attempt to give a proof of this rather deep result, which is
closely related to Cartan’s criterion for solvability of Lie algebras.
Elementary proofs are easily accessible in the literature (G. Hoch-
schild [25. p. 117-122]: J.-P. Serre [42. LA. 5.14-LA. 5.20]).

Corollary 5.3. The Killing form of a semi-simple Lie algebra is non-
degenerate.

Proof. The structure map ad : g— L(Endgg) of the g-module g has
the center of g as kernel (see Exercise 1.2). Since the center is an abelian
ideal, it is trivial. Hence ad is injective. [] ‘

Corollary 5.4. Let a be an ideal in the semi-simple Lie algebra g. Then
there exists an ideal b of g such that g=a@®b, as Lie algebras.

Proof. Define b to be the orthogonal complement of a with respect
to the Killing form B. Clearly it is sufficient to show (i) that b is an
ideal and (ii) that anb = {0}. To prove (i) let xe g, beb, ae a. We have
B(a, [x, b]) = B([a, x], b)= B(a’, b)) =0, where [a, x]=a’ € a. Hence with
beb, [x,b]eb and b is an ideal. To prove (ii) let x, ye anb, ze€ g; then
B([x, y], z) = B(x, [y, z]) =0, since [y,z]eb and xe€a. Since B is non-
degenerate it follows that [x, y]=0. Thus anb is an abelian ideal of g,
hence trivial. []

Corollary 5.5. If g is semi-simple, then every ideal a in g is semi-simple
also.

Proof. Since g=a@®b by Corollary 5.4, every ideal o’ in a is also
anidealin g. In particular if a’ is an abelian ideal, it follows that a’ =0. []

We now return to the cohomology theory of Lie algebras. Recall that
the ground field K is assumed to have characteristic 0.

Proposition 5.6. Let A be a ( finite-dimensional) simple module over the
semi-simple Lie algebra g with non-trivial g-action. Then H%(g, A)=0 for
all g=0.
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Proof. Let the structure map ¢: g— L(Endg A) have kernel Iy. By
Corollary 5.4, b’ has a complement § in g, which is non-zero because 4
is non-trivial. Since b is semi-simple by Corollary 5.5, and since o
restricted to b is injective, the associated bilinear form f is non-degenerate
by Theorem 5.2. Note that f§ is the restriction to b of the bilinear form
on g associated with ¢. By linear algebra we can choose K-bases {e;},
i=1,...,m and {e}}, j=1,...,m, of h such that B(e, €)= 0,;. We now
prove the following assertions:

(@) If xeg and if [e,x]= ) cye and [x,€]]= ) d;e, then
k=1 =1

ci=d;i. (5.2)

Proof. B([e;, x], €)= B(Z cix e, €)) = c;j; but

ﬂ([eb X], e;) = B(eb [x, e;]) = B(ei, )2 djle;) = dji . D

(b) The element ) e;eje Ug is in the center of Ug; hence for any
i=1

g-module B the map t =tz: B— B defined by t(b)= ) e, (¢;-b) is a
i=1

g-module homomorphism.

Proof. Let x € g, then
x(Z eieﬁ) =) ([x,elej+e;xe)=— ) cyeei+ ) exe;

i i i,k i

=—Ydueed+ Y exe=— glx.el+ Y exe;

ik k k k
= (Z eke;‘)x .0
k

It is clear that, if ¢ : B,— B, is a homomorphism of g-modules. then

to=ot.

(c¢) Consider the resolution C: ---—C,—C,_,—---—C, of Theo-
rem 4.2. The homomorphisms t., define a chain map t of C into itself.
We claim that t is homotopic to the zero map.

Proof. We have to find maps *,: C,—C,,,, n=0,1, ..., such that
dXy,=1,andd,. 2, +2,_,d,=1, n= 1. Define Z, to be the g-module
homomorphism given by

m
2n<xl, "'9xn>= Z ek<e;v X1 ---9xn> .
k=1
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The assertion is then proved by the following computation (k varies
from 1to m; i, j vary from1 to n):

(Ans 120+ Zno1dn) Xy oo X = gekek(x,, e XD

+ Y (=1 e xi{€hs Xy evs iy vvy X
ik

+ Y (=gl X1 Xgs ooy Xiy vvs X
ik

+ Y (=) e d[Xi X € Xps ooy Kiy ooy Ky ooey X
Ki<j

+ Z (—1)i+1xiek<e;uxl9 ""')‘ci’ ...,X,,)
ik

+ Z (— 1)i+jek<ek-, [xi, X]], xl, seey .*i, sy .ij, sy x">
k,i<j

=tn<xl’ "'7xn> + Z(—l)i[eln X,-] <e;u Xy eees Xy ---axn>
ik

+ Y (= edlen, X Xqs e Xy oons X -
ik
Using (5.2) the two latter sums cancel each other, and thus assertion (c)
is proved. []
Consider now the map t=t,: A— A4 and the induced map

ty: Hi(g, A)— Hg, 4).

By the nature of t; (see the final remark in (b)), it is clear that ¢, may be
computed as the map induced by t : C— C. Hence, by assertion (c), t, is the
zero map. On the other hand r: 4— A4 must either be an automorphism
or the zero map, since A4 is simple. But it cannot be the zero map, because

the trace of the linear transformation r equals Z Ple;, €)=m=0.
i=1
Hence, it follows that H%(g, A)=0 for all ¢=0. []
We do not offer exercises on this section, but we do recommend the

reader to study a proof of Theorem 5.2!

6. The two Whitehead Lemmas

Again let g be a finite dimensional Lie algebra and let 4 be a finite
dimensional g-module. We prove the first Whitehead Lemma:

Proposition 6.1. Let g be semi-simple, then H'(g, A)=0.

 Proof. Suppose there is a g-module A with H (g, A)+0. Then there
1s such a g-module A with minimal K-dimension. If 4 is not simple. then
there is a proper submodule 0 + A’ C A. Consider 0—A4'—A4— A/A'—0
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and the associated long exact cohomology sequence
-—H'(g, A)— H'(g, A)—> H'(g, A/A)—+--.
Since dimyg A’ <dimy A and dimg 4,4’ < dimg 4 it follows that
H'(g, A')=H'(g, A/A)=0.

Hence H'(g, A)=0, which is a contradiction. It follows that 4 has to be
simple. But then A has to be a trivial g-module by Proposition 5.6,
(Indeed it has to be K; but we make no use of this fact.) We then have
H'(g, A)=~ Homg(g,,, A) by Proposition 2.2. Now consider

[9,8]—8—>8,-

By Corollary 5.4 the ideal [g, g] has a complement which plainly must
be isomorphic to g,,, in particular it must be abelian. Since g is semi-
simple, g,, =0. Hence H'(g, A)= Homg(g,,, A)=0, which is a contra-
diction. It follows that H'(g, A) =0 for all g-modules 4. []

Theorem 6.2 (Weyl). Every ( finite-dimensional) module A over a semi-
simple Lie algebra g is a direct sum of simple g-modules.

Proof. Using induction on the K-dimension of 4, we have only to
show that every non-trivial submodule 04 A4'CA4 is a direct summand
in A. To that end we consider the short exact sequence

A A—>»A" (6.1)
and the induced sequence

0—Homg (A", AV —=Homg(A, A)>Homg(A', A)—0, (6.2)

which is exact since K is a field. We remark that each of the vector
spaces in (6.2) is finite-dimensional and can be made into a g-module by
the following procedure. Let B, C be g-modules; then Homg(B, C) is a
g-module by (xf)(b)=xf(b)— f(xb), xeg, be B. With this under-
standing, (6.2) becomes an exact sequence of g-modules. Note that the
invariant elements in Homg(B, C) are precisely the g-module homo-
morphisms from B to C. Now consider the long exact cohomology
sequence arising from (6.2)

0— H®(g, Homy (A", A")) — H°(g. Hom, (4. 4")
_>H0(g’ HomK (A,’ A’))_’Hl (9, HomK (A”a A')) >
By Proposition 6.1, H'(g, Homy(A”, A) is trivial. Passing to the

interpretation of H® as the group of invariant elements, we obtain an
epimorphism

(6.3)

Hom, (4, A')—»Hom,(4’, 4).

It follows that there is a g-module homomorphism A— A4’ inducing the
identity in A’; hence (6.1) splits. [J
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The reader should compare this argument with the proof of Maschke’s
Theorem (Theorem VI.16.6).
We proceed with the second Whitehead Lemma.

Proposition 6.3. Let g be a semi-simple Lie algebra and let A be a
( finite-dimensional) g-module. Then H*(g, A)=0.

Proof. We begin as in the proof of Proposition 6.1. Suppose there
is a g-module 4 with H?*(g, A)+0. Then there is such a g-module A4
with minimal K-dimension. If A4 is not simple, then there is a proper
submodule0 #+ A’ C A.Consider0— A'— A— A/A’—0and the associated
long exact cohomology sequence

-~ H*(g, A)—> H*(g, A)— H*(g, A/A))—+- .

Since A’ is a proper submodule. the minimality property of 4 leads to
the contradiction H?*(g, A)=0. Hence A has to be simple. But then A4
has to be a trivial g-module by Proposition 5.6. Since K is the only
simple trivial g-module, we have to show that H?(g, K) =0. This will yield
the desired contradiction.

By the interpretation of H? given in Theorem 3.3, we have to show
that every central extension

K-bLh-Bag (6.4)
of the Lie algebra g splits.

Let s: g—b be a K-linear section of (6.4), so that ps=1,. Using the
section s, we define, in the K-vector space underlying b, a g-module
structure by

x-y=[sx,y], xeg, yebh

where the bracket is in ). The module axioms are easily verified once
one notes that s([x, x])=[sx,sx]+k, where ke K. Clearly K is a
submodule of the g-module b so defined.

Now regard §) as a g-module. By Theorem 6.2 K is a direct summand
inb, say h= K@V It is easily seen that this )" is in fact a Lie subalgebra
of b; it is then isomorphic to g. Hence h = K @g as Lie algebras and the
extension (6.4) splits. []

We shall shortly use Proposition 6.3 to prove Theorem 6.7 below
(the Levi-Malcev Theorem). However, in order to be able to state that
theorem, we shall need some additional definitions. First we shall
introduce the notion of derived series, derived length, solvability, etc.
for Lie algebras. It will be quite obvious to the reader that these notions as
well as certain basic results are merely translations from group theory.

Definition. Given a Lie algebra g. we define its derived series g4, g, ---
inductively by

90=g’gn+l=[gmgn]’ n=0,1,...,
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where [S, T], for any subsets S and T of g, denotes the Lie subalgebra
generated by all [s,t] for se S, teT.
We leave it to the reader to prove that g, is automatically an ideal in g,

Definition. A Lie algebra g is called solvable, if there is an integer
n=0 with g,={0}. The first integer n for which g,={0} is called the
derived length of g. The (easy) proofs of the following two lemmas are
left to the reader.

Lemma 6.4. In the exact sequence h—»g—»g/h of Lie algebras, g is
solvable if and only if Y and g/b are solvable. []

Lemma 6.5. If the ideals a and b of g are solvable then the ideal a +b
generated by a and b is solvable. []

An immediate consequence of Lemma 6.5 is the important fact that
every finite-dimensional Lie algebra g has a unique maximal solvable
ideal r. Indeed take r to be the ideal generated by all solvable ideals of g.

Definition. The unique maximal solvable ideal r of g is called the
radical of g.

Proposition 6.6. g/r is semi-simple.

Proof. Let a/r be an abelian ideal of g/r; then the sequence r»—a—»a/r
has both ends solvable, hence a is solvable by Lemma 6.4. By the maxi-
mality of r, it follows that a =r, whence g/r is semi-simple. []

Theorem 6.7 (Levi-Malcev). Every ( finite-dimensional) Lie algebra g
is the split extension of a semi-simple Lie algebra by the radical t of g.

Proof. We proceed by induction on the derived length of r. If r is
abelian, then it is a g/r-module and H?*(g/r,r)=0 by Proposition 6.3.
Since H? classifies extensions with abelian kernel the extension
r—g—»g/t splits. If r is non-abelian with derived length n =2, we look
at the following diagram

r————g—>g/r
(6.5)
t/[x,. r]—g/[x. ] —>g/r

The bottom sequence splits by the first part of the proof, say by
s:g/t—g/[r, r]. Let h/[r, r] be the image of g/r under s; clearly
s:g/r>b/[x, xr] and [r,r] must be the radical of ). Now consider the
extension [r,tr]—b—>b/[r,r]. Since [r,r] has derived length n—1.
it follows, by the inductive hypothesis, that the extension must split,
say by q:b/[x,r]—b. Finally it is easy to see that the top sequence of
(6.5) splits by t =gs, t : g/r>b/[r,x]>hCg. [
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Exercises:

6.1. Let g be a Lie algebra. finite-dimensional over a field of characteristic 0. Use
the exact sequence of Exercise 3.1 and the Whitehead Lemmas to prove that
tn[g,g]=[g, r], where r is the radical of g. ([g,r] is called the nilpotent

radical).
6.2. Let B:gx g— K be the Killing form of the semi-simple Lie algebra g over the

field K of characteristic 0. Show that
Sy, 2=B(xy)2), xVyzeg

defines a 3-cocycle in Hom,(C, K), where C denotes the resolution of Theo-
rem 4.2. In fact (see [8, p. 113]), f is not a coboundary. Deduce that H3(g, K) +0.

6.3. Using Exercise 6.2 show that, for g semi-simple, H?(g,1g)+ 0. (Ig is not finite
dimensional!)

6.4. Prove Lemmas 6.4, 6.5.

6.5. Establish the step in the proof of Theorem 6.7 which asserts that [r, r] is the
radical of b.

7. Appendix: Hilbert’s Chain-of-Syzygies Theorem

In this appendix we prove a famous theorem due to Hilbert. We choose
to insert this theorem at this point because we have made the Koszul
resolution available in this chapter. Of course. Hilbert’s original formula-
tion did not refer explicitly to the concepts of homological algebra!
However, it is easy to translate his formulation, in terms of presentations
of polynomial ideals. into that adopted below.

Definition. Let A be a ring. We say that the global dimension of A is
less than or equal to m (gl. dim. A <m) if for all A-modules 4 and all
projective resolutions P of 4, K,,(A)=ker(P,_,—P,,_,) is projective.
Thus gl.dim. A < m if and only if Ext%(4, B)=0 for all 4, B and n>m.
Of course we say that gl.dim. A =mif gl.dim. A <mbut gldim. A £m—1.
(See Exercise 1V.8.8.)

Let K be a field and let P=K][x,, ..., x,,] be the ring of polynomials
over K in the indeterminates x,, ..., x,,. We denote by P; the subspace of

homogeneous polynomials of degree j, and consider P= @ P, as inter-
j=0

nally graded (see Exercise V.1.6). Consequently, we consider (internally)

graded P-modules; an (internally) graded P-module A is a P-module 4

which is a direct sum A= @ A; of abelian groups 4;, such that
j=0

X;A;jSA;,y, i=1,2,...,m. The elements of A; are called homogeneous

of degree j. It is clear how to extend the definition of global dimension
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from rings to internally graded rings: the definition employs. of course,
the concept of (internally) graded modules. Then Hilbert’s theorem reads:

Theorem 7.1. The global dimension of P=K[x,, ..., X,,] is m. More-
over, every projective graded P-module is free.

The proof of this theorem will be executed in several steps: not al
these steps require that K be a field, so we will specify the assumptions
at each stage. Now K can be considered as a graded P-module through
the augmentation ¢: P— K. which associates with each polynomial its
constant term. Thus K is concentrated in degree 0.

Note that P may be regarded as the universal enveloping algebra of
the abelian Lie algebra a, where x,, ..., x,, form a K-basis of a. The Lie
algebra resolution for a of Theorem 4.2 is known as the Koszul resolution,
or Koszul complex. By Theorem 4.2 we have

Proposition 7.2 (Koszul). Let D,=P ®gE,a. and let d,:D,—D,_,
be defined by

n

d"(p®<x.“, ....Xj">)= Z (_ 1)i+IPin®<le, ooy i]‘," ooy xj">

i=1

where j,<j,<:--<j,. Then D:0—D,—D, _,—---—D, is a P-free
resolution of K regarded as graded P-module. []

We note in passing that Proposition 7.2 admits a fairly easy direct
proof (see Exercise 7.1).

Proposition 7.3. Let M be a graded P-module. If K is a commutative
ring and if M @ p K =0 then M =0.

Proof. Let I be the augmentation ideal in P, that is.
I—t->P—=»K

is exact. Then the homogeneous non-zero elements of I all have positive
degree. Now the sequence

M@pl+>M@pP—=>M ®@pK—0
is exact so that the hypothesis implies that
Uy : M @pl—M @, P

is surjective. Moreover, M ®p P =~ M and, when the codomain of p, is
interpreted as M, p,, takes the form

MmO f)=mf. meM. fel. (7.1)

Now suppose M +0, and let m+0 be an element of M of minimal
degree. Then (7.4) leads to an immediate contradiction with the statement
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that p, is surjective. For if
m =I't* Z (m,®f,) ’
i=1

where we may assume m;, f; homogeneous and non-zero, then
S
m= Y. mf;, degf;=1, so degm;<degm. contrary to the minimality

i=1

of the degree of m.  []
This proposition leads to the key theorem.

Theorem 7.4. Let B be a graded P-module. If K is a field and if
Tor} (B, K)=0 then B is free.

Proof. It is plain that every element of B®,K can be expressed as
b®1, be B, where | is the unity element of K. Thus we may select a
basis {b;®1}, i€, for B®pK as vector space over K. Let F be the free
graded P-module generated by {b;}, i€ I, and let ¢ : F— B be the homo-
morphism of graded P-modules given by ¢(b;)=b;, i e I. Notice that ¢
induces the identity ¢,

¢,=1:FQ,K—B®,K.

We show that ¢ is an isomorphism. First ¢ is surjective. For, given the
exact sequence F-% B—» C, we obtain the exact sequence

F®p,K-LB®,K—»C®,K

so that C®p,K =0 and hence, by Proposition 7.3, C=0. Next ¢ is
injective. For, given the exact sequence R~ F-2» B, we obtain the exact
sequence

-+—>Tor?(B,K)>R®pK—F®,K-LB®,K.

Since Torf(B,K)=0 it follows that R®,K =0 and, by a second
application of Proposition 7.3, R=0. []

Proof of Theorem 7.1. Let B be any projective graded P-module.
Then Torf (B, K)=0 and B is free by Theorem 7.4, thus proving the
second assertion of Theorem 7.1. By Proposition 7.2 it follows that
Torf, (A, K)=0 for every graded P-module A. But

Tork, (4, K)=Tor} (K,(A), K).

Hence Theorem 7.4 implies that K,,(A) is free, so that gl.dim.P <m. To
complete the proof of the theorem it remains to exhibit modules 4, B
such that Tor? (4, B) +0. In fact, we show that

Tor’(K,K)=K . (12)
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For, reverting to the Koszul resolution, we observe that E,,a=K, so
that D,,®pK = K; and that d,,®1:D,,®,K—D,,_, ®pK is the zero
homomorphism since d,{X;, ..., Xp> = X + X;{X15 -5 Xjs --» Xy and
x; K=0. Thus (7.2) is established and the Hilbert chain-of-syzygies
theorem is completely proved. [J

Exercises:

7.1. Give a direct proof of Proposition 7.2 by constructing a homotopy similar
to the one used in the proof of Lemma 4.1.

7.2. Let J be a graded ideal in the polynomial algebra P=K[x,, ..., x,], i.e. an
internally graded submodule of the P-module P. Prove that proj.dim.J <n—1.
(Hint: Consider a projective resolution of J and extend it by J—P—P,J.
Then use Exercise 1V.7.7.)

7.3. Show that a flat graded P-module is free.



VIII. Exact Couples and Spectral Sequences

In this chapter we develop the theory of spectral sequences: applications
will be found in Section 9 and in Chapter IX. Our procedure will be to
base the theory on the study of exact couples, but we do not claim, of
course, that this is the unique way to present the theory; indeed, an
alternative approach is to be found e.g. in [7]. Spectral sequences
themselves frequently arise from filtered differential objects in an abelian
category — for example, filtered chain complexes. In such cases it is
naturally quite possible to pass directly from the filtered differential
object to the spectral sequence without the intervention of the exact
couple. However, we believe that the explicit study of the exact couple
illuminates the nature of the spectral sequence and of its limit.

Also, we do not wish to confine ourselves to those spectral sequences
which arise from filtrations although our actual applications will be
concerned with such a situation. For many of the spectral sequences of
great importance in algebraic topology refer to geometric situations
which naturally give rise to exact couples, but not to filtered chain
complexes. Thus we may fairly claim that the apprcach to spectral
sequences via exact couples is not only illuminating but also of rather
universal significance.

We do not introduce grading into the exact couple until we come to
discuss convergence questions. In this way we simplify the description
of the algebraic machinery, and exploit the grading (or, as will be the
case, bigrading) precisely where it plays a key role in the theory. We
distinguish carefully between two aspects of the convergence question
for a given spectral sequence E = {(E,, d,)}. First, we may ask whether
the spectral sequence converges finitely; that is, whether E_, the limit
term, is reached after a finite number of steps through the spectral
sequence. Second, we may ask whether E_, is what we want it to be;
thus, in the case of a filtered chain complex C, we would want E_ to be
related to H(C) in a perfectly definite way. Now the first question may be
decided by consulting the exact couple; the second question involves
entities not represented in the exact couple. Thus it is necessary to enrich
the algebraic system, and replace exact couples by Rees systems (Sec-
tion 6), in order to be able to discuss both aspects of the convergence
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question. We emphasize that those topological situations referred to
above — as well, of course, as the study of filtered differential objects —
which lead naturally to the study of exact couples lead just as naturally
to the study of Rees systems.

We admit that our discussion of convergence questions is more general
than would be required by the applications we make of spectral sequences.
However, this appears to us to be justified, first, by the expectation that
the reader will wish to apply spectral sequences beyond the explicit scope
of this book — and even, perhaps, develop the theory itself further — and,
second, by the important concepts of (categorical) limits and colimits
thereby thrown into prominence, together with their relation to general
properties of adjoint functors (see I1.7). However the reader only interested
in the applications made in this book may omit Sections 6, 7, 8.

Although we use the language of abelian categories in stating our
results, we encourage the reader, if he would thereby feel more
comfortable, to think of categories of (graded, bigraded) modules. Indeed,
many of our arguments are formulated in a manner appropriate to this
concrete setting. Those readers who prefer entirely “categorical” proofs
are referred to [10] for those they cannot supply themselves. The
embedding theorem for abelian categories [37. p. 151] would actually
permit us to think of the objects of our category as sets, thus possessing
elements, insofar as arguments not involving limiting processes are
concerned; however, many of the arguments are clearer when expressed
in purely categorical language, expecially those involving categorical
duality.

We draw the reader’s attention to a divergence of notation between
this text and many others in respect of the indexing of terms in the
spectral sequence associated with a filtered chain complex. Details of
this notation are given at the end of Section 2, where we also offer a
justification of the conventions we have adopted.

1. Exact Couples and Spectral Sequences

Let A be an abelian category. A differential object in U is a pair (4, d)
consisting of an object A of A and an endomorphism d: A— A4 such
that d> =0. We may construct a category (2, d) of differential objects
of U in the obvious way; moreover, we may construct the homology
object associated with (A, d), namely, H(A4, d)=kerd/imd, so that H
is an additive functor H : (2, d)—U. We may abbreviate (4, d) to A and
simply write H(A) for the homology object. We will also talk of the
cycles and boundaries of A, writing Z(A), B(A) for the appropriate
objects of A. Thus H(A) = Z(A)/B(A).
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Definition. A spectral sequence in U is a sequence of differential
objects of U,
E={(E,d,)}, n=0,1,2,...,

such that H(E,,d,)=E,,,,n=0,1, .... A morphism ¢ : E—E' of spectral
sequences is a sequence of morphisms ¢,: E,—E, of (U,d) such that
H(@)=@u+1, =0, 1,.... We write €, or (%), for the category of
spectral sequences in 2.

Instead of showing directly how spectral sequences arise in homolo-
gical algebra, we will introduce the category of exact couples in U and a
functor from this category to €; we will then show how exact couples
arise.

Definition. An exact couple EC={D,E,a,f,y} in N is an exact

triangle of morphisms in A4,
D—=—D
x / 1.1
E

A morphism @ from EC to EC'={D', E', o/, ', 7'} is a pair of morphisms
k:D—D', 1. E>FE’, such that

dKk=kKa, fx=AB, yA=ky.

We write €€ (2), or briefly €C. for the category of exact couples in .
We now define the spectral sequence functor SS: EE— €. In this section
we will give a very direct description of this functor; in Section 4 we will
adopt a more categorical viewpoint and exhibit quite explicitly the way
in which the spectral sequence is contained in the entire ladder of an
exact couple.

We proceed, then, to define the spectral sequence functor. Thus, given
the exact couple (1.1), we define d: E—~E by d = fy. Since yf=0, it is
plain that d> =0, so that (E, d) is a differential object of 2. We will show
how to construct a spectral sequence (E,, d,) such that (Ey, do) = (E, d).
Set D, =aD, E, = H(E, d) and define morphisms «,, §,, 7, as follows:

oy :D,— D, isinduced by a,

B,:D,—E, isinduced by a"!, 1.2)

y,:E;—D, isinduced by y.
These descriptions are adapted to a concrete abelian category (e.g., a
category of graded modules). The reader who wishes to express the
argument in a manner appropriate to any abelian category may either

turn to Section 4 or may assiduously translate the arguments presented
below.
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Thus the meaning of x, presents no problem. As to f,, we mean

that we set
Bilax)=[Bx],

where [z] refers to the homology class of the cycle z; and, as to y,, we
mean that
71zl =7(2).

To justify the description of #, we must first show that x is a cycle; but
(By) B=0. We must then show that [fx] depends only on ax or, equiva-
lently, that Bx is a boundary if ax =0. But if ax =0, then x=7yy, yeE,
so that fx=Byy=dy and is a boundary. To justify the description of
y; we must first show that y(z) belongs to D, . But D; =ker f and fy(z)=0
since z is a cycle. We must then show that y(z) depends only on [z] or,
equivalently, that y(z)=0 if z is a boundary. But if z=fy(y). then
y(z2) =yBy(y)=0. Thus the definitions (1.2) make sense and. plainly, 8,
and y, and. of course, o, are homomorphisms.

Theorem 1.1. The couple

D, —* D,
;\ / (13)
is exact. E,

Proof. Exactness at top left D;: a,y,[z]=ay(z) =0. Conversely,
if xe Dy=0D and ax=0, then x e kerf and x=yy, y € E. Thus
dy=pByy=0,yisacycle of E, and x=9y,[y].

Exactness at top right D, : B,0,(x)= B,(ax) = [Bx];but x € D, =kerp,
so fx =0, so B0, =0. Conversely, if f,(axx) =0 then fx=fyy, ye E, so
X =7yy + x4, where xq € ker f = D;. Thus ax =axy = a,(xo).

Exactness at E,;: 7y,B(ax)=7,[Bx]=yB(x)=0. Conversely, if
y:[2z]1 =0, then z=fx, so [z]=p,(ax). [0

We call (1.3) the derived couple of (1.1). We draw attention to the

relation E, =7~ '(@D)/B(a"1(0)) (1.4

which follows immediately from the fact that E, = H(E) = Z(E)/B(E).
By iterating the process of passing to the derived couple, we obtain
a sequence of exact couples EC(=EC,), EC,, ...,EC,, ..., where

ECn = {Dm E,;a,, Bm Yn} B
and thus a spectral sequence (E,, d,), n=0, 1, ..., where d,=f,y,. This
defines the spectral sequence functor
$S:CC—CE;

we leave to the reader the verification that SS is indeed a functor. An
easy induction establishes the following theorem.



1. Exact Couples and Spectral Sequences 259

Theorem 1.2. E,=7" (a"D)/B(a""(0)), and d,: E,—E, is induced by
Ba~"y. 0O

Indeed we have, for each n, the exact sequence
" D—2s" Do E 0" D" D, (1.5)

where «, is induced by a. B, is induced by fo ™", and 7, is induced by 7.
Thus we have a short exact sequence

Oecokerani'AE,,—?"—-»keroc,,AO (1.6)

where B, 7, are induced by B,, y,, and
cokera, =o"D/a"* ' D=D/aDua""(0). 1.7

kera,=a"Dnoa " 1(0). (1.8)

We close this introductory section by giving a description of the
limit term of a spectral sequence. We will explain later in just what sense
E_, is a limit (Section 5). We will also explain how, under reasonable
conditions frequently encountered in practice, the limit is often achieved
by a finite convergence process, so that E , is actually to be found
within the spectral sequence itself (Section 3). However it does seem
advisable to present the construction of E_, at this stage in order to be
able to explain the basic rationale for spectral sequences; in applications
it is usually the case that we have considerable (even, perhaps, complete)
knowledge of the early terms of a spectral sequence and E,, is closely
related to an object which we wish to study; sometimes, conversely,
we use our knowledge of E_, to shed light on the early terms of the
spectral sequence. An important special case of the relation of E, to E,
is given in the next section. The relation between E,, and the spectral
sequence itself will be discussed further in Sections 3 and 6.

Our description of E,. will again be predicated on the assumption
that U is a category of modules. Since, in general, E  involves a limiting
process over an infinite set, this is really a loss of generality, which will
be made good in Section 5. However, the description of E, in the con-
crete case is much easier to understand, and shows us clearly how E
is a sort of glorified homology object for the entire spectral sequence.

Let us write E, ;. , for the subobject of E, consisting of those elements
of E, which are cycles for d,, thus

En‘n+ 1= Z(En) .
(The notations of this paragraph will be justified in Section 4.) There is

then an epimorphism ¢ =0, ,,:E, ,+;—E,+, and we may consider
the subobject E, ., of E, ., consisting of those elements x of E,
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such that a(x) is a cycle for d,, , ,,
E,pi2={X€E, j+1|0(XV€E, ;| s2=Z(E,+,)}-
IfxeE,,.,, then 6*(x)e E,, , and we define E,, ,,, 3 by
E,pi3={x€E,,+:|10*(X)€E,s2,4+3=Z(E,,,)} .

By an abuse of language, we say that xeE, ,,, if it is a cycle for d,;
x€kE,,:, if it is a cycle for d,,d,.,; x€ E, .5 if it is a cycle for
dy,dy.1,dys2;5.... We may thus construct the subobject E, , of E,
consisting of those x in E, which are cycles for every d,, r = n. Plainly
0=0,,,, maps E, , onto E,,, . so we get the sequence

o _»En,oo—a'»En+ l.a"—a'» m+2.c """
and we define

E,=lim(E, ,.0). (1.9)
B

Explicitly, an element of E , is represented by an element x of some E,, , :
and x represents 0 if and only if it is a boundary for some d, (r =n).
Thus we may say that x € E,, x &0, survives to infinity if it is a cycle for
every d,, r 2 n, and a boundary for no d,, r 2n; and E, consists, as a set,
precisely of 0 and equivalence classes of elements which survive to
infinity.

It is again plain that E, depends functorially on the spectral
sequence E, yielding a functor

lim:E—A, (1.10)

at least in the case when U is a category of modules. For an arbitrary
abelian category U we need, of course, to rephrase our description of the
functor lim and to put some conditions on the category 2 guaranteeing
the existence of this functor. Such considerations will not, however, be
our immediate concern, since we will first be interested in the case of
finite convergence. This is also the case of primary concern for us in
view of the applications we wish to make.

Exercises:

1.1. Prove Theorem 1.2

1.2. Establish (1.5).

1.3. Show that E, is determined, up to module extension, by a:: D— D.

1.4. Show that SS:EC€— € is an additive functor of additive categories. Are the
categories €C, € abelian?
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1.5. Let C be a free abelian chain complex and let Z-4Z—Z,, be the obvious
exact sequence. Obtain an exact couple

H(O)——H(O)

N/

H(C®Z,)

and interpret the differentials of the resulting spectral sequence.
1.6. Carry out a similar exercise with Hom(C,Z,,) replacing C®Z,,.

2. Filtered Differential Objects

In this section we describe one of the commonest sources of exact
couples. We consider an object C of the category (U, d) and suppose it is
filtered by subobjects (of (U, d))

. CCPcCPC...CC, —aw<p<w. 2.1)

Thus each C® is closed under the differential d on C, that is, dC®® C C®.
Denote the category of filtered differential objects in A by (2, d, f).
Clearly morphisms in (2,d, f) respect filtration and commute with
differentials.
If we consider the short exact sequence

0— C?~D— CP)— CP)/CP~ D (),
we obtain a homology exact triangle
H(C?™ V)—e H(C™®)
¥ / (22
H(C®/CP~ V).

Now let D be the graded object such that DP = H(C'®) and let E be the
graded object such that E? = H(C®/C®*~Y). Then we may subsume(2.2),
for all p, in the exact couple

D—2=2—D
\ / 2.3)
E

in the graded category UAZ, where dega =1, deg =0, degy= —1. This
process describes a functor

H:(%,d, f)—ECA7) (24)
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from the category of filtered differential objects of U to the category of
exact couples of AZ. Notice that if we simply extract from the exact
couple the E-term we have a functor E : (2, d, f)— UZ. This functor may
be factorized in the following important way.

Given any abelian category B, we may form the category (B, f) of
filtered objects of B,

---CBP"VCBPC...CB, —c0<p< . (2.5)

A morphism ¢ : B— B’ of filtered objects then sends B to B’ for all p.
From (2.5) we construct the graded object whose p" component is
B®/B®~Y_ Then we plainly have a functor

Gr:(8B.f)—B8%.

which is said to attach to a filtered object of B the associated graded
object in BZ. Now if B =(U,d), and if X €(W, 4, f), Gr(X)e(W,d)Z=(UZ,d)
and so we may apply the homology functor H to Gr(X) to get an object
of AZ Plainly

E=H:Gr:(U.d. fl>AZ.

On the other hand, starting from (2.1) we may pass to homology and
obtain a filtration of M = H(C) by

...gM(p-l)gM(p)g...gM, (2.6)

where
M® = H(C)” =im H(C*) S H(C). 2.7)

By abuse of notation let us also write H for the functor associating (2.6)
with (2.1). Thus, now,
H: (%, d, )=, f).

so that we get a functor
Gr-H:(U,d, f)—>AZ.

The functors H and Gr do not “commute”; indeed, in the cases we will
be considering, passage through the spectral sequence will provide us
with a measure of the failure of commutativity. Thus, as pointed out,
H - Gr yields E=E, from a filtered object in (. d): and, by imposing
certain reasonable conditions on the filtration, Gr- H will yield E, as
we shall see; moreover these reasonable conditions will also ensure that
E . isreached after a finite number of steps through the spectral sequence.
so that no sophisticated limiting process will be involved.

The assumption then is that we are interested in determining H(C)
and that we can, to a significant extent, determine H(C?/C?~ V). The
spectral sequence is then designed to yield us information about the graded
object associated with H(C) filtered by its subobjects im H(C'®). The



2. Filtered Differential Objects 263

question then arises as to how much information we can recover about
H(C) from the associated graded object. In this informal discussion let
us again revert to the language of concrete categories. Then two con-
ditions which we would obviously wish the filtration of M = H(C) (2.6)
to fulfilin order that the quotients M‘®/M»~ 1) adequately represent M are

@ MP=0, (i) (JMP=M. (2.8)

For if (i) fails there will be non-zero elements of M in every M® and thus
lost in Gr(M); and if (i) fails there will be non-zero elements of M in no
M® and thus unrepresented in Gr(M). If both these conditions hold,
then, for every x € M, x 0, there exists precisely one integer p such that
x¢ MO r<p,xe M®, r>p. Thus every x € M, x %0, is represented by a
unique homogeneous non-zero element in Gr(M) and, of course, con-
versely, every such homogeneous non-zero element represents a non-zero
element of M. Thus all that is lost in the passage from M to Gr(M) is
information about the module-extensions involved; we do not know
just how M*?~1) js embedded in M*” from our knowledge of Gr(M).
Evidently then we will be concerned also to impose conditions under
which (2.8) (i) and (ii) hold. We thus add these requirements to our
earlier criterion, for a “good” spectral sequence, that Gr- H(C)=E.
Such requirements are often fulfilled in the case when  is itself a graded
category so that (2.1) is a filtered chain complex of 2U; we then suppose,
of course, that the differential d lowers degree by 1. Then the associated

exact couple
D—=2 D
x /? (2.9
E

D= (D"}, Dra= H,(C),
E={EPe}, Er1=H(CP/Ct~Y),

where

is an exact couple in A***, and the bidegrees of a. f. y are given by
dega=(1,0), degf=(0,0), degy=(—1, —1). (2.10)

It then follows from the remark following Theorem 1.2 that, in the n'®
derived couple and the associated spectral sequence, we have the bidegrees

dega, =(1,0), degf,=(—n,0),
degyn=(_1’ - l)’ degdn=(_n_ 1, _l)'

In the next section we will use (2.11) to obtain conditions under which
E . = Gr- H(C), and (2.8) holds for M = H(C). Of course, a similar story

@2.11)
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is available in cohomology; the reader will readily amend (2.10), (2.11)
to refer to the case of a filtered cochain complex.

Remark on Notational Conventions. We have indexed spectral
sequences to begin with E, ; and have accordingly identified the E-term
of the exact couple (2.9) with E,. Conventions adopted in several other
texts effectively enumerate the terms of the spectral sequence starting
with E,. Thus, if we write £, for this rival convention, it is related to our
convention by

E,=E,.,.

This difference of convention should be particularly borne in mind when
the reader meets, elsewhere, a reference to the £,-term. For it often
happens that this term (i.e., our E,-term) has a special significance in
the context of a given spectral sequence; see, for example, Theorem 9.3.
A justification for our convention consists in the vital statement in
Theorem 1.2 that d,, is induced by fa™"y; it is surely convenient that the
index n is precisely the power of ™ .

A further matter of notational convention arises in indexing the
terms of (2.9). Some texts put emphasis on what is called the comple-
mentary degree, so that what we have called D?4, EP? would appear as
Dr-9-p Fr-a~P Where this convention is to be found, in addition to that
already referred to, the relation to our convention is given by

P9 _— Fp-9°P -
En _En+l ’

of course. translation from one convention to another is quite automatic.
We defend our convention here with the claim that we set in evidence the
degree, g, of the object being filtered in the case of a spectral sequence
arising from a filtered chain complex; it is then obvious that any differ-
ential lowers the g-degree by 1. Some authors call the g-degree the
total degree.

Exercises:

2.1. Show that the category (2L, d) is abelian.

2.2. Assign degrees corresponding to (2.11) for a filtered cochain complex. What
should we understand by a cofiltration? Assign degrees to the exact couple
associated with a cofiltered cochain complex.

2.3. Assign degrees in the exact couples of Exercises 1.5. 1.6.

2.4. Interpret E_ for the exact couples of Exercises 1.5, 1.6 when m is a prime and C
is of finite type, i.e., each C, is finitely-generated.

2.5. Show that, in the spectral sequence associated with (1),

Ef=im H(CP—/Ctp—r—1) c H‘c(p)/c(p— ny,
2.6. Let ¢,y : C— C' be morphisms of the category (2, d, f) and suppose ¢ ~ 1y

under a chain-homotopy X such that Z(C®)C C'®?*®, for fixed k and all p.
Show that ¢, ~y, : E,— Ej.
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3. Finite Convergence Conditions for Filtered Chain Complexes

In this section we will give conditions on the filtered chain complex (2.1)
which simultaneously ensure that Gr« H(C)=~ E_, that (2.8) (i) and (ii)
hold, and that E_ is reached after only a finite number of steps through
the spectral sequence (in a "local” sense to be explained in Theorem 3.1).
At the same time, of course, the conditions must be such as to be fulfilled
in most applications. A deeper study of convergence questions will be
made in Section 7.

Insofar as mere finite convergence of the spectral sequence is con-
cerned we can proceed from the bigraded exact couple (2.9). However,
if we also wish to infer that the E, term is indeed the graded object
associated with H(C), suitably filtered, and that conditions (2.8) (i) and (ii)
for the filtration of M = H(C) hold, then we will obviously have to proceed
from the filtration (2.1) of C. First then we consider finite convergence
of the spectral sequence.

Definition. We say that x: D—D in (2.9) is positively stationary fif,
given q. there exists p, such that x : D4~ DP*1-4for p > p,. Similarly we
define negative stationarity. If o is both positively and negatively station-
ary, it is stationary.

Theorem 3.1. If o is stationary, the spectral sequence associated with
the exact couple (2.9) converges finitely: that is, given (p, q), there exists r
such that EF'* = EPJ, = ... = ER4.

Proof. Consider the exact sequence

Dr~l.9.a,pr.a b, pp.a_y, pp—1.a=1 g, pr.a-1 3.1

Fix q. Since « is positively stationary, it follows that each o in (3.1) is an
isomorphism for p sufficiently large. Thus EP-?=0 for p sufficiently large.
Similarly E?4=0 for p sufficiently small*. Now fix p, q and consider

Ef+'+l'q+l dy E,‘,"q d’iEf_r_l‘q_l. (32)

By what we have proved it follows that, for r sufficiently large,

Ep+r+l.q+1=0, Ep—r‘l.q—l=0

so that Ep*r+ta*1=(Q, Ep~r~1.471=( for all n=0. Thus, for r suffi-
ciently large, EF*9= EP:4, . With our interpretation of E, it follows also,
of course, that EP*9= EP\4, = ... = EP:4 since the whole of EP'? is a cycle
for every d,, s=r, and only 0 is a boundary for some d,, s=r. []

We next consider conditions on (2.1) which will guarantee that
E%?=im H(C")/im Hy(C*~Y), while also guaranteeing that o is
stationary so that the spectral sequence converges finitely. We proceed
by obtaining from (2.1) a second exact couple.

* “Small” means, of course, “large and negative” !
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Let D be the bigraded object given by
Dra=H,(C/C*™Y). (3.3)
(Our reason for adopting this convention is explained in Section 6; but

we remark that it leads to a symmetry between (2.10) and (3.5) below.)
Then the exact sequence of chain-complexes

0—CP/CP~ N C/CP~V— C/CP'—0
gives rise to an exact couple of bigraded objects

D—2 D
x ‘/ﬁ (34
E

dega=(1.0), degB=(—1L, —1), deg7=(0.0). (3.5)
We now make a definition which will be applied to D, E and D.

where

Definition. The bigraded object A is said to be positively graded fif,
given q there exists p, such that A79=0 if p < p,. Similarly we define a
negative grade.

We have the trivial proposition
Proposition 3.2. If D (or D) is positively (negatively) graded, then
a(or @) is negatively ( positively) stationary. []

Theorem 3.3. The following conditions are equivalent :
(i) « is positively stationary,

(i) E is negatively graded,

(iii)  is positively stationary.

Of course, we can interchange “positive” and “negative” in this
theorem.

Proof. In the course of proving Theorem 3.1 we showed that (i)=>(ii)-
Conversely, consider the exact sequence

Ep-at1l y,pr-1.4_e,pp.a b, Fr.a_ (3.6)

If E is negatively graded, then, given g, EP9*! =0, EP9=0, for p suf-
ficiently large. Thus o is an isomorphism for p sufficiently large, so that
(ii)=(i).

The implications (ii)<>(iii) are derived similarly from the exact
couple 3.4). [J

We now complete our preparations for proving the main theorem of
this section. We will say that the filtration

< CCP~UCCPC...CC, —co<p< 3.7
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of the chain complex C is finite, if, for each g, there exist p,, p, with
@ CP=0 for p=po.
(i) CP=C, for p=p,.
We will say that (3.7) is homologically finite, if. for each g, there exist
Po> Py With

(3.8)

(i) Hy(C®)=0 for p=po,
(i) H(CP)=H/(C) for p=p,.

Proposition 3.4. If the filtration of the chain complex C is finite, it is
homologically finite.

Proof. Plainly (3.8) (i) implies (3.9) (i). Also (3.8) (ii) implies that,
given ¢,

(39

CP=C, CP,=C,yy, for p large.
Thus H(C®) = H,(C) for p large. []

Theorem 3.5. If the filtration of the chain complex C is homologically
finite, then
(i) the associated spectral sequence converges finitely;
(ii) the induced filtration of H(C) is finite;
(iii) E, = Gr- H(C); precisely,

ER2=(Gr+ Hy(0)), =im H(C®)/im H(C?~ V).

Remark. In the case where the conclusions of Theorem 3.5 hold we
say that the spectral sequence converges finitely to the graded object
associated with H(C), suitably filtered. We will abbreviate this by saying
that the spectral sequence converges finitely to H(C), or simply by the
symbol

Ep1=H,(C).

Proof. (i) Plainly (3.9) (i) asserts that D is positively graded; and
(3.9) (ii) is equivalent to the statement that D is negatively graded, as is
seen immediately by applying homology to the sequence

CP C—»C/C?

By Proposition 3.2, a is negatively stationary and a is positively stationary.
By Theorem 3.3, « is positively stationary, hence « is stationary and we
apply Theorem 3.1 to obtain (i).

(ii) This is trivial, but we note that (3.9) is a stronger statement than
conclusion (ii).

(iii) Consider the following extract from the n'* derived couple of
the exact couple (2.9) — see (2.11) for the bidegrees of the maps —

D5+"—1~¢_°L>D5+"'qﬁ>Eg~"ﬁ>D,‘,’_1“’_1- (3.10)
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We fix p, g and suppose n large so that EP?9=EP? by (i). Now
Dr*ma=q" DP9 = im H,(C®) € H,(C®*"). 1t follows from (3.9) (ii) that,
for n large, D?* ™= H,(C)" =im H,(C"”) C H,(C). Similarly, for n large,
Drtn=1a=H(C*~ D =imH(C®* D)CH,(C); and «, is then just the
inclusion Hy(C)*~ 1 C H(C). Also

D'A:-l,q—l =qg"pP " La-1 iqu_,(C("_"_”)g Hq_l(c(p—l))
and, for n large, this is zero by (3.9) (i). Thus for n large. B, induces
(Gr: H/(C)), = E?,

completing the proof of (iii) and of the theorem. []

Again the reader is invited to formulate Theorem 3.5 for a filtered
cochain complex. Notice that we may formally obtain a “translation”
by the sign-reversing trick of replacing (p, g) by (—p, —q). We will feel
free in the sequel to quote Theorem 3.5 in its dual form, that is, for
cochain complexes.

Exercises:

3.1. Show that the validity of Theorems 3.1, 3.3 depends only on degoa. and degpfy
(= degd), and not on the individual degrees of f and y.

3.2. Adapt Theorems 3.1, 3.3, 3.5 to the case of cochain complexes.

3.3. Show that the spectral sequences of the exact couples (2.1), (3.4) coincide.

3.4. (Comparison Theorem). Let ¢ : C—C’ be a morphism of homologically finite
filtered chain-complexes. Show that if ¢, : E,=E, for any r then

@, HO=H(C).

3.5. Let C be a filtered chain complex of abelian groups, in which
cP=0, p<0
CP=C, p2q.

Show that if C satisfies the following conditions (i), (ii). (iii). then E%? is finitely
generated for all p, q.

(i) H,(C) s finitely generated for all q.

(ii) ES-° is finitely generated.
(iii) For all p, if E}? is finitely generated. then E is finitely generated for all 4.
Also show that if C satisfies the conditions (i'), (ii’), (iii’), then E%? is finitely
generated for all p. q.

(i) H,(C) is finitely generated for all q.

(ii") EY'O is finitely generated.
(iii') For all r, if E{ is finitely generated, then Ef**" is finitely generated for
all p.
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4. The Ladder of an Exact Couple

In this section we give a more categorical approach to the process of
deriving an exact couple and hence, by iteration, obtaining the associated
spectral sequence. Although this alternative viewpoint does, we believe,
illuminate the arguments given in Section 1 and explains more precisely
the nature of the E , term, we present it here primarily in order to facilitate
the discussion of spectral sequences and their convergence in the absence
of the type of strong finiteness condition imposed in Section 3.

The basic idea of this section is the following. Suppose given a
diagram in U,

4, ¢
Ta [e (4.1)
A—£-B—2sC

in which yp factors through ¢ and through ¢. We may then take the
pull-back of (y.g) which, since ¢ is monic, simply amounts to taking
y~1(C,). If the pull-back is

Yo,1,
BO.l Cl

B——C

then. since yf factors through g, there exists a unique morphism
Po.y : A— By, 4 such that g, , Bo ; = f. Thus we have the diagram

Ay
A ﬂ.l,Bo_l_“’-_';Cl (4.2)
“ Ieo.IPB Ie (PB = pull-back)

and, plainly, y,_, fo.; factors through o. For if k is the kernel of g, then
yPBfactorsthrougho<>yfr=0<>y, ; Bo 1k =0<>7, , Bo. ; factorsthroughe.

We say that the sequence (B, ;, o.,) is obtained from the sequence (B, y)
by the Q¢process, and we write

Qe(ﬁ’ 'Y) = (ﬂO. 1> yO. l) . (43)

Now we may apply the dual process to (4.2); that is, we take the push-out
of (B, 1, o) which, since ¢ is epic, amounts to constructing coker f, ;
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where, as before, « is the kernel of a. If the push-out is
A, 4B,
A Losp

then, since 7, ; fo,; factors through g, there exists a unique morphism
71 : B;—C, such that y, 64 ; =7, ;. Thus we have the diagram

A,-5B, L,
{rk |
A Los, B, 01,0y 44
| <] |
A——»B—7>C

We say that (f,, y,) is obtained from (B, ,,70.,) by the Q -process, and

we write
Qa(ﬂo,l’ '}’0.1)=(ﬁ1, '}’1) (45)

(ﬁl’ ))l) = Qa Qo(ﬁ* )’) . (46)

On the other hand we may plainly reverse the order in which we apply
the two processes. We then obtain the diagram

4,458, I-cy

" Ie PB [e (PB = pull-back)

A, Lo B, (Lo C “.7)
‘,T PO T'""’ ” (PO = push-out)

so that

A -t5B—rcC
and

(ﬂl.O’ y1,0)=Qa(ﬁ’ y), (Bla?l)=Qe(ﬁl.0, yl,0)=QeQa(B’ )’) (48)
Theorem 4.1. 0¢Q, =0, Q°.

Proof. It is clear, in fact, that B, is obtained from B by first cutting
down to the subobject y~!(C,) and then factoring out fo~*(0), whereas
B, is obtained by the opposite process, that is, first factoring out fo~*(0)
and then cutting down to the subobject corresponding to y~*(C,). Thus

B,=B,=y""(Cy)/Ba™"(0). 4.9

Moreover, B, and B, are induced on 4, = A/g~!(0) by f, and 7,, y, are
induced by y. []
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The reader requiring a more category-theoretical argument will find
it in [10], to which he should refer for a detailed careful approach to
the arguments of this and subsequent sections. (Actually the categorical
argument appears in the proof of Theorem III. 1.4 in the case when
A— B—C is short exact.)

We may now eliminate the bars over 8, y,, B, in (4.7). This enables
us to enunciate the next proposition.

Proposition 4.2. The square

00,1
By, ,=» B,

I(’o, 1 Iﬂl,o

B dl,on B1,o

is bicartesian (i.e., a pull-back and push-out).

Proof. The square may be written
?~H(Cy)—>y~1(C)/Ba™1(0)
B————»B/fa"1(0)
with the obvious morphisms, and this is plainly bicartesian. []

Proposition 4.3. Consider the diagram

A-Lt.p—r,C

where yf factors through gg,. Then, if (B,y)=0Q%B,y), ¥'B factors
through ¢, and
Qeer=QeQe, (4.10)

Proof. Let yf=9¢0:6. Then gy f =00,6 so that yf =g,6. Then
(4.10) follows either by observing that the juxtaposition of two pull-back
squares is again a pull-back, or that restricting to y~(C,) is equivalent
to first restricting to y ~*(C,) and then restricting to y~*(C,)! []

Proposition 4.3 has a dual which we enunciate simply as follows: if
P factors through ¢,,5, A—» A,-"1» 4,, then

05,6=05,Q- (4.11)
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Since we will be principally concerned with the case when y8=0, the
factorization hypothesis present in the construction of Q¢, Q, will not
usually detain us. In the light of Theorem 4.1 we may write

05=0°0,=0,0° (4.12)
and then (4.10), (4.11) imply
5106=020 . (4.13)
Getting closer to the situation of our exact couple, we prove

Theorem 4.4. If the bottom row of (4.4) is exact, so are all rows of
(4.4) and (4.7).

Proof. That the middle row of (4.4) is exact is plain, since
y O Sy HCY).
The rest of the statement of the theorem follows by duality. []

We now apply the processes Q¢ Q, to the study of exact couples.
Given o: D—D we split a as an epimorphism ¢ followed by a mono-
morphism g.

D2»D,~%D, a=go.
Inductively, we set g, = @, 6o = 0, and, having defined
D, ,==»D,~*=HD, |, 01 =@-10s-1>
we define a,, =0, _,0,-, : D,— D, and split «, as
D,~=»D,,~*>D,, a,=0,0,. (4.14)

Of course, D,=o"D = D/a""(0) and a, is obtained by restricting x. We
further set

vV, =00 .- Qy-1:D,—D, n,=0,.,...006:D—>»D,.
Then o" : D— D splits as
D-»D,~">D, o"=v,mn,. (4.15)

Remark. The description above is not quite adequate to the (bi)-
graded case. We will explain the requisite modifications at the end of this
section.

Consider now the exact couple (1.1) which we write as

D5DELELD-SD. 4.16)
Carrying out the Q," -process we obtain

D,—*D, =g, Ymep D (B Ymn) = O (B ). (4.17)
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Theorem 4.5. The sequence (4.17) is exact

Proof. We have already shown exactness at E,, , (Theorem 4.4). To
show that E, ,2==D,—*D, is exact, first take m=0 and consider

Yo,n On
EO,n_'_’Dn_’Dn

I PB Iv-. Iv- (PB = pull-back)
E—Y sD—*,D

Then E,,=7 !(D,) so that y,,E,,=yEnD,=a"'(0)nD,=a, 1(0),
since a,, is the restriction of o.
The general case now follows. For the diagram

Dmﬁ‘L*Em,nﬂ""" D,

»,..T PO Tq,.,,.. ” (PO = push-out)
D Bo.n Eo'" Yo.n D”

shows that y, ,E, ,=7%0..,E¢.,: and the remaining exactness assertion
of the theorem follows by duality. []
Note that

E,..=7 YD)/Bn, 0)=y" "(«"D)/fa""(0). (4.18)

In particular, E, , = E, and (4.17) in the case m=n is just the n'™ derived
couple. Moreover, we may apply the Q¢- and Q, -processes to (4.17).
Then Proposition 4.2 implies

Theorem 4.6. The square

Om,n+1
Em,n+1 Em+ i,n+1

l@m.n Iom-fl.n

Om,n
—_—
Em,n Em+ i,n

is bicartesian. []

The notation of this theorem enables us to describe E as a double
limit in a very precise way. For we will find that, in the notation of
Section 1,

E, .= llng(Em.": Qm,n) (4.19)
(see Exercise I1.8.8), and thus E_ = m E,, .,or

Eq, = lim i (E,, 3 Q. O - (4.20)
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We will explain (4.19) and (4.20) more fully in the next section, where
we will also see that

E,= linEliT"lg(Em,,.; Qm.n> Om.) - (4.21)

However, we will here break temporarily with our severely categorical
formulations to give descriptions of E,, ., E,, appropriate to a concrete
category. We then observe that E,, ., = () E,,, and that E,, ., E,, have

n

descriptions analogous to E,, , in (4.18) namely,

E, o=v"'(2®D)/fa""(0), (4.22)
E, =y '(a®D)/pa">(0), (4.23)

where we define
a*D=(a"D, o ®0)= ) "(0). (4.29)

These descriptions follow from the characterization of E,, ., E, in
Section 1. Also we point out that if we define

Eoo.n=li_:2(Em.n;am.n)=Em.n/t‘_‘) a 40, (4.25)

where
= On+k—1.n"* Om+1,n%m.n»

then E =!i£E°M, and
n

Eqn=7"'("D)/Ba™>(0). (4.26)

Of course, (4.22), (4.23), (4.26) may be formulated categorically; we need
to note that

a*D=1im(D,,¢,), D/a”*(0)=lim(D,,q,), (4.27)

where the meaning of the limit (lim or Jim) in a general category will be
explained in the next section.

The n'* rung of the ladder of an exact couple is, as we have said.
just the n™ derived couple. We have seen that there is actually an
(m, n)** rung, connected to the original couple by the W -process; thus

l)"l am lDm ﬁm.n Em‘” Ym,n D” an D”

R R e

D —-sDpD £ ,E Y ,p 25D

ﬂn.n = Bm Ynon = Vns En.n =E,.
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We will see in the next section how to extend this to include m= 0,
or n= oo, or both. Meanwhile we describe, as promised, the modifica-
tions necessary to cover the case of a (bi)graded couple.

Our point of view is that the vertical morphisms of a ladder should
always be degree-preserving, so that the morphisms in any vertical
family all carry the same degree. To achieve this we must complicate
our procedure in obtaining the ladder, precisely in the factorization of «
as go. For we will want ¢ and ¢ to be degree-preserving and thus we
factorize x as

o= owoa, DD D"%D. (4.29)
where  is an isomorphism carrying the (bi)degree of a. More generally,
o =v,0,Mn, -

where w,, : D, D, carries the degree of o".
Thus (4.28) is replaced by

D;n A Di,n tﬂn,nl Em'” Ym,n D,': an , D,','
Tnm Tnm I I (4.30)
D —=2»>p—£,E Y D —25D

and, of course,

oy O, = W, 0, . (4.31)

If we wish to obtain an exact couple from the n'® rung, we have to decide
(arbitrarily, from the category-theoretical point of view) which of
D;, D, is to be regarded as D,. It is standard practice, in view of classical
procedures, to choose D, =D,. Then we set

—_— — R -1 "
Oty = Ol Bn_ﬂnwn s 'n="n

and thus obtain the rules
dega, =dega, degf,=degf —n-dega, degy,=degy, (4.32)
degd, =degf,y,=degf +degy—n-dega, (4.33)

agreeing with (2.11). Of course, the degree of d,, is independent of whether
we regard D, or D, as D,.

Exercises:

4.1. Prove directly, without appeal to duality, (i) (4.11), (ii) Theorem 4.4, (iii) the
exactness of (4.17).

4.2. Give detailed proofs of (4.18), (4.22), (4.23).

4.3. Describe E, , in a way analogous to the description of E,, ., in Section 1.
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4.4. Show that E,, , is determined by o : D— D up to a module extension.

4.5. Use Theorem 4.6 to show that E,, ,(m < ov, n < o0) is entirely determined by the
spectral sequence.

4.6. Consider (4.1). Describe the Q%process when y factors through g. Dualize,

5. Limits

In this section we formulate the theory of limits and colimits in so far
as it is necessary to establish the crucial Theorem 5.3 below. Our general
discussion is, of course, based on the material of Section I1.8.

Let € be an arbitrary category and I a small index category which
we may assume here to be connected. We have the diagonal, or constant,
functor P: €— @€’ and we suppose that P has a right adjoint R: ¢’ —G.
Then, according to Proposition 11.7.6 and Theorem II.8.3, we may
suppose RP =1, and the counit § : PR— 1 satisfies 6P =1, R = 1. Then,
for any functor F : I -G, the limit of F, !iEF , is defined by

limF = R(F), 6.1
—

and ¢ yields the morphisms d; : R(F)— F; completing the description of
the limit.

We point out that the universal property of imF is as follows. Let
morphisms ¢;: X—F(i), ie I, be given such that, for all a:i—j in I,
the diagram

2, F(i)

X
| I

X< F0)

is commutative. Then there exists a unique morphism ¢ :X —»hmF
such that §; iP=9;: X—F(i), iel. Indeed ¢ is given as R(Q) where
@:PX—F is the morphism of €' corresponding to the set of
morphisms ¢;.

Similarly. a left adjoint L to P yields the colimit;

limF =L(F), F:I-C, (5.2)
N

and the unit ¢: 1—PL yields the morphisms ¢;: F;,— L(F) completing
the description of the colimit.

According to Theorem II.8.6 any right adjoint functor preserves
limits. Thus, in particular, limits commute. We proceed to make this
assertion precise and explicit.

Consider a functor F:IxJ—G€, where I,J are two (connected)
index categories. We may regard F as a functor I—G€’ or as a functor
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J—€I; in other words, there are canonical identifications
CJ > (Y (@€Y, (5.3)

and we will henceforth make these identifications. Let P:C—G*/,
P, :€—@', P,:€—E’ be the diagonal functors and suppose that

PR, i=1,2. (5.4)

There is a commutative diagram
c Py ¢!
p,l \ Pg (5.5
€ — @17

with diagonal P. !

Theorem 5.1. There is a natural equivalence R, R} =R, R}. Setting
either equal to R, we have PR, RP = 1 and the counit 6 : PR— 1 is given
by 6=6]:P{6,R] if R=R,R}, or 6=06%-Pi5,R if R=R,R}.

Proof. The first assertion is a special case of Theorem I1.8.6. The rest
follows readily from Proposition I1.7.1 and we leave the details to the
reader. []

This theorem asserts then that limits commute; similarly, of course,
colimits commute. However, it is not true in general that limits commute
with colimits (see Exercise 5.4). Nevertheless, since the pull-back is a
limit and the push-out is a colimit, Theorem 4.1 constitutes an example
where this phenomenon does in fact occur.

We now consider the following situation. We suppose given the
diagram

...—)A”+l.;‘2_)An.l"__'_)...—)Al—L)Ao
lrpn +1 lwn l«’ 1 lwo (5.6)
..—B,,,—f~>B,fr=1,... B o ,B,

in € and let 4, =lim(4,,a,), B, =lim(B,, ,). Then there is a limit
diagram (where @, B are given by the counit (see (5.1)

A, 254,
J% J 5.7)
Boo _L" BO

Theorem 5.2. If each square in (5.6) is a pull-back, then (5.7) is a pull-
back.

This theorem can be regarded as a special case of Theorem 5.1.
However, we prefer to give a direct proof.
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Proof. We have to show that (5.7) is a pull-back diagram. Suppose
then given p: X— A4, and y: X— B, with ¢,y = . We then obtain
morphisms po=v:X—A, and y, =6,x, where 6, :B,— B, is given
by the counit (see (5.1)). Clearly ¢y, = Boxl ; hence, since each square
in (5.6) is a pull-back, there exists a unique y, : X — A4, satisfying the
usual commutativity relations. Proceeding by induction we obtain a
family of morphisms {y;: X—A4;} with o;y,=vy;_, for i=1. Hence
there exists a unique morphism y_: X—A_ with d,p,=v;, Where
8;: A,— A, are given by the counit, and ay,, = . Similarly {¢,;: X - B;}
give rise to the map y: X— B, so that, by the universal property we
then have ¢y, =y Hence it follows that p  satisfies the required
conditions. We leave it to the reader to prove the uniqueness of
satisfying these conditions. []

Notice that this result applies to an arbitrary category, provided
only that the limits exist.

We use this theorem, and its dual, to prove the basic result on exact
couples in an abelian category and the limit of the associated spectral
sequence.

We recall from Section 4 the notations (see (4.14), (4.15))

6,:D,—»D,+(, 04:Dysr—D,,

(5.8)
n,:D —-»D,, v,:D, —D.
Then we set
I=lim(D,.¢), U=Im(D,q,) (59)
and let
v:[»-D, n:D—-»U (5.10)

be the canonical morphisms. We apply the Q,-process to the exact
couple (1.1).

Theorem 5.3. In the notation of Theorem 4.6 we have

E, =h_;n, }1”2(E.....,; Cm.n* Om,n) =y”2117”r§,(Em.n; Onns Omn) - (5.11)

The Q,-process yields
e R R |
1'1 Tn Iv l\' (5.12)

D—=>D-t,E-—Y,p—2,D

where o, o” are induced by o and the top row is exact.
Notice that in the concrete setting of Section 4 we have (see 4.27)
I=()oa"D=a*D, U=D/|Ja ™0)=Dja">(0). (5.13)
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Thus Theorem 5.3 effectively establishes all the facts given in Section 4,
relating to E, since we may, of course pass to the limit starting from any
derived couple of the given exact couple.

Proof. Let us execute Q, as Q,Q". We thus obtain

U a iU ﬂw,w’Em Yoo, Yeo,0, 1 iI

et ]

1")———»1")—%&»]5 RIEN i——»l (5.14)
D ! ,p—2 D

However, by Theorem 5.2, E; , =lim E0 = ﬂ E,.,, and so is, in fact,

the subobject of E designated as E, . in Sectlon 1. Of course, the

identical argument would establish that if we pulled back from the m™

derived couple we would obtain E,, ,, as defined in (4.19), and that E,,

coincides with the description glven in Section 1. We now apply Q,,

The dual of Theorem 5.2 now establishes that we obtain the top row with
E, o =lmE,  =limlimE, ,,

provided only that we establish that

ﬂn+l .
Dn+l En+l.ao

Tﬂ'n Iﬂn, © (5. .I. 5)

Dn—'—i"."w—)En.ao

is a push-out, for all n. It is plainly sufficient to show this for n=0, so
we look at
D, —% ’Dl ﬂl,w,E Yoo J iI

T T, I,o,,, “ ” (5.16)

D —2-D fo=,E, Yo=,] o ,]

Now the middle row of (5.14) is exact — the argument is exactly as for
Theorem 4.5. Thus both the rows of (5.16) are exact and from this it
readily follows that (5.15) (with n=0) is a push-out. (From this it also
follows that g, ., is an epimorphism, but this can be proved in many ways.)
Since E_, was defined in Section 1 as li_m)E,,,,w, we have established that

E, »=E,. Now since we could have executed Q; as Q"Q, it follows
immediately that
an,ao = !_IE ]i_m)mEm.n

so that (5.11) is established.
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The exactness of the top row of (5.14) follows exactly as in the proof
of Theorem 4.5 and the determinations (4.22), (4.23), (4.26) of E,, .., E ..,
E, ,respectively now follow from the appropriate exact sequences. []

Remark. The reader should note that Theorem 5.3 as stated is valid
in any abelian category in which the appropriate limits exist. There are
no arguments essentially involving elements and diagram-chasing.

Of course, (4.22), (4.23) and (4.26) require modification in an arbitrary
abelian category; the best description is then the statement of the
appropriate exact sequence; thus

D,—%D,tm=E  dme, @ ] (5.17)
U—=2>U-Lt=sE, 2=, ] 2], (5.18)
U—2>5U-Lan,g  Jden,p_on,p (5.19)

Of course the limit term could also be characterized by means of the
Q,-process, but this would conceal the fact that it depends only on the
spectral sequence and not on the exact couple.

The reader should also notice that the exact couple (1.1) ceases to be
an exact couple “in the limit” but remains an exact sequence (5.18).
We wish to stress that the exact couple disappears because we are
carrying out both limiting and colimiting processes. It is thus a remarkable
fact embedded in (5.11) that these two processes commute in our special
case.

There would have to be some trivial modifications of detail in the
case of a graded category as explained at the end of Section 4. It is un-
necessary to enter into details.

Exercises:

5.1. Complete the details of the proof of Theorem 5.1.

5.2. Show that Theorem 5.2 is a special case of Theorem 5.1.

5.3. Show that the usual definition of the direct limit of a direct system of groups
is a special case of the given definition of colimit.

5.4. Let D(i,j) be a doubly-indexed family of non-zero abelian groups, 0<i< o,
0<j<oo. Let I°°*=J, where J is the ordered set of non-negative integers,
and let F: I x J—Ub be given by

F(io,fo) = @ D(l’j) .
iSio,j < jo

Complete the functor on I x J by the projections F(iq, jo)— F(iy, jo), if i; < i,
and the injections F(iy,jo)— F(ig,j,), if jo <j,- Show that

lim im F % lim lim F .

— — —

J 1 I J
5.5. Deduce that (5.15) is a push-out (for n=0) from the exactness of the rows of

(5.16).
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6. Rees Systems and Filtered Complexes

In Section 2 we studied filtered differential objects, and pointed out that,
under certain conditions, the E term of the associated spectral sequence
was obtained by applying the functor Gr-H to the given filtered
differential object. Explicit conditions in the case of a filtered chain
complex were given in Section 3. Our main objective in this section is to
examine the problem in complete generality, so as to be able to obtain
necessary and sufficient conditions for

E,=Gr-H(C). Ce(W.d,f). (6.1)

These conditions will then imply the relevant results of Section 3. Thus
this section, and the next, can be omitted by the reader content with the
situations covered by the finite convergence criteria of Section 3. Such a
reader may also ignore Section 8, where we discuss, in greater generality
than in Sections 2 and 3, the passage from H(C) to Gr- H(C).

We will generalize the framework of our theory in order to simplify
the development. Given an abelian category U, consider triples (G. A. 6)
consisting of a differential object G of (2, d). a differential subobject 4
of G and an automorphism 0 : G=G such that 04 < A. We thus obtain
a category T(Y, d). If (see (2.1))

..gCPr-ccwg...CC, —o<p<cC

is an object of (2, d, f). we obtain a functor

F: (U, d, /)—>IT(AL d) 6.2)
by setting
G(C)= (—Bz C
AC)=Pp c»
PEZ

(with the evident differential of p-degree 0), and defining 6 : G(C)— G(C)
to be the morphism of degree + 1 which is the identity on each component.
Thus we will later use the functor F of (6.2) to apply our results on triples
(G, A, 0) to filtered differential objects, by considering the triple F(C),
Ce(U, d, f).

Given (G, A4, 0) € T(YU, d), set B=0A. There are then exact sequences
of differential objects (using the habitual notation of modules)

S,: B~ A4-i» A/B

S, : A/B-G/B-i»G/A
Sy: A ~i4,G-45G/A
S,:B~5G-2,G/B

(6.3)
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If we write 0 for the isomorphisms G =~ G, A = B, G/A= G/B, then these
four sequences are connected by morphisms as follows

§, eiad, 5 P g Gimt) g, (6.4)

where we use the symbol 0 to represent any isomorphism induced by the
isomorphism 0:(G, A)=>(G, B). Passing to homology, using the same
symbols as in (6.3) for the induced homology morphisms and w; for the
connecting homomorphism associated with the sequence S;.i=1.2, 3,4,
we obtain the diagram

H(B), ————— H(A)

\\/

H(G) H(A/B) s @ H(G) (6.5
iB : ® 2 Ja
H(G/B)—————5———H(G/A)

where the morphisms (6.4) imply the commutativity relations
iqi=ip, ffa =ja» i-j’_‘jBiA >
wi=w;, jo;=0,, in, =0, (6.6)
OiA=i30, ejA =j30, 00)3:(040.

We use the isomorphism 6: S;~ S, to bring triangle @ into coincidence
with triangle @ in (6.5). That is, we write

D=H(A), E=H(A/B), D=H(G/A), TI'=HG), (6.7
a=if, PB=j, y=0"'w,;
a=j0, PB=ow,, 7F=071i, (6.8)
{=w;3, @=is, G=ja,
and obtain the diagram

D———"-——-—*D
/\@/\
r @ ¢ E t ® I
S e A
[ ® (4

D - D

in which @ and @ are exact couples, @ is an exact triangle, and

af=¢a, PBE=P, y=¢7. (6.10)
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Moreover, there is an automorphism 6 : I'=I" such that
bp=9po0, GO=0p, @O 'e=7p. (6.11)

We call (6.9), where the morphisms satisfy (6.10), a Rees system in .
If there is given an automorphism 0 satisfying (6.11) we say that the Rees
system is special. We thus get (with the evident definition of the
morphisms) two categories R(, d), S(U, d) and an underlying functor
U:S—>%R. In fact, in this book, all the Rees systems we meet will be
special. However, we prefer to retain the notion of a Rees system, since
not all our arguments require the existence of 6. We thus have described
a functor R: I (U, d)— S(YU, d). Notice that every exact couple, EC,
may be regarded as a Rees system by setting

@ =EC,
@ =EC,
r=0,
&=1,

and this Rees system is trivially special. Thus we have a full embedding
E:EE(A)— S(U, d). Notice also that, for the triple F(C), where C is
a filtered differential object, the exact couple (2.9) coincides with @ in
(6.9). Thus, by extracting the exact couple @ from the Rees system (6.9)
we get a functor E : S(U, d)— EC(Y); and we have

EE=1,
and the following elementary proposition.
Proposition 6.1. The diagram
(2, d, /) EE(AY)

F E||E (6.12)
IT(AZ, d)—L-SAUZ, d)
commutes. []

Theorem 6.2. In the Rees system (6.9) the spectral sequences of the
couples ® and @ coincide.

Proof. The relations (6.10) assert that we have a morphism of EE,
¢&):o—-0.
Applying the spectral sequence functor. we get
S$S(,1):SS@ - SS®.

But SS(&,1) is then a morphism of spectral sequences which is the
identity at the E,-level. It is, therefore, the identity. []
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Thus we have a unique spectral sequence associated with any Rees

system,
SS®=S550@. (6.13)

In view of (6.13) it is natural to ask whether we may generalize the
process. described in Section 1. for deriving an exact couple to obtain the
derived system of a Rees system. We now present this generalization.

We base ourselves on the Rees system (6.9). We may plainly pass to
the derived couples of the couples @ and @ - since. by (6.13). their spectral
sequences coincide — and then (&, 1) induces a morphism (&,, 1) of the
derived couples, where &, : D;— D, . Now consider the diagram

Dl 51
o
L4 14

Plainly g is a factor of @; for g is the kernel of § and fp=B¢p =0.
Similarly o is a factor of ¢, so that if we apply the 6%-process to (¢, @)
we get

D,*4T-24Dy, ¢,0=0, 06,=3. (6.14)

Moreover, the proof of Theorem 4.5 applies here to show that. since @
is exact, namely,
D-5Dp-2r-2,p-5p,
so is the derived triangle
D, D,-2T-25D, 4L D, . (6.15)
Thus we have proved
Theorem 6.3. The Rees system (6.9) induces a derived Rees system

D ——2— D,
I
r & E, & r
D, —E—————*51 1
Proposition 6.4. Given a Rees system (6.9) and its derived system (6.16),

we have Y =97, ;0.

Proof. This follows immediately from the definitions of ,, 7, given
in Section 1. A proof valid in any abelian category is given in [10;
Prop. 7.16]. [

(6.16)
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Proposition 6.5. If (6.9) is special then (6.16) is special with the same
6:I'="r.

Proof. Suppose given 0 satisfying (6.11). Then
bpo=0p=pa=¢p00=¢,0,0,
so that 8¢, = ¢, a,. Similarly ¢, 6 =, @. Finally
00,07 0,0=00"'o=Tp=071P,0,

sothat 3,07 ', =78, [

Our principal interest lies, of course, in the Rees system associated
with F(C), where C is a filtered chain complex, and we use this application
to motivate our next discussion. We are going to want to know when

E, =Gr:-H(C), so we look for Gr< H(C) within the Rees system
associated with F(C). We may immediately prove

Proposition 6.6. For the triple F(C), we have
Gr- H(C)=i,H(A)/ig H(B) =kerj ,/kerjg .
Proof. Plainly. if G = G(C), A = A(C). then
isH(4)= @ imH(CP),
14

ipH(B)= ) imH(C®~ ).

Thus i, H(A)/igH(B)= @ im H(C'")/im H(C®?~ ") = Gr - H(C). The
p
second equality follows from exactness. []

It has been established that the couples @ and @ lead to identical
spectral sequences such that E = E, = H(A/B), so that we should look for
conditions under which

E,=i,H(A)/igH(B). 6.17)

Now, in the notation of the Rees system (6.9), obtained from (6.5),
we have the relations

i,H(A)igH(B)=¢D/6¢pD . (6.18)
kerj, /kerjp=kerp/kerp6~!.
We set, for any Rees system (6.9),
Ir'* =¢D/paD, I' =kerap/kerp. (6.19)
Then, in the Rees system associated with F(C), we have
r*=GreH(C), (6.20)
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and, moreover,
Proposition 6.7. In a special Rees system (6.9) 0 induces an isomorphism

0.r-=r+. [

Remark. There is an isomorphism I'” = T'* in any Rees system, even
if it is not special (see Theorem 7.25 of [10]).
Thus we are concerned, in studying the filtered chain complex C,

to decide whether
E =rI*. (6.21)

We draw particular attention to the fact that the convergence criterion
(6.21) is stated entirely within the Rees system, and we will give necessary
and sufficient conditions for (6.21) to hold in the next section. The exact
couple @ (or @) of (6.9) plainly cannot contain the information to decide
whether E_ =~ Gr: H(C), since C does not appear in @, only the filtering
subcomplexes C'P. Thus it is preferable to replace the category G by the
category & in setting up the chain of functors leading from filtered chain
complexes to spectral sequences. Specifically (see Proposition 6.1) we
have the commutative diagram

(Q[Z, d,f)M;E(Q[lxl’d)Mﬁ(Q[sz)
F ‘ 6.22)
(Q[l, d,f)—ﬁ—.; Gﬁ(mlxl) L@(Q[zxz) :

and the top row of (6.19) has the advantage over the bottom row that,
in the Rees system RF(C), we retain the information necessary for
deciding whether E_, = Gr: H(C), whereas in H(C) we can only decide
internal questions relating to the convergence of the spectral sequence
(e.g.. whether it converges finitely). We wish to emphasize this point
because many spectral sequences (for example. that which relates
ordinary homology to a general homology theory in algebraic topology)
do not arise from a filtered chain complex. but do lead naturally to a
(special) Rees system.

We close this section by rendering explicit all the objects appearing
in the Rees system (6.9) obtained from a filtered chain complex C and
listing the bidegrees of the morphisms. Of course, the exact couple @
in (6.9) is just (2.9) and the exact couple @ in (6.9) is just (3.4).

Notice, first, that the term I' = H(C) is only graded, although we may,
conventionally, bigrade it, as explained below. Then, referring to (6.9),

D ={Dr4}, D»1=H(C");
D={br9, Dr1= H,(C/CP™Y);
E={Er%}, E»i=H,(CP/C?~Y);
I={I»4), I"4=HyC);

(6.23)
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dega=(1,0), degff=1(0,0), degy=(—1, —1);
degd =(1,0), degB=(—1, —1), deg7=(0,0);
deg{=(—1, — 1), degp=(0,0), degp=(1,0) ;
0:Ir—T is the identity morphism of degree (1,0).

(6.24)

Here the p-degrees of ¢, @ are, of course, purely conventional; what is
important is that the p-degree of g ¢ is 1.

Passing to the n'® derived Rees system of the Rees system (6.9)
obtained from a filtered chain complex C, we obtain the bidegrees

dego, =(1,0), degB,=(—n,0), degy,=(—1,—-1);
deg®, =(1,0), degB,=(—n—1, —1), deg¥,=(0,0);
deg¢,=(—1, — 1), degp,=(0,0), deg®,=(1,0);
degd,=(—n—1, —-1).

(6.25)

We remark that the asymmetry between the degrees in the derived

couples of @ and @ arises from our conventional insistence on regarding

D, and D, as subobjects of D and D, respectively. We would preserve

symmetry by regarding D, as a subobject and D, as a quotient object.
We revert finally to the convention (3.3),

Dre=H,C/CP V).

This convention was, as explained above, essential if we were to have
symmetry between the degrees in the couples @ and @ of the Rees
system RF(C) — and so a chance of symmetry on the degrees of the
derived couples. It is also consistent with the view that Gr< H(C) is
really a “self-dual” construction; one either considers the family of
morphisms H(C)-2% H(C), passes to the induced epimorphisms of
cokernels coker ¢? ! —»coker ¢, and takes kernels — or one considers
the family of morphisms H(C)-22-— H(C/C®~Y), passes to the induced
monomorphisms of kernels ker @?~ !~ ker @P?, and takes cokernels.

Exercises:

6.1. Identify the morphisms of (6.9), including 6, for the Rees system of the triple
F(C), and establish the commutativity relations (6.10), (6.11).

6.2. Interpret the relations 30~ ' =7p. 3,0~ ' ¢, =7, B; for the Rees system of
the triple F(C).

6.3. Establish the remark following Proposition 6.7.

6.4. Do the couples ® and @ of (6.9) together contain all information necessary
to determine if E_, = Gr+ H(C)?

6.5. Obtain a special Rees system for a filtered cochain complex, paying special
attention to the degrees of the morphisms involved.

6.6. Formulate the ladder of a Rees system !
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7. The Limit of a Rees System

In this section we introduce the limit of a Rees system; our particular
interest is in obtaining necessary and sufficient conditions for the iso-
morphism (6.21) E, =~ I'* and to show how these conditions include
those of Section 3.

We use the limiting processes introduced in Section 5, and obtain
from (6.9), first, the diagram

\,f:f f/I\F 7

U
The morphisms B. 7, Buc- 7, Were defined in Section 5. The morphisms
&, &y are obtained by applying limit and colimit functors to the mor-
phism ¢&: D—D. The morphism ¢ is obtained by means of the mor-
phisms ¢,: D,—I of the successive derived Rees systems using the
universal property of the colimit; and similarly for ¢;. We have the exact
sequences

U-SsULsE o))

— T 1.2

02,0k, 3T 50].

Moreover, the commutativities

Boo éU = Fe( ’ Y = éli;oo s cva' = a’fu s éla” = a”él (73)

follow from the corresponding commutativities of the successive derived
Rees systems. We claim

Theorem 7.1. The sequences

are exact.

Proof. Since &y, ¢ are induced by &, ¢ by passing to quotient objects,
the exactness of U<% U25 I follows immediately from that of D> D-&T.
Similarly for the second sequence. []

Recall (6.19) that I'* was defined as ¢ D/¢poD and I' ™ as kera @/ker @.
We immediately infer

Proposition 7.2.
I"+ =Qu U/(Pua' U N
' =kera" @ /ker ;.
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Proof. Obviously ¢y U=¢D, ¢ya’U=¢aD. As to the second ex-
pression, we may appeal to duality (the two expressions actually are dual,
although their expressions disguise the fact!), or invoke the diagram

=7

r--p—-p

—

We also observe that, in a special Rees system with 6: =T, the
third of the identities (6.11) “goes to the limit”, yielding

510_1‘P0=7wﬁao- (7'4)
We now put the facts together to yield the main theorem of this section.
Theorem 7.3. The Rees system (6.9) gives rise to the limit diagram

cokerar’ ——cokera’ 2+

I* IW

cokera'~2 E_ —Z»kerd” (1.5)
lvf 1 14
kera” = kera”

with exact rows and columns.

Proof. The exact sequence (5.18) yields the exact sequences involving
By Vx> By 74 The diagram

U5 U225, U
|« |-
U5 U225 ¢, ZJ
immediately yields, by passing to cokernels. the exact sequence
cokera’ ——cokera’ —£»T* .
However, £’ is monomorphic, in view of the diagram

U4 U
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with exact columns. By duality we obtain the exact sequence
2= kera” —"» kera” .

Finally, we set " =@ ~ 6~ (Proposition 6.7) and establish the com-
mutativity of the upper right hand square by appeal to (7.4). [J

It is now obvious from Theorem 7.3 that I'* ~ E_ via a natural iso-
morphism if and only if cokera’ =0 and kera” =0. To make this state-
ment quite precise, we need here the notion of a homomorphic relation
between two objects X and Y of an abelian category U; this is simply
a subobject of X@ Y. We also speak of a homomorphic relation from
X to Y. Now it follows from Theorem 7.3 that we have an exact sequence

cokera/—8=2) , F @+ <3=@73 kerg” (7.6)

so we obtain a homomorphic relation @ from E_ to I'* which is
im{p,, ¢*}. Evidently @ is natural.

Now a homomorphic relation can only be an isomorphism if it is
a morphism (for the general theory of homomorphic relations see [22]).
Thus we are led to the following important corollary, rendering precise
the conclusion refered to above.

Corollary 7.4. The homomorphic relation @ from E_ to I'* is an iso-
morphism if and only if

cokera’=0, kera’=0. [J 7.7

Thus the conditions (7.7) are the necessary and sufficient conditions

for the validity of (6.21); and hence of (6.17), E , =~ i, H(A)/iz H(B), for

a Rees system arising from a triple (G, 4, 6). We may apply this to the
case of a differential filtered object

g g...cC, —oww<p<o,

by means of the functor F (6.2). Then I'* =i, H(A)/iz H(B)= Gr- H(C).
With a view to interpreting conditions (7.7) in this case, we define the
subobject I, of H(C'P) as

I,= Oa"H(C“’"‘)),
where « : H(C®~")— H(C'?) is induced by the inclusion; and we define
the quotient object U, of H(C/C) as
U,=H(C/C?)/Ja ™ (0),
k
where @ : H(C/C'"")— H(C/C®*Y) is induced by the inclusion of C” in
C?*1_We conclude

Theorem 7.5. In the spectral sequence arising from a filtered differen-
tial object C, the homomorphic relation @ from E_ to Gr-H(C) is an
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isomorphism if and only if
I,na '(0)=0, @U,=U,.,, forallp, (7.8)

where &' is induced by @. []

Let us finally observe how condition (3.9), that C be homologically
finite, automatically — indeed, trivially — guarantees (7.8). For, in this
case, we are dealing with a filtered graded differential object C and (3.9)
(i) implies that I, , =0 for all p, q so that I,=0 for all p, while (3.9) (ii)
implies that U, , = 0 for all p, g so that U =0 for all p.

More generally, we may paraphrase (7 8), in the case of a filtered
(graded) differential group C almost precisely as follows. We say that an
element of H(C”) has filtration — o if it belongs to I, , that is, if it is
in the image of H (C"’) for all r<p; and we say that an element of
H (C“”) is stable if i 1t is non-zero in every H, (C")), r = p. We apply similar
termmology to H,(C/CP). Then (7.8) may be translated as saying:

“elements of H, (C‘(")) of filtration — oc are stable; stable elements of
H,(C/C?) have filtration — x0”.

Exercises:

7.1. Specify the morphisms ¢y, ¢y of (7.1).

7.2. Prove (7.4).

7.3. Apply Theorem 7.5 to filtered cochain complexes.

7.4. Show that, in a category of modules, «': U— U is monomorphic. Give an
example to show that o” : I— I need not be epimorphic.

7.5. Identify the sequence cokero'—— E,—»kera” in the case of the spectral
sequences associated with the couples of Exercises 1.5, 1.6. (These are called
the Bockstein spectral sequences.) Consider both the case where C is of finite
type and the general case.

8. Completions of Filtrations

Suppose given two filtered differential objects C and C’ and a morphism
¢ : C—C'. Thus we have

P cC C...C C

l otp- D l o l 4 @&.1)

LgCehgeowmg...cC

[}

Then ¢ induces a morphism of the associated spectral sequences. say.,
¢, E—E'.

Now it is easy to prove that the terms E,, , of Section 4 (see 4.17) depend
naturally on the spectral sequence E (see Corollary 3.16 of [10]), and,
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in particular, the term E,, ,, m,n=k, depends naturally on the part of the
spectral sequence E beginning with E,. We thus have immediately, in
view of (5.11),

Proposition 8.1. If ¢, : E, > E;, then ¢, : E,~E,,k<n<c. []

Theorem 7.5 now gives us conditions under which we may infer from
¢, E,—>E, that

¢, :Grc HCO)=Gr:-H(C). 8.2)
Of course we really want to draw the inference that
¢, HO-H(C) (8.3)

and this section is mainly motivated by this problem: to give a reasonable
set of conditions under which (8.2) implies (8.3). Certainly, the condition
of homological finiteness for a filtered graded differential object immedi-
ately yields the proof of (8.3), given (8.2); for if C and C' satisfy this con-
dition then the filtrations of H (C), H,(C') are finite and a finite induction
yields the desired conclusion. Thus this section may be omitted by those
content to confine themselves to applications involving homologically
finite filtered chain complexes.

Our aim. then. is to give conditions more general than those of
homological finiteness which will still yield the conclusion (8.3) from
(8.2). We introduce the notation

XPLEL X, X ey XS XL, (8.4)
where
g XPlCXPC...CX. —0o<p< O 8.5

is a filtered object in the abelian category . &P, v? are the inclusions.
1, is the cokernel of v, so that X, =X/X?, and {,n,=1",,. Thus X
plays the role of H(C) in the discussion. We may refer to

X e» X, 25 X,
as the cofiltration associated with the filtration (8.5).
Definition. We say the filtration (8.5) is left complete if
(X; vP) = lim (X?, &P) ;

we say the filtration is right complete if

(X;5m,)=lm(X,,¢),

we say the filtration (8.5) is complete if it is left complete and right
complete.
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Remarks. (i) A finite filtration is obviously complete. (ii) If A is a
category of modules then (8.5) is left complete if and only if X = ( ) X*.

14
However the description of right completeness is even in this case more
complicated. For we require two properties: (i) () X? =0 (dual to the

property singled out as characterizing left comple‘;teness) and (ii) given
a compatible set of elements x, € X, (i.e., £,(x,) = X,.,), we require the
existence of x € X with n,(x) = x,. We will see below just why this extra
condition arises and we will give an example to show that it is essential.

Our aim is to show that, if the filtration of H(C) is complete, then
(8.3) follows from (8.2). To this end we consider the following situation.
We suppose that, for all p, v? : XP>— X factorizes as X? »% Y- X, where
pisindependent of p. Set Y, = Y/X? and let n,,: Y—» Y, be the projection.
Then £,: X,—»X,,,, induces ,: Y,—»Y,,,, and we have the commuta-
tive diagram

-1,_¢° v'P Np ., 3
x» XP¥t, Yyt Y, Y,,,

” l“ y, pw, (8.6)

-1_¢°P vP n 3
XP X? X—2» X —E» X, .y

Proposition 8.2. If (X;n,)= }i_rp(X » Cph then (Y; )= }_ir_n( Y, &)

Proof. The right hand square of (8.6) is a pull-back since ker &, =ker¢,,.
It thus follows from Theorem 5.2 that

Y_,—»Y,
ln-w 1ﬂp
X —»X,
is a pull-back. where (Y_.:n})= !_iE(Yp, &,). But plainly
Y ey,
lu lnp
Xe»X,

is also a pull-back, so that (Y;1,)=(Y_,;n,). 0O
Now let us write X? for X?/X4 g <p. There is then a commutative
square

P
X: )_gg_)X‘;rl-l
[o fe (8.7)

p
P Qg+1 p+1
XP, 28 XP ]
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which is easily seen to be bicartesian. From Proposition 8.2 (and its
dual) we infer

Proposition 8.3. (i) If the filtration (8.5) is right complete, then

lm (X7, o) = X*

(ii) If the filtration (8.5) is left complete, then
lim (X2, 00) = X, [

14
We may now prove our main theorem.

Theorem 8.4. Let y: X— X' be a morphism of filtered objects in the
abelian category U. Thus

Xr X s X,

R

1p, VP r Mg ’
X0 B X ey X

Suppose that v induces vy, : Gr(X)=>Gr(X"). If the filtrations of X and
X' are left complete then vy, is an isomorphism. If the filtrations of X and
X' are right complete then " is an isomorphism, If the filtrations of X
and X' are complete then v is an isomorphism.

Proof. We are given that yp induces an isomorphism
P, XP/XPI S Xx0p x0T

It then follows by induction on p—q that y induces an isomorphism
Y, : X2 X P. For we have the commutative diagram

p—1 > XP » XP
Xq Xq Xp—l

- I T
rp—1 'p P
XP s XP—s X2,

Thus p induces an isomorphism of the square (8.7) with the correspond-
ing square for X'.

Now if the filtrations of X and X’ are left complete it follows from
Proposition 8.3 (ii) that y,: X,— X is an isomorphism for all g. Simi-
larly, if the filtrations of X and X’ are right complete. y?: X?— X'? is
an isomorphism for all p. The final assertion of the theorem then follows
immediately from (8.8). []

We now take up the following question: suppose given a filtered
object X in the abelian category . [s it possible to associate with X,
in a functorial manner, a filtered object Y such that (i) the filtration of Y
is complete, and (ii) GrY = GrX? We will show how this may be done.
The process will be described as completing the filtration of X.
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We return to (8.4) and construct li_’m(X P £P). Thus we obtain
NS (= SIS LIS

DL T T [
P

s XP T Yo ME, X SE
where (X *;v* ") = hﬂ(X P £P). Note that A may be neither monomorphic

nor epimorphic; but, if 2 is a category of modules, 1 is monomorphic.
We now construct !iE(X;", ;). With an obvious notation we obtain

xp-1, €, xp YL X "p Xp _éL»Xp_l
” || 1 A I Ap I Ap+1
XP1, 8, xp TP, xw '!E»XOO—L»X:+1 (8.10)

R R L

Xr 1B, xp IR (X)) Mmoo F o, x|

We call the bottom row of (8.10) the completion of the top row.

Theorem 8.5. The completion is a complete filtration of Y =(X%)_,
and GrY =GrX.
Proof. By construction the filtration of Y is right complete. That it
is left complete follows from the dual of Proposition 8.2.
Now. given (8.4), we obtain GrX either by
(GrX), = coker &P
or by
(GrX), =ker¢,_,

Since &7 is unchanged in passing from the first row of (8.10) to the second,
and ¢ is unchanged in passing from the second row to the third, it
follows that GrY=GrX. []

Plainly the completion process as described is functorial. Moreover,
it is self-dual in the following sense. Starting from (8.4) we may first
construct Jim(X,, £,) and then construct the appropriate lim. We claim
that if we do this we obtain (compare (8.10))

X1, ¢ ,xr LN ' np

2 > Xp+1

| §

Xg;l 9% xe s V2P = (X ) "%, p

» X,
X‘i—«:l :I—,ao :ng v ®©_, X N-corp X Sp Xp+l (8.11)
Xy

with the same bottom row as in (8.10).
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In particular,
(X*)-a =(X_%)%,

lim lim (X7 g, o) = lim lim(X7: 7, 07)
q 14 p q

(8.12)

The proof of these facts is similar to that of Proposition 8.2. The reader
is advised to obtain proofs for himself as an exercise (see also [11]). It is
also easy to prove, along the same lines, that the diagram

X* 45X

l % l x (8.13)

X®,—2sX_
is bicartesian.

Of course, the filtration (8.5) is left-complete if 4 is an isomorphism
(so then is 7) and right-complete if « is an isomorphism (so then is ).
Our remark (ii) following the definition of completeness drew attention
to the fact, that, in a category of modules, A is monomorphic, so it is only
necessary to check that 4 is epimorphic. On the other hand, k may fail to
be epimorphic even for modules. As an example, let X = ) Z, a count-

nz0

able direct sum of infinite cyclic groups, and let X? be given by
X=X, p=0

=@Z. p<o0.
nz-p
This yields a filtration of X
e CXPTICXPC - C X, (8.14

which is certainly left complete! Passing to the associated cofiltration
we obtain

P p+l>
where
X,=0, p=0
= P Z, p<O0
0sns-p-1

and 7,. £, are the obvious projections. However, in this case,

X_.=]]z
nz0
and k: X— X _, is the canonical injection @Z < [[ Z. Thus in this
n20 nz0

case [} X? =0 (corresponding to the fact that x is monomorphic), but the

flltrat‘i’on (8.14) fails to be right complete.
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Exercises:

8.1. Prove (8.12).

8.2. Prove that (8.13) is bicartesian.

8.3. Prove that, in (8.13), 0—kerA—kerkA—kerk—0 is a split short exact se-
quence. Prove the similar result for cokernels.

8.4. Give examples where, in (8.13), (i) A is not epimorphic, (ii) k is not monomorphic.

8.5. Check the facts stated for the filtration (8.14) and complete the filtration.

8.6. Give two examples from this chapter in which a limit commutes with a colimit.

9. The Grothendieck Spectral Sequence

Let (B, &', ¢") be a double complex as defined in Chapter V, Section 1.
Thus we have an anticommutative diagram

2
Br.s ’Br—l.s

la" la" (9.1)
B, ,—25B, ,,,, &¢+&e"=0.

for each r,s. It will be convenient in this section to replace (9.1) by
a commutative diagram; this we achieve by setting

d =7,
d"=(—1)0" on B,,.

Of course, we retain the same total differential d=0'+0” in Tot B. We
will regard the diagram

9.2

4
Br,s ) Br—l,s

e o
Br,s—l i')Br—l’s—l

as basic and refer to d’,d” as the horizontal, vertical differentials in B,
respectively. We may also refer to &', ¢” as horizontal, vertical differentials.
The complex Tot B may now be filtered in the following two natural

ways: \F?(TotB),= @ B,,, 9.4)

r+s=n
rsp

,F*(Tot B),= P B,,. (9.5)

r+s=n
s<p

We shall refer to the filtration (9.4) as the first filtration of Tot B, and to

the filtration (9.5) as the second filtration of Tot B. From these filtrations
we obtain two spectral sequences.
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Using the same notation as in (V. 1.2) and (V. 1.3) we have

Proposition 9.1. For the ( first) spectral sequence associated with the
filtration (9.4) we have

1E&?=H,_,(B,,.¢"). EP'=H,(H,_,(B.d").7). ©-6)

For the (second) spectral sequence associated with the filtration (9.5)
we have

2E§I=H,_ (B, ), LEf*=H/(H,_ ,(B.&).¢"). 7

Proof. We prove (9.7) only, and so permit ourselves to write F? for,F?.

Clearly, F?(Tot B),/F?~"(Tot B),=B,_, ,. Moreover the differential
0=27J"+ 0" on Tot B induces on this quotient the horizontal differential .
This establishes the first assertion of (9.7).

Now d, in the spectral sequence is the composite
H(FF/F*" )5 H,_ (FP~) 5 H,_(FP~'/FP?).

We choose a representative of x € H,(F?/FP~')to be an elementbe B, _, ,
such that ¢’b=0. Then yx is the homology class of ¢”b. and fyx is
therefore just 8, x, where 0, is induced on H(B.d) by ¢". []

Remark. We may, of course, write d’, d” for &', 8" in the statement of
the proposition.

Definition. We say that the double complex B is positive if there
exists n, such that

B,,=0 if r<n, or s<n,. 9.8

Proposition 9.2. If B is positive, then both the first and the second
spectral sequences (9.6), (9.7) converge finitely to the graded object associ-
ated with {H,(Tot B)}, suitably (finitely) filtered.

Proof. By Theorem 3.5 we only have to verify that the filtrations
(9.4), (9.5) are finite. But plainly, given (9.8),
FP(TotB),=0 if p<ny,—1,
1F?(Tot B),=(TotB), if p=n—ny:

and similarly for the second filtration. [J

We are now ready to state and prove the existence and convergence
theorem for the Grothendieck spectral sequence.

Suppose given three abelian categories 2, B, € and additive functors
F:UA—-B, G: B—C. Assume that A and B have enough injectives; this
means, of course, that objects in A and B have injective resolutions. We
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thus can construct the right derived functors of F, G, and G- F. Theorem
9.3 will relate these derived functors by a spectral sequence, assuming an
additional hypothesis. We shall say that an object B in B is (right)
G-acyclic, if

{G(B) ) 9.9)

RIG(B) = 0
“lo 1.

q
q=

b4

Theorem 9.3 (Grothendieck spectral sequence). Given F:UA—B,
G : B— G, assume that if 1 is an-injective object of U, then F(I) is G-acyclic.
Then there is a spectral sequence {E,(A)} corresponding to each object
A of N, such that

EP?=(R?G)(R*"?F) (A)=RYGF) (A, (9.10)

which converges finitely to the graded object associated with {R%GF) (A)},
suitably filtered.

Before starting the proof, we emphasize that there are other forms
of the Grothendieck spectral sequence, involving left derived functors
instead of right derived functors, or contravariant functors instead of
covariant functors. These variations the reader will easily supply for
himself, and will accept as proved once we have proved Theorem 9.3.

Proof. Take an injective resolution of 4 in U,
I:ly—1,—1,— . (9.11)
Apply F to obtain the cochain complex in B,
Fly—FI,—>FI,— ---.
Suppose we have constructed a commutative diagram in B
Flop—>FI, —FI, —> --

Jo,o Jl.o »J5.0 > oo (9.12)

’

Jon— 1 — 5 —

such that each row is a cochain complex and the r* column is an
(augmented) injective resolution of FI,, r=0,1,2, ...
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Apply G to obtain the double (cochain) complex B,
GJo,0—1>GJy 0—>GJs0
e e |
GJO.I'L’G“ILI’L’GJZJ’_’ 9.13)

l"" - 1""

GJO,Z = 'G"l,Z L GJZ,Z

!

First we study the spectral sequence based on the first filtration (9.4) of
TotB. Thus ,EP? is computed by applying the vertical differential so
that, since F(I) is G-acyclic,
\EP4=GFl,, p=q,
=0, p=*gq.
Computing , E,, we find
lEf’q=Rq(GF) (A)’ p=49,
=0, p=*q.

Now, by the dual of (2.11), degd, = (r+ 1, 1) for the r'* differential d, of
the spectral sequence. Thus (9.14) implies that

d=0, rz1,

(9.14)

so that, for all r=1,
EF?=RYGF)(4), p=q,

9.15)
=0, p*q,
and consequently

(E29=RYGF)(4), p=gq.

9.16)
=0, p#*q. (

Then Proposition 9.2 ensures that H4(Tot B) is (finitely) filtered by sub-
objects whose successive quotients are , E%% Since, for fixed g, only one
,EP:4 can be non-zero, we conclude

HY(Tot B)= RY(GF) (A). (9.17)

This exhausts the utility of the first spectral sequence. We now turn to
the second spectral sequence; we will permit ourselves to write E instead
of , E in discussing this spectral sequence. We will find that it is necessary
to construct (9.12) in a very specific way in order to obtain a valuable
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result from the second spectral sequence. [n fact, we construct an in-
jective resolution of FI in the category of cochain complexes in B,
relative to monomorphisms which induce cohomology monomorphisms

(see IX.1).
We write F, for FI, and display the cocycles and coboundaries of
the cochain-complex Fos Fy— Fy -
ZOHFO—-»BI)_)ZIHFI_»BZ)_’ZZ’_’FZ—_»"‘ . (9.18)

We prove

as

Lemma 9.4. We may resolve (9.18) as

Zo FO :‘Bl Z1 Fl ———»Bz ———— e

~ ~ ~ ~ v

Ko.o Jo.o > Ll,O 'Kx,o Jn,o “Lz,o > (9-19)
l , |

Ko, >Jo.1 »L, K, ,—J; 1‘——»L2,1’_"

where each column is an (augmented) injective resolution of the object
appearing at its head, and

Kr,s’_'Jr,s_»Lr+l,s
is exact.

Proof. We already know (Lemma III. 5.4; see also the proof of Theo-
rem IV.6.1) how to resolve Z,— F,—» B,. Given the resolution of B,, we
choose an arbitrary resolution of Z,/B, and resolve B,>~Z,—Z,/B,.
We thus obtain a resolution of Z,. We then use an arbitrary resolution
of B, to yield a resolution of Z,~— F,—» B,, and so we step steadily to
the right along (9.18). []

When diagram (9.12) is constructed according to the prescription of
Lemma 9.4, we will speak of (9.12) as a resolution of FI.

We note that by construction of (9.19) the sequence

Zr/!BrHKr,O/Lr,O_)Kr,l/Lr,l_)Kr,Z/Lr,Z_) BT r=0, 1’ 2a (9'20)

is an injective resolution of Z,/B,.

Now since all the objects in the resolution of (9.18) are injective, all
monomorphisms split. Thus when we apply the additive functor G to
the resolution we maintain all exactness relations.

In particular we note that

G(K,/L,)=GK,/GL,;, (9:21)
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since L, — K, ¢ splits. Finally we recall that
Z,/B,=R"F(A). (9.22)

We complete the proof of Theorem 9.3 by supposing (9.12) con-
structed, as in Lemma 9.4, to be a resolution of FI. We now study the
spectral sequence E = ,E, based on the filtration (9.5). Thus E?? is com-
puted by applying the horizontal differential to (9.13), so that, by (9.21),

EP4=H"?(GJ, ,d)
=GK,_,,/GL,_,,

q
=G(Ky—pp/Lg—p.p) -

EP is now computed by applying the vertical differential. In view of
(9.20) and (9.22), we have

Ep4=R°G(Z,_,/B,_,)
=(R?G) (RT"PF)(A).

Since (9.13) is positive, Proposition 9.2 guarantees good convergence
and the theorem follows from (9.17) and Proposition 9.2. []

Remark. We will show below that it is essential to construct the
diagram (9.12) as in Lemma 9.4 to obtain the desired result. (See Remark
(i) following the proof of Theorem 9.5.)

We will apply Theorem 9.3 to obtain a spectral sequence, due to
Lyndon and Hochschild-Serre, in the cohomology of groups. We will
defer other applications of Theorem 9.3 to the exercises.

Thus we now consider a short exact sequence of groups

N-LK-2:Q (9.23)

in other words, N is a normal subgroup of K with quotient group Q.
Let A be the category of (left) K-modules; let B be the category of (left)
Q-modules, and let € be the category of abelian groups. Further, consider
the functors

ALBGE (9.24)

where F(A) = Homy(Z, A) = A", the subgroup of A4 consisting of elements
fixed under N; and G(B)=Homgy(Z, B)=B2. It is then plain that AN
acquires the structure of a Q-module by means of the action

(px)ca=xa, xeK, a€A,

in such a way that F is indeed an additive functor from U to B: G is
evidently an additive functor from 8B to €, and

GF(A) = Hom(Z, A)= AX . (9.25)
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We are now ready to prove

Theorem 9.5 (Lyndon-Hochschild-Serre). Given the short exact se-
quence of groups
N-LK-2:Q

and a K-module A, there is a natural action of Q on the cohomology groups
H™(N, A). Moreover, there is a spectral sequence {E,(A)} such that

Ep4=HP(Q, H*""(N, A))= HY(K, A),

which converges finitely to the graded group associated with {HY(K, A)},
suitably filtered.

Proof. We must first verify the hypotheses of Theorem 9.3 for the
functors F and G of (9.24). We have already remarked that F and G are
additive, so it remains to show that, if I is an injective K-module, then
IV is G-acyclic; in fact, we show that I" is an injective Q-module. For the
functor F is right adjoint to F : 83— U, where F(B) is the abelian group B
with the K-module structure given by xb=(px)-b. Since F plainly
preserves monomorphisms, F preserves injectives (Theorem IV. 12.1).

Thus we may apply Theorem 9.3, and it is merely a question of
identifying the (right) derived functors involved. Since ZK is a free
ZN-module, it follows that a K-injective resolution of A is also an
N-injective resolution. Moreover, given any such K-injective resolution
of 4,

Iy—1,—1,— -
the complex
Homy(Z, A)— Homy(Z. 1,)—Homy(Z. I,)— ---

acquires the structure of a Q-complex. Thus the cohomology groups
H™(N, A) also acquire the structure of Q-modules and
R™F(A)=H™(N, A) (9.26)
as Q-modules. Since, plainly,
R"G(B)=H"(Q, B),
R™(GF)(4)=H"(K, A4),

the theorem follows by quoting Theorem 9.3. []

Remarks. (i) As we have indicated, Theorem 9.5 makes it plain that
the diagram (9.12) must be constructed as in Lemma 9.4 in order to
achieve the required result. For, since, in this case, the functor F : {—B
maps injectives to injectives, the identity map of the cochain complex
Fly—FIl,—FI,— --- could be regarded as an example of (9.12). But,
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for this diagram, we plainly have

EPd= {R‘I(GF) (4, p=0,
0, otherwise .

so that we achieve nothing. Thus, although it may not be absolutely
essential to choose (9.12) to be a resolution of FI, in the sense of Lemma
9.4, we must certainly avoid arbitrary choice. Moreover, we see that we
do not gain in simplicity of demonstration of Theorem 9.3 by replacing
the hypothesis that F(I) is G-acyclic by the more restrictive hypothesis
that F(I) is injective.

(ii) The form of the Grothendieck spectral sequence, involving left
derived functors instead of right derived functors, to which we have
already drawn the reader’s attention, readily implies a spectral sequence
analogous to that of Theorem 9.5, but stated in terms of homology
instead of cohomology. Given (9.23), we choose our categories 2, B, €
as in the proof of Theorem 9.5 but now F : A—B is given by

F(A)=Z®yA,
and G: B—( is given by
G(B)=Z®,B,
so that
GF(A)=Z®xA.

One reasons that F preserves projectives, since F is left adjoint to
F: 8— 9, which is the same F as in the proof of Theorem 9.5, and which
preserves epimorphisms. The rest of the argument may certainly be left
to the reader. We give below some exercises which exploit the homology
form of the Lyndon-Hochschild-Serre spectral sequence.

The question also arises of the functoriality of the Grothendieck
spectral sequence with respect to the object A. The conclusion — as in
so many applications of spectral sequence theory — is that the spectral
sequence {E,(A)} of Theorem 9.3 is functorial from n=1 onwards;
indeed, the determination of E, in the proof of the theorem shows that
this is as much as could be hoped for. The proof of this fact, involving
the notion of homotopy of morphisms of double complexes, is deferred
to the exercises (see Exercise 9.7).

Exercises:

9.1. Confirm that, in Lemma 9.4, we have constructed an injective resolution of
FI relative to monomorphisms which induce cohomology monomorphisms.
9.2. In the spectral sequence of Proposition 9.1 show that there is an exact sequence

H,(Tot B)— E>»?44, E-' . H,(Tot B— E}*'—0.
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93.

94.
9.5.

9.6.

9.7.

98.

99.

Identify the terms in the special case of the Grothendieck spectral sequence
and in the Lyndon-Hochschild-Serre spectral sequence. Compare with the
sequences (V1. 8.2).

Apply the Grothendieck spectral sequence to the following situation. Let
n—g—»h be a short exact sequence of Lie algebras over K, and let 4 be
a g-module. Consider the functors F:9M,—My, F(4)= Hom,(K, 4), and
G : M, — Ab, G(B) = Homy(K, B). Deduce a spectral sequence (Hochschild-
Serre) with EP'?= HP(, H9P(n, A)), converging to the graded vector space
{H%(g, A)}, suitably filtered. Identify the sequence of Exercise 9.2 in this case.
Carry out the program outlined in Remark (ii) at the end of the section.
Let N— K—»Q be exact with N central in K, and let 4 be a trivial K-module.
Show that H, (N, A), H"(N, A) are trivial Q-modules.

Let G be a finite p-group. Show that if |G| = p", then |H,(G,Z)| < p"®"~ 12 and
that this inequality is best possible. {|G]| is the order of the group G}.

Let ¢,y : B— B be morphisms of double complexes. We say that ¢,y are
homotopic, and write ¢ ~ v, if there exist families of morphisms

Z. Br,s—’érﬂ.s’ s Br,s—’ﬁr,sﬂ >
such that d"2'=2"d", d'X2"=2X"d', and
v—o=dY+2d+d"2"+2"d.
Show that ¢ ~ v is an equivalence relation. and that, if ¢ ~ y, then
Tote~Toty, E;(Tote)=E,(Toty),

where E, refers to either spectral sequence of Proposition 9.1. Deduce that the
Grothendieck spectral sequence is functorial in 4, from E; onwards, including
the identification of E*? with the associated graded object of RY(GF)(A),
suitably filtered.

Use the spectral sequences associated with a double complex to show the
balance of Ext,. (Hint: Let I be an injective resolution of B and let P be a
projective resolution of A. Form the double (cochain) complex Hom,(P, I)
and consider its associated spectral sequences (Proposition 9.1).) Find a similar
proof for the balance of Tor.

Let the group G be given by the presentation (x,y;x™=ym=x"'y 'xy),
where m is an odd prime. Show that x generates a normal subgroup of order m?,
with quotient of order m. Thus we get a group extension

C,a—G—C,, ()

with natural generators x of C,,. and y of C,,, where y is the image of y. Show
that the action of C,, on C,,. is given by yox=x™*!. Use Exercise VI. 7.6 to
compute the E; term of the Lyndon-Hochschild-Serre spectral sequence in
homology for the extension (*). Conclude that H,(G)=0 for 0O<n<2m—1,
n even, and that, for O<n<2m—1, n odd, there is an exact sequence
Z,— H,(G)—1Z,,. Show that for n=2m — 1 this latter result is not true.



IX. Satellites and Homology

Introduction

In Chapters VI and VII we gave “concrete” applications of the theory
of derived functors established in Chapter IV, namely to the category
of groups and the category of Lie algebras over a field K. In this chapter
our first purpose is to broaden the setting in which a theory of derived
functors may be developed. This more general theory is called relative
homological algebra, the relativization consisting of replacing the class
of all epimorphisms (monomorphisms) by a suitable subclass in defining
the notion of projective (injective) object. An important example of such
a relativization, which we discuss explicitly. consists in taking, as our
projective class of epimorphisms in the category 9, of A-modules. those
epimorphisms which split as abelian group homomorphisms.

The theory of (left) satellites of a given additive functor H : A—B
between abelian categories, with respect to a projective class & of epi-
morphisms in 2, is developed in Section 3, and it is shown that if H is
right £-exact, then these satellites coincide with the left derived functors
of H, again taken relative to the class &, as defined in Section 2. Examples
are given in Section 4.

In the second half of the chapter we embark on a further, and more
ambitious, generalization of the theory. We associate with functors
T:U—U, J: U— B, where U, B are small categories and A is abelian,
objects H,(J, T) of the functor category [B, A] which deserve to be
called the (absolute) homology of J with coefficients in T. This is achieved
by taking satellites of the Kan extension J evaluated at T, so that some
category-theoretical preparation is needed in order to develop these
ideas. Relative J-homology may also be defined by prescribing projective
classes of epimorphisms in the functor category [, 2]. Examples are
given in the final section to show how this notion of J-homology
generalizes the examples of homology theories already discussed in this
book; moreover, the Grothendieck spectral sequence, described in
Chapter VIII, is applied to this very general situation to yield, by further
specialization, the Lyndon-Hochschild-Serre spectral sequence.
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The chapter closes with indications of further applications of the idea
of J-homology. We mention, for example, the homology theory of
commutative K-algebras, which we regard as an example of this type of
homology theory. However, we do not enter into the set-theoretical
questions which arise if, as in this case, the categories U, B can no longer
be assumed to be small. The exercises at the end of the final section are,
in the main, concerned with further applications of the theory and should
be regarded as suggesting directions for further reading beyond the scope
of this book.

1. Projective Classes of Epimorphisms

Let A be an abelian category and let & be a class of epimorphisms in 2.

Definition. The object P in U is called projective rele, where ¢ : B— C
is an epimorphism in ¥, if ¢: A(P, B)— (P, C) is surjective. P is called
&-projective if it is projective rel¢ for every ¢ in &.

It is clear that P, @ P, is projective rele¢ if, and only if, both P, and P,
are projective rele.

Definition. The closure, C(&), of &, consists of those epimorphisms &
in A such that every &-projective object of U is also projective rele.
Plainly & C C(&) and C(C(8))= C(&). The class & is closed if & = C(8).

We will henceforth be mainly concerned with closed classes of epi-
morphisms (though we will often have to prove that our classes are
closed). We note the following elementary results.

Proposition 1.1. A closed class of epimorphisms is closed under
composition and direct sums. []

Proposition 1.2. A closed class of epimorphisms contains every projec-
tion n: A@®B—A.

Proof. Every object is projective reln. []

Of course, Proposition 1.2 includes the fact that a closed class
contains all isomorphisms and the maps B—0.

The following are important examples of classes of epimorphisms in
the category I, of (left) A-modules.

(@) &,, the class of all split epimorphisms. This is obviously a closed
class; for every object is &,-projective, and if ¢ : B— C is not split. then C
is plainly not projective rele.

(b) &, the class of all epimorphisms in M,. This is, even more
obviously, a closed class; and the &;-projectives are precisely the
projectives.

(©) &,, the class of all epimorphisms in M, which split as epimorphisms
of abelian groups. This is, much less obviously, a closed class. We leave
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the proof to the reader, with the hint that, for any abelian group G, the
A-module A® G is &,-projective (see also example (b) in Section 4).

(d) &5, the class of all pure epimorphisms of abelian groups. Recall
that an epimorphism ¢ : B— C is pure if. and only if, given any n. then to
every ce C with nc=0 there exists be B with eb=c and nb=0 (see
Exercise 1.1.7). We leave it to the reader to show that P is &5-projective
if, and only if. P is a direct sum of cyclic groups. and that the class &; is
closed. (For the “only if” part in that statement, one needs the deep
result that a subgroup of a direct sum of cyclic groups is again a direct
sum of cyclic groups [19].)

Definition. Let & be a closed class of epimorphisms in 2. A morphism
¢ in W is &-admissible if, in the canonical splitting ¢ = pue, p monic,
¢ epic, we have ¢ € £. An exact sequence in U is &-exact if all its morphisms
are &-admissible. A complex in U,

K:—K,—K, ,—-—K,

is called &-projective if each K, is &-projective: K is called &-acyclic if the
augmented complex

..._)Kn—-)Kn_ 11— "—PKO—*Ho(K)—"O

is &-exact. K is an &-projective resolution of A if it is &-projective,
&-acyclic, and Hy(K) = A.

The following comparison theorem is an obvious generalization of
Theorem IV.4.1; we omit the proof for this reason.

Theorem 1.3. Let K:---—K,—K,_,—---— K, and
L: ...—)L"—-)Ln_]_)..._.)Lo

be two complexes in . If K is &-projective and L is &-acyclic, then every
morphism ¢ : Hy(K)— Hy(L) lifts to a morphism of complexes ¢ : K—L
whose homotopy class is uniquely determined. []

Definition. A closed class & of epimorphisms in U is said to be
projective if, to each object A of U there is an epimorphism ¢: P— A4
in & with P &-projective. If K-£ P is the kernel of ¢, we call K-& P-£» A
an &-projective presentation of A.

Obviously; if & is a projective class, every object admits an &-pro-
jective resolution.

All the notions of this section may plainly be dualized to a considera-
tion of classes .# of monomorphisms in 2 leading finally to the notion of
injective classes of monomorphisms. We leave the explicit formulations
to the reader.
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Finally we remark that a class & of epimorphisms gives rise in a
natural way to a class .# of monomorphisms, namely the class con-
sisting of all kernels of epimorphisms in &.

Exercises:

1.1. Prove that the class &, in M, is closed.

1.2. Prove Theorem 1.3.

1.3. Suppose that & is a projective class of epimorphisms. By analogy with
Theorem 1. 4.7, give different characterizations for P to be &-projective.

1.4. Prove the facts claimed in example (d). Dualize.

1.5. Let y: A— A’ be a ring homomorphism. Let U?: M . — M, be the forgetful
functor (see Section IV.12). Define a class 8’ of epimorphisms in I, as
follows: The epimorphism ¢' : B'— C isin &” if, and only if, the homomorphism
U'e : U"B—U?C in M, splits. Is the class & projective?

1.6. Interpret the &-projectives, for & a projective class, as ordinary projectives in
a suitable category.

1.7. Identify relative projective G-modules (see Section VI. 11) as &-projectives for
a suitable class & of epimorphisms. Do a similar exercise for relative injective
G-modules.

2. &-Derived Functors

We now imitate the development in Chapter IV. Let U, B be abelian
categories, let T : A— B be an additive functor and let & be a projective
class in 2. Given an object 4 in 2, let K, be an &-projective resolution
of A. Then Theorem 1.3 enables us to infer that the object H,(TK,)
depends only on A4 and yields an additive functor 20— B which we call
the n'® left &-derived functor of T, and write L T, or merely L, T if the
context ensures there is no ambiguity.

The development now proceeds just as in the “absolute” case (€ = &,);
we will only be explicit when the relativization introduces a complication
into the argument. This occurs in obtaining the first of the two basic
exact sequences.

Theorem 2.1. Let 0—A'— A— A"—0 be a short &-exact sequence
in W. Then, for any additive functor T :UA—B there exist connecting
homomorphisms w,: LE T(A")— L _, T(A") such that the sequence

~~—L, T(A)»—> L, T(A)—L, T(A") =L, _, T(A)—--
-+ Ly T(AV— Ly T(A)— L, T(4")—0
is exact.

Proof. As in the absolute case, the proof hinges on the following
key lemma.
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Lemma 2.2. The short &-exact sequence 0— A’ 4-2> 4" —0 may
be embedded in a diagram

Kr K’ K K" Ku

P')_A’_)P._A_”_.»P” (2.1)

AI o A a”’ Alr

with all rows and columns &-exact and P’, P, P" &-projective.

Proof of Lemma. The construction of (2.1) is exactly as in the absolute
case. Thus we take &-projective presentations of A’ and A”; set
P=P @P", ' being the injection and 1" the projection; define ¢ as
{a'¢, 6, where 0 : P"— A lifts ¢”, so that «” 6§ = ¢”; and u is the kernel of ¢.
The extra points requiring verification are (i) ee &, (il) k" € &; it is, of
course, trivial (see Proposition 1.2) that 1" € &.

In proving (i) and (ii) we must. of course, use the fact that & is closed.
Thus we suppose Q &-projective and seek to lift an arbitrary morphism
@:Q—Ainto P,

Y
v : 10
P—=2»4.

Equivalently, we seek y': Q— P, ¢ : Q— P”, such that o/ 'y’ + 0y" = .
Now since ¢” is in &, we may lift «”¢ : Q— A” into P”, that is, we find
v":Q— P" with ¢"y”"=a"¢. Let 1 embed P” in P. Then A"1=1, e1=0,
so a"p=¢"P ="1i1p"=a"c1yp"=a"0y". Thus @=a90+0y",
0:0— A’ Since ¢ is in &, we may lift ¢ into P’, that is, we find p' : A— P’
with ¢y =¢. Then o =o'’y + 0y” and (i) is proved.

To prove (ii), we again suppose Q £-projective and consider the lifting
problem

-9

Ié K K"

We first lift 4" ¢ into P, that is, we find ¢: Q— P with 1”6 = pu"¢. Then
0"ec=¢"Ao=¢"u" @=0,s0that ea=0o'7,7: Q— A'. Since ¢ is in &, we
lift 7 to 7:Q— P’ with ¢7 =1 Set §=0—41'7. Then 1"6=p"¢ and
e6=e0—elT=¢0—ae¢tT=a1—0'7=0.Thuso=puyp with p: Q—K.
Finally, y"k"p=A"up=21"c=p"¢, so k"p=¢ and (ii) is proved. []
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The reader should now have no difficulty in deriving Theorem 2.1
from Lemma 2.2. We state the other basic exactness theorem without

proof.

Theorem 2.3. Let 0—>T'—T—T"—0 be a sequence of additive
functors W— B which is &-exact on &-projectives. Then, for any object A
in W, there exist connecting homomorphisms w,: L T"(A)—L:_, T'(A)
such that the sequence

=L, T(A)—>L, T(A)—L, T"(A)=>L,_, T'(A)—-

o> Loy T'(A)V— Ly T(A)—> Ly T"(A)—0
is exact. []

Definition. A functor T : A— B is called right &-exact if. for every
&-exact sequence

A—A—A"—0

the sequence TA'—TA— TA"—0 is exact.
Proposition 2.4. A right &-exact functor is additive.

Proof. Since zero objects of U are precisely those 4 such that
AL AL A—0 is exact (and hence &-exact), it follows that if T is right
&-exact then T(0)=0. The proof is now easily completed as in the
absolute case by considering the &-exact sequence

0-A—->A®B—B—0. []
Propeosition 2.5. T is right &-exact if, for every short &-exact sequence
0—A'—>A—A"—0, the sequence TA'—TA—TA"—0 is exact. []
Propeosition 2.6. For any additive functor T, L, T is right &-exact.
Proof. Apply Proposition 2.5 and Theorem 2.1. []

Theorem 2.7. For any additive functor T : U— B there is a natural
transformation t: Ly T— T which is an equivalence if, and only if, T is
right &-exact.

Proof. Let ---—P;— P, be an &-projective resolution of 4. Then
TP,—»TP,— Ly, T(A)—0
is exact, by definition; and
TP,—TP,—TA
is differential. This yields 7, : L, T(4)— T A. The standard argument now

yields the independence of 1, of the choice of resolution and the fact
that 7 is natural. If T is right &-exact, then TP,— TP,—TA—O0 is
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exact, so that 7 is an equivalence. The converse follows immediately
from Proposition 2.6, so the theorem is proved. [J

We will content ourselves here with just one example, but will give
many more examples in Section 4. Consider the projective class &5 of
pure epimorphisms in the category of abelian groups (see example (d) in
Section 2). It may then be shown that the left &;-derived functors
L,(A® —) are trivial for n= 1. Taking T=Hom(—, B) as base functor,
we can construct the right &5-derived functors R, T. It turns out that
R& T is trivial for n=2. Define Pext(—, B)=R4{* T(—). Then, if
0—A'—A— A"—0 is a pure exact sequence, we have exact sequences
0— Hom (A", B)—Hom(A4, B)—Hom(4', B)— Pext(A”, B)— Pext(A4, B)
— Pext(4’, B)—0; 0—Hom(B, A'))—>Hom(B, A)—Hom(B, A")
— Pext (B, A")— Pext(B, A)— Pext(B, A")—0.

We remark again that everything we have done here is readily
dualizable to right #-derived functors, based on an injective class .4 of
monomorphisms. The reader should certainly formulate the theorems
dual to Theorems 2.1, 2.3.

Exercises:

2.1. Prove Theorems 2.1, 2.3.

2.2. Evaluate L TP where T is additive and P is &-projective.

2.3. What is L L T?

2.4. Show that L% T is additive.

2.5. Prove the analog of Proposition IV. 5.5.

2.6. Compute for the class &, in M, the functors R"Hom,(—. B).

2.7. Prove the assertions made in discussing the example relating to &, at the end
of the section.

2.8. Prove, along the lines of Theorem III. 2.4, that Pext(A, B) classifies pure
extensions.

3. &-Satellites

Let & again be a projective class of epimorphisms in the abelian category
A and let B be an abelian category.

Definition. An &-connected sequence of functors T = {T;} from A to B
consists of

(1) additive functors T;: A—B, j=---. —1.0.1.....

(ii) connecting morphisms w;: T(4")— T;_(4'), j=---. —1.0. 1. ....
corresponding to each short &-exact sequence 0—A'—A—A"—0,
which are natural in the obvious sense (ie., the w; are natural trans-
formations of functors from the category of short £-exact sequences in A
to the category of morphisms in B).
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Proposition 3.1. If T is an &-connected sequence of functors, the

sequence
= T(A)—> TA)— ’I}(A”)—w"" T, ,(A)—> T (A

is differential for each short &-exact sequence 0—A'—A— A"—0 in U.

Proof. The sequence is certainly differential at Tj(4). That it is
differential at T;(4") follows by naturality from the diagram

00— 0 —A4— A4 —0

R

00— A —A—>A"—>0;

that it is differential at T;_,(4’) follows by naturality from the diagram
0 A A—A"—0

Lol

0—sA——A——0 0. [

An example of an &-connected sequence of functors is afforded by
the left £-derived functors of an additive functor S (we set L;S =0, j <0).

It is clear what we should understand by a morphism of &-connected
sequences of functors ¢ : T— T’ it consists of natural transformations
@;: T,—T. j=-- —1,0,1.... such that. for every &-exact sequence
0—A'—A— A"—0. the square

I}(A”)'—‘_,,J_’T}_l(AI)

H(A”)'_w:,_' T,’I—— I(A/)

commutes for all j. We are now ready for our main definition of this
section.

Definition. Let H:A—B be an additive functor. An &-connected
sequence of functors § = {S;}, with S, = H, is called the left &-satellite
of H if it satisfies the following universal property:

To every &-connected sequence of functors T and every natural
transformation ¢ : T,— S, there exists a unique morphism ¢:T—S
with ¢y = ¢.

We immediately remark that, since the left &-satellite is defined by a
universal property, it is unique up to canonical isomorphism. We may
thus write S;=S¢H if the satellite exists (we may suppress & if the
context permits). We also remark that it follows from the definition of a
left satellite that S;=0 for j <0. For, given a left &-satellite S, we define
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a connected sequence of functors S’ = {S} by

S}={Sj’ ,:go w}={wj ]:>0
0’ ]<0 0, ]§0.

It is then plain that S'also satisfies the universal property of a left satellite.
Hence, by uniqueness S=5" and §;=0, j<0. We next take up the
question of existence of left satellites.

Theorem 3.2. If H:N—B is a right &-exact functor, where & is a
projective class of epimorphisms in 2, then the &-connected sequence of
functors {L§ H} is the left &-satellite of H, L'H=S{H (LH =0, j<0).

Proof. Since H is right &-exact, H =L, H. Thus we suppose given
an &-connected sequence of functors T and a natural transformation

¢: To— LyH and have to show that there exist unique natural trans-
formations ¢;: T,— L; H with ¢, = ¢, such that the diagram

T(A") 20 T, (4)
lcp, l:p,-n (3.1)
L;H(A")—=HL;_ H(A)
commutes for all short &-exact sequences 0— A’ —A— A"—0.
We first remark that for j <0, ; is the trivial map. For j=0 we have
@o=¢, and, for j>0, we define @; inductively. Thus we suppose ¢,
defined for k<j, j=0, to commute with w, as in (3.1), and we proceed

to define ¢;, ;. Let 0— K— P— A—0 be an &-projective presentation
of A. Then we have a commutative diagram

i Ty P— '1'}.+1A 2uti, TK — T,P —--
i 14’1 10’1
0—L;, HA-2*5 ] HK— L HP—.-.,

with the bottom row exact. This yields a unique candidate for
@j+1: Ty A—L;, HA. Weprove that ¢; . , is a natural transformation,
independent of the choice of presentation, in the following lemma.

Lemma 3.3. Let
0—K -P » A 0

| | !

0— K’ PP—A'—0

be a morphism of &-projective presentations. Let ¢;,: T, ,A—L;, HA

be defined by means of the top row, ¢, ,:T;,,A'—L;,,HA' by means
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of the bottom row. Then the diagram

T, AL, T A

J i+1
l¢j+1 ltp“-g (32)
Ly, HALBe 1 HA

commautes.

Proof of Lemma. Embed (3.2) in the cube
T, A———TK

J
Tj+l¢ '

¢J“l T}.’_IA—;TK’

W}fl
Ljv1Ha

Lj+ 1 HA”—wJ”—>LjHK'
All remaining faces of the cube commute and w;,,:L;, HA'—L;HK’
is monomorphic. Thus the face (3.2) also commutes. []

It remains to establish that the definition of ;.. , yields commutativity
in the square
T

l+1A” Wi+ 1 'I;Al

l«»,-n 1,,,,- (3.3)

Ly, HA"225 1 HA'

j
corresponding to the short £-exact sequence 0— A'— A— A"—0. Let
0 KII R PII N Aﬂ ‘0

T

0— A —s A—A"—0

be a morphism from an &-projective presentation of 4” to the given
&-exact sequence, and consider the squares
T+1AII_-)T}K” TiKﬂ_-__) ’I}Al

J

1%” 1(Pj lq), l% (3.5)

L, HA—LHK" LHK'— LHA'
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The first commutes by definition of ¢, ;, the second by the naturality of
@;. Moreover, the naturality of w;, , in the definition of an &-connected
sequence of functors, applied to (3.4), ensures that the composite of the
two squares (3.5) is just (3.3). This completes the proof of the theorem. [

Corollary 34. If H:U— B is an additive functor, then
SS(LoH)=L5H, j=0.

Proof. It is sufficient to observe that L,H is right &-exact and
L;LoH=L;H, since LoHP = HP for any &-projective P. []

We remark that we have not established the existence of £-satellites
of arbitrary additive functors, nor have we established the existence of
&-satellites of right £-exact functors if & is merely supposed to be a
closed class of epimorphisms in 2 (the definitions of this section make
perfectly good sense without supposing & to be a projective class). This
second question is reminiscent of the discussion in Chapter IV of charac-
terizations of derived functors without the use of projectives. A discussion
of the question may be found in Buchsbaum [5]; see Exercise 3.3.

Again, we may dualize. Here we should be somewhat explicit as the
notational convention relating to .#-connected sequences of functors
has the connecting morphisms w; from the domain T; A" to the codomain
T;, A’ (instead of T;,_, A’). The dual of Theorem 3.2 then reads

Theorem 3.5. If H: N—B is a left #-exact functor, where M is an
injective class of monomorphisms in U, then the .#-connected sequence of
functors {R¥ H} is the right #-satellite of H, (R H=0, j<0). That is,

RAH=S*H. ]

We will also have need of a contravariant form. Obviously a projective
class & in U gives rise to an injective class &* in A°PP. If H: A—B is
contravariant. then we regard H as a functor A°PP— B and if H is left
&*-exact, we infer that {Rf *H} is the right &*-satellite of H. Note that
R;H is defined by means of an &*-injective resolution in 2°PP, that is.
by means of an £-projective resolution in 2.

Exercises:

3.1. Using the projective class & =4, in M . show that Exty(—.B) is the right
&-satellite of Hom,(—, B). Using the injective class # =.#, of all mono-
morphisms in M ,, show that Ext? (A4, —) is the right .#-satellite of Hom (A4, —).
Using the fact that Ext’}(4, —) gives rise to a connected sequence also in the
first variable, show that the universal property of Ext;(—, B) yields a natural
transformation

n: Ext(A, B)— Ext’(A4, B).
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3.2.
33.

34.

35.

Using the fact that Ext(P, B)=0 for all &-projectives P, show that 7 is a
natural equivalence.

Do a similar exercise to 3.1 for the bifunctor — ® ,— instead of Hom(—, —).
(Definition of satellites following Buchsbaum [5].) Let A, B be abelian cate-
gories, and let H: A—B be a (covariant) additive functor. Suppose that B
has limits. For 4 in U consider the totality of all short exact sequences

E:0—-B—E—A—O0.

Define a partial ordering as follows: £'< E if there exists ¢ : E—E' and
v : B— B’ such that the diagram

0—>B—E —A—0

N “@

00— B —FE—A—0

is commutative. Consider then Hr= ker (HB— HE). Show that for £’ < E the
map Hy: HB— HB' induces a map 6f : H.— H,., which is independent of
the choice of ¢ and y in (x). Define S;4 = lim(Hg. 6£). (Note that there is
a set-theoretical difficulty, for the totality of sequences £ need not be a set.
Although this difficulty is not trivial, we do not want the reader to concern
himself with it at this stage.) Show that S, is made into a covariant functor
by the following procedure. For o : A— A4 and for E : 0— B— E— A—0, show
that there exists £ : 0— B— E— A—0 such that there is a commutative diagram

00— B—E—A—0

Il (+9)

0—B—E—4—0.

Using () define maps H;— Hp, and, passing to the limit, define a morphism
a,:S;A—S; A. Show that with this definition S; becomes a functor. Starting
with H, we thus have defined a functor S, =S;(H). Show that S, is additive.
Setting S, = H, define S,(H)=S;(S,-1), n=1,2,....

Given a short exact sequence

0—-A—A—-A"-0,

show that the definition of S; 4" yields a morphism w=w, : S;4"—HA'. By
induction define morphisms ®,:S,4"—S,_,4. n=1.2,.... Show that
§=(S}, w;) is an &-connected sequence of functors, where & =&, is the class
of all epimorphisms in 2. Finally show that S has the universal property
required of the left &£-satellite of H.

Dualize.

Consider the case of a contravariant functor.

Replace & = & by other classes of epimorphisms in .
Show that for H not right exact, the left satellite of H is not given by the left
derived functor of H.
Give a form of the Grothendieck spectral sequence (Theorem VIII. 9.3) valid
for &-derived functors.
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4. The Adjoint Theorem and Examples

For the definition of satellites and derived functors of functors A—B
we had to specify a class of epimorphisms & in . For the construction
of derived functors it was essential that the class & be projective. We now
discuss how the theory of adjoint functors may be used to transfer
projective classes of epimorphisms from one category to another.

Let & be a projective class in the abelian category W and let F : A— A,
U:UA'—A, where A’ is also abelian, be a pair of adjoint functors. We
will suppose U faithful, so that if Ue is an epimorphism in U then ¢
is an epimorphism in ’. In particular &'=U"'& will be a class of
epimorphisms. We now prove the theorem which gives effect to the
objective described in the first paragraph; we will then give various
examples.

Theorem 4.1. Under the hypotheses above, &' = U~ & is a projective
class of epimorphisms in W'. The objects FP where P is &-projective in A
are &'-projective and are sufficient for &'-presenting objects of W', so that
the &'-projectives are precisely the direct summands of objects FP.

Proof. First observe that F sends &-projectives to &’-projectives.
For if P is &-projective and ¢': A]—» A) is in &', then U¢' € &, so that
(Ug), : A(P,UA;)—»U(P,U A3). But this means that

g, : (FP, A)—A/(FP, A3)

so that FP is &'-projective.

Next we prove that & is closed. Thus we suppose given o : 4] —» A4},
such that, for any &’-projective P’ the map o : W (P, A)—>»W (P, A)
is surjective. Take, in particular, P’ = F P, where P is &-projective. Then
it follows that (Ua'), :A(P, UA})—U(P, U A)) for all &-projectives P.
Since & is a projective class it follows first that U« is epimorphic and
then that Uo’ € &. Thus o' € £, so & is closed.

Finally we prove that every A’ may be &’-presented. First we &-present
UA' byPi»UA',ee€é. Lete : FP— A’ be adjoint to ¢; it remains to show
that ¢’ € 8’. We have the diagram

P—SUFPYLUA, Udod=¢

where J is the co-unit of the adjunction. Thus U¢’, and hence ¢, is epi-
morphic. Also if ¢ : Q— U A’ is a morphism of the &-projective Q to UA’,
then ¢ may be lifted back to P and hence, a fortiori, to UFP. Thus,
since & is closed, U¢ € & so that & € &'. Finally we see that if A’ is &'-
projective it is a direct summand of FP, i.e., there is 1: A’— FP with
gi=1. []

We may also appeal to the dual of Theorem 4.1. We now discuss
examples. Our examples are related to the change of rings functor
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U=U":M,— WP, associated with a ring homomorphism y: A— A’
(see Section TV. 12). Thus, henceforth in this section, A =9I ,, W = I ,..
Recall that, if A’ is a (left) A’-module, then U A’ has the same underlying
abelian group as A’, the A-module structure being given by

Ad'=y(Aa'.

As a special case, A =7 and y is given by y(1)=1,. (y is called the unit).
Then U A’ simply forgets the A’-module structure of A’ and retains the
abelian group structure; we refer to this as the forgetful case.

In general, as we know, U has a left adjoint F': I ,— M., given
by F(A)=A"®,A, and a right adjoint F":9,—M,, given by
F'(A)=Hom (A, A), Ae M ,. Thus U preserves monomorphisms and
epimorphisms (obvious anyway); it is plain that U is faithful.

(a) Let & =&, be the class of all epimorphisms in 9%,. Then & is the
class of all epimorphisms in IMM,. since U preserves epimorphisms. We
observe that, by the argument of Theorem 4.1, we can present every
A’-module by means of a module of the form A’ ®,P, where P is a
projective A-module. If we take the functor C®, — : M, — AUb, the
left £;-satellite may be seen by Theorem 3.2 to be the connected sequence
of functors Tor?' (C, —).

(b) We get a more genuinely relative theory by taking &=4,, the
class of all split epimorphisms in 9,. Then &; consists of those epi-
morphisms in 3, which split as epimorphisms of A-modules. Thus,
in the forgetful case, &; is the class &, of Section 1. Of course, every
A-module is &,-projective, so we may use the A-modules A’ ®,B for
&o-projective presentations in I ,. If we again take the functor
C®, —: M, —UD, the left &,-satellite is computed by means of left
&o-derived functors and it is customary to denote these derived functors
by Tor?(C, —) or. if y: A— A’ is an embedding, also by Tor'4**(C. —).
We obtain results for this relative Tor (exact sequences. balance between
left and right), just as for the absolute Tor.

(c) Let .4 =.4, be the class of all monomorphisms in M ,. This class
is injective, and, since U preserves monomorphisms the class
My =U"1.4, consists of all monomorphisms in M .. Thus, by the dual
of Theorem 4.1 . is injective. Note that, in the forgetful case, this
implies that the A’-modules Hom(A’, D), where D is a divisible abelian
group, are injective, and also provide enough injectives in 9 ,. (compare
Theorem 1. 8.2). Now consider the left .#;-exact functor

S=Hom,(C, —): M, —Ab.

Then we may apply Theorem 3.5 to infer that the right .#;-satellite of
Hom 4 (C, —) consists of the connected sequence of right-derived
functors Ext}.(C, —).
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(d) Now let .# = #,, the class of all split monomorphisms in 9.
This is an injective class, and .#, = U~ !.#, is the class of those mono-
morphisms in IM,. which split as monomorphisms in M,. Again, this
is an injective class and we have enough .#,-injectives consisting of the
A'-modules Hom 4(A', A), where A is an arbitrary .1-module. We refer
again to the functor Hom ,.(C, —): 9 . —ADb, which is, of course, left
My-exact. Theorem 3.5 ensures that the right . Z;-satellite of Hom ,. (C, —)
consists of the connected sequences of right .#;-derived functors of
Hom,.(C, —), which we write Ext}(C, —) or, if y:A—A’ is an em-
bedding, also by Ext{y. ,(C, —). Again, the reader should check that
these relative Ext groups have the usual properties; see also Example (e)
below.

(e) Here we exploit the contravariant form of Theorem 3.2. We revert
to the projective classes &;, i=0, 1, of (a), (b) and now regard the pro-
jective class &/ in M 4. as an injective class &; * in IFP. The contravariant
functor Hom . (—.C): 9, —ADb is left exact. We may thus describe
the right & *-satellite of Hom ,.(—. C) in terms of the right &;*-derived
functors of Hom .(—, C). If i=1, we obtain the usual Ext functors,
Ext’.(—, C); if i=0, we obtain the relative Ext functors denoted by
Ext}(—, C) or, if y is an embedding, by Ext{,. 4(—, C).

Exercises:

4.1. In analogy with Exercise 3.1, prove a balance theorem for Tor{*4?(—, —)and
Extis. 4y (— —).

4.2. Attach a reasonable meaning to the symbols Ext} (—,B), Torf(—, B).

4.3. Let & C & be two projective classes. If (I T) P'=0 for n>=1 and all &'-pro-
jectives P’ (P is then called &-acyclic for T), prove that IS T =I¢ T foralln> 1.
(Hint: Proceed by induction, using &'-projective presentations.)

4.4. Use Exercise 4.3 to show that Ext/, (Z, —)= Ext],,(Z, —) where .# denotes
the injective class of all monomorphisms in M; =My, and #, denotes the
injective class of all monomorphisms in 9i; which split as homomorphisms
of abelian groups. Obtain a corresponding result with Ext replaced by Tor.

4.5. Generalize the argument of Exercise 4.4 by replacing the ring ZG by a suitable
ring A. (One cannot generalize to arbitrary rings A )

5. Kan Extensions and Homology

In this section we describe a very general procedure for obtaining
homology theories: we will first give the abstract development and then
illustrate with examples.

Let U, B be two small categories and let J:U—B be a functor.
Let A be a category admitting colimits (for example Ab. 9 ,). Now
given a functor S: B—A, S J: U—-UW is a functor so that J induces a
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functor between functor categories.
J* [B,A]-[U,A], 5.1

by the rule J*(S)=S - J. We prove

Theorem 5.1. If W admits colimits, then J*: [B, U]—[U. A] has a
left adjoint.

Proof. For any object V in B, form the category J, of J-objects
over V as follows. An object of ;. is a pair (U, p) consisting of an object
U of U and a morphism y:JU—V. A morphism ¢ : (U, p)—(U', ¢)
is a morphism ¢ : U— U’ in U such that the diagram

commutes. With the evident law of composition, J;- is a category. Given
a functor T : U— U, we define a functor T, : J,— U by the rule

Ty(U.p)=TU). Ty(p)=T(p). (5.2)
We now set .
JT(V)= h_r)n T, . (5.3)

This makes sense since 2 admits colimits. Notice that J T(V)is a certain
object 4, of U, furnished with morphisms ¢, (U, y): T,(U,p)— A4y,

such that )
ov(U,v) Ty(@)=0v(U, ) (54

for ¢ : (U, p)—(U', v') in J, ; and satisfying the usual universal property.
Now let 6: V;—V in B. It is then easy to see that 6 induces a mor-
phism 6: A, — A, determined by the equations

0 ov,(Uy, v1)=y(Uy, 09)), (5.5)
for yp, : JU;— V,. Moreover. the rule
JT(V)=4,. JTO)=6 (5.6)

plainly yields a functor J T: 8— .

We next show that J is a functor, J : [, U] — [, A]. Let S. T : U—A
be two functors and let 1: T— S be a natural transformation of functors.
Then we define a natural transformation 4, : T;,— S, of functors J, — U
by setting 1,(U. ) = A(U): Ty (U, )= S, (U, p). Let lim S, consist of the
object By, together with morphisms 6, (U, y): Sy (U, p)— B,. We then
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determine a natural transformation 1:J T—JS of functors U— U by
the rule .
AN v U, )=y (U, y) (U, ). (5.7)

Plainly, 1 is a natural transformation; plainly, too, if we set J(l)
then J is a functor [U, A]— [B, A]. It remains to show that J is left
adjoint to J*. We now suppose given functors T: U—, §: B—U and
a natural transformation 7 : J T—S. We define a natural transformation
v =n(t): T—>SJ by

?(U)=1(JU)< g;p(U, 1), U in U, (5.8)
TU-2v@, jTjy—4Y9 ,5jU.

Also given a natural transformation ¢ : T— SJ, we define & natural trans-
formation 5 =7(c): J T—S by

(M- op(U, p)=Sy (V). (5.9
Vin®8, UinlU, ¢:JU->V in B.

It is easy to verify that 7/, 5, @, 7/ are natural; we conclude by showing
that # and 7 are mutual inverses. First, if 7: JT—S, then

TWV) or(U,p)=Syp-T(U)=Sy 1(JU)- ¢;y(U, ).
Now consider the diagram
TU 2wV, jTgy —4¥9 ,5jU

p"’(/ l.iTtp lSw
)

JTV —® g5y,

The triangle commutes by the definition of J Ty (5.5). and the square
commutes by the naturality of 7. Thus

T(V) op(U, )= Sy - 1(J U)< g, p(U, ) =1(V)- gp(U, ),

sothat 7’=1,orfjn=1.

Next, ¢'(U)=56(J U)< g;y(U,1)=0(U), by (5.9), so that '=0, or
n# = 1. This completes the proof of the theorem. []

Note that if, for some Ve B, B(J U, V) is empty for every U € U, then
JT(V)is just the initial object in U, so that this case need not be regarded
as exceptional.

Definition. The functor J : [U, A]—[B, A] is called the (left) Kan
extension.

The term “extension” is justified by the following proposition.

Proposition 5.2. If J:U—®B is a full embedding, then, for any
T:U—UA, JT does extend T in the sense that (JT)J =T.
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Proof. Let Uel and consider the category J;,. There is a sub-
category of 3,y consisting of just the object (U, 1) and its identity
morphism. Now, given any object (U, w,) of J,y, there is a unique
morphism ¢ : (U,, p,)— (U, 1) with Jo =y, since J is a full embedding.
It is then obvious that lim T}y is just TU, with ¢,y(U,, y) = T(¢). This
proves the proposition. []

Remark. We have, in this proof, a very special case of a cofinal
functor, namely the embedding of the object (U, 1) in J;y; it is a general
fact that colimits are invariant under cofinal functors in the sense that
lim T=1im TK, where K : €— D is a cofinal functor of small categories
and T:®— . For the definition of a cofinal functor, generalizing the
notion of a cofinal subset of a directed set, see Exercise 5.4.

We now construct the Kan extension in a very special situation. Let
U = 1 be the category with one object 1 and one morphism. Then clearly
[1. A] may be identified with 2. Let Ve B. and let J = K, : 1— B be the
functor K, (1)=V; then the functor K}:[B, A]—[1,A]=U is just
evaluation at V., ie.. for T: 8—U we have K T=TYV.

Proposition 5.3. The Kan extension Ky - A—[B, A is given by
K, AV'= [] 4, 4,=4, (5.10)

veB(V.V’)
with the obvious values on morphisms.

Proof. Of course it is possible to prove the implied adjointness
relation directly. However. we shall apply the general construction of
Theorem 5.1. So let J = K, then 3, - is the category with objects

1Lvy=v:J)=V->V'

and identity morphisms only. For the functor T:1— with T(1)=A
the functor Ty-:J, —U is given by T,.(1,v)=T1)=A4 (see (5.2)).
Hence, by (5.3), the Kan extension of T evaluated at V' is just the co-
product || A,,where 4,=4. [J
veB(V.,V')

Next we discuss the Kan extension in a slightly more general situation
than that covered by Proposition 5.3. Let U =B, be the discrete sub-
category of B, and let I : B,— B be the embedding. Note that [B,, U]

may be interpreted as the product category [] [1,, ¥]= [] U, . where
Ve VeB

A, is just a copy of A. We denote objects in [B,, A] therefore by {4, }.
Note also that I*:[B. A]— [B,, A] is the functor given by

I*T)y=(I*TYV=T-I(V)=TV
where T : B— U; in other words,
XT={TV}.
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Corollary 5.4. The Kan extension I : [B,, W] —[B, A] is given by
Hapv'=1H Reayv=11 11 .,

VeB Ve veB(V,V')
where (Ay), = Ay, with the obvious values on morphisms.
This follows easily from the following lemma.

Lemma 5.5. Let F;: €,— T be a left adjoint of G;: D—C,;, and suppose
that D has coproducts. Define G:D—[][€, by GD={G,D}. Then
i

F: n C,—D. defined by F{C;} = ]_[ F.C,. is a left adjoint to G.
Proof. D(F(Cy. D)= D(LI F.C;. D) = [ D(F.C. D= [ 64C,. G,D)
~(T1&.)¢Ca. 6Dy =(T]€)(Ca.6D). D

Plainly, Corollary 5.4 follows immediately from Lemma 5.5 and
Proposition 5.3. []

Going back to the general case. let J: U— B be a functor and let A
be an abelian category with colimits. Then (see Exercise II. 9.6) [U, 2]
and [®.A] are abelian categories and. moreover. the Kan extension
J: [U, AT [B, A] exists. Since J is defined as a left adjoint (to J¥) it
preserves epimorphisms, cokernels and coproducts; in particular, J is
right exact. Denoting by &; the class of all epimorphisms in [, A], we
make the following definition.

Definition. Let T:U—A be a functor. We define the (absolute)
homology H, (J, T of J with coefficients in T as the left &}-satellite of the
Kan extension J evaluated at T

H(J,T)=(S,)T, n=0,1,.... (5.11)

We may also, for convenience, refer to this type of homology as
J-homology. By definition H,(J, T) is a functor from B into U, and
Hy(J, T)=JT. Next we take up the question of the existence of
J-homology. We shall apply Theorem 4.1 to show that, if U has enough
projectives, then so does [U, A]; that is to say, the class &; of all epi-
morphisms in [U, A] is pro;ectlve By Theorem 3.2 the satellite of J
may then be computed via &{-projective resolutions in [, A]. To this
end consider I:U,—U and the Kan extension I: [, A]— (U, A].
By Theorem 5.1 I exists, and its form is given by Corollary 5.4. Since

[U,, A] may be identified with the category [] Uy, where Uy is a copy
Uel

of U, it is clear that I* : [U, AT— [U,, A] is faithful. By Theorem 4.1 the
adjoint pair I - I* may then be used to transfer projective classes from
[u,, AJ to [U, AJ. Clearly, if & denotes the class of all epimorphisms in
[, AT, (I*)~ 1 (&,) is the class &; of all epimorphisms in [, A]. Now
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since A has enough projectives, the category [, , 2] has enough pro-
jectives, and &, is a projective class. By Theorem 4.1 it follows that the
class &, is projective. We therefore have

Theorem 5.6. If A has enough projectives then the J-homology

H*(J, —): [ua Q[]—)[%, Q[:I

exists. It may be computed as the left &;-derived functor of the Kan
extension,

H(J, N=I&NT, n=0,1,.... [ (5.12)

We remark the Theorem 4.1 and Corollary 5.4 yield the form of the
projectives. A functor S:U— is, by the last part of Theorem 4.1,
&;-projective if and only if it is a direct summand of a functor I{P,} for
{Py} a projective in [, 2A]. But this, of course, simply means that each
Py is projective in U. Thus, by Corollary 5.4, the functor S is &;-projective
if and only if it is a direct summand of a functor S: W— A of the form

Sovy=11 L Py,

Uel vel(U,U)
where (Py), = Py is a projective object in 2.

Corollary 5.7. Let 0— T'— T— T"—0 be a sequence of functors in
[, A] which is &-exact. Then there is a long exact sequence of functors
in [B, A},

—-)Hn(‘,a T)_)Hn(Ja T)_—'Hn(Ja T”)_) Hn—l(‘,a T,)—" Tt D (513)

We remark that the above definitions and development may be dual-
ized by replacing 2 by A°P? to yield cohomology. The reader should con-
scientiously carry out at least part of this dualization process, since it
differs from that employed in Chapter IV in describing derived functors
of covariant and contravariant functors in that, here, it is the codomain
category U of our functor T which is replaced by its opposite 2°PP,

Our approach has used the existence of enough projectives in the
category . However, instead of defining the homology using the class
&1 in [U, A] it is possible to define a (relative) homology as the left
satellite with respect to the class & of all epimorphisms in [, U] which
are objectwise split, meaning that the evaluation at any U in U is a split
epimorphism in . 1t is then plain that & is just (I*)~'(&,) where &,
denotes the class of all epimorphisms in [, A] which are objectwise
split. We can then define a relative homology,

HJ, T)=(SSNHT, n=0,1,... (5.14)

as the left satellite of the Kan extension with respect to the class &.
Since the class &, is clearly projective in [, 2], we may compute the
relative homology as the left &)-derived functor of the Kan extension.
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This definition clearly works even if U lacks enough projectives. More-
over it follows from Proposition 5.8 below that if 2 has enough pro-
jectives and exact coproducts then the relative and the absolute homology
coincide. An abelian category is said to have exact coproducts if co-
products of short exact sequences are short exact — equivalently, if
coproducts of monomorphisms are monomorphisms.

Proposition 5.8. Let A have enough projectives and_exact coproducts.
If Re[W,A] is an &-projective functor, then (L5iJ)R=0 for n>1,

Proof. Clearly every functor W,— is &,-projective. Thus, since
(L8 1 J) is additive and U has exact coproducts, it is enough, by Theorem
4.1 and Corollary 5.4, to prove the assertion for R = K Ay : U— U where
A=Ay is an arbitrary object in 2A. Now choose a projective resolution

P:-.—P,—P,_,—--—P,
of A in . Then, since coproducts are exact in U,
KyP: - —KyP,—»KyP,_,— - -—KyP,
is an &]-projective resolution of R. Since trivially
J(KyP)=K,yP, (5.14)
the complex J(K, P) is again acyclic, whence the assertion follows. []

We have the immediate collorary (see Exercise 4.3).

Theorem 5.9. Let U be an abelian category with enough projectives
and exact coproducts. Let U and B be small categories and ler J : U— B,
T:U—U be functors. Then

H(U,T~HWJ,T). 0

Exercises:

5.1. Justify the statement that if B(JU, V) is empty for some V and all U, then
JT(V)is just the initial object in .

5.2. Formulate the concept of the right Kan extension.

5.3. Give an example where J : U— B is an embedding but J T does not extend T.

54. A category € is said to be cofiltering if it is small and connected and if it enjoys
the following two properties:
(i) given 4, B in €, there exists C in € and morphismsa: A—C, f: B—»CinG;

(4
(ii) given X 2Y in €, there exists 6: Y—Z in € with 6¢ = 0.

v
A functor K : €—D from the cofiltering category € to the cofiltering category
D is said to be cofinal if it enjoys the following two properties:
(i) given B in D, there exists 4 in € and y: B—KA4 in D;

(4
(i) given B3 KA in D, there exists 0 : A— A, in € with (K6) ¢ = (K6) .
v
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Prove that, if T: D—U is a functor from the cofiltering category D to the
category 2 with colimits and if K:€—? is a cofinal functor from the co-
filtering category € to D, then lim T = lim TK. (You should make the nature
of this equality quite precise.)

5.5. Prove Proposition 5.3 directly.

5.6. Prove that, under the hypotheses of Proposition 5.8, the connected sequences
of functors {L£ J} and {L°J} are equivalent.
[Further exercises on the material of this section are incorporated into the
exercises at the end of Section 6.]

6. Applications: Homology of Small Categories, Spectral Sequences

We now specialize the situation described in the previous section. Let
B =1, the category with one object and only one morphism, and let
J : U— B be the obvious functor. Thus, for T: U— A, we define H, (U, T)
by

HU, T)=H,(J.T), nz0, 6.1)

and call it the homology of the small category W with coefficients in T.

We will immediately give an example. Let W= G where G is a group
regarded as a category with one object, let B=1U,=1, and let J be the
obvious functor. Take 2 = Ab the category of abelian groups. The functor
T:U—UA may then be identified with the G-module 4 = T(1).so that
[ A] =M. The category [B. A]=A is just the category of abelian
groups. The functor J*:[B.A]— [U, A] associates with an abelian
group A the trivial G-module A. The Kan extension J is left adjoint
to J*, hence it is the functor —g: [U, W]—[B, A] associating with
a G-module M the abelian group M. Since the class &) in [U, A] is
just the class of all epimorphisms in Mg, we have

H,(J,T)=H,G,A4), n=0, (6.2)

where A= T(1), so that group homology is exhibited as a special case
of the homology of small categories. Moreover the long exact sequence
(5.13) is transformed under the identification (6.2) into the exact coef-
ficient sequence in the homology of groups.

We next consider the situation

uLpLm
where J, I are two functors between small categories. The Grothendieck
spectral sequence may then be applied to yield (see Theorem VIII. 9.3).

Theorem 6.1. Let J: U— B, I: B—IB be two functors between small
categories, and let A be an abelian category with colimits and enough
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projectives. Then there is a spectral sequence

Epi=H,(I,H,_\J, —)=H,(IJ, —). (6.3)

Proof. We only have to show that projectives in LII A] are trans-
formed by J into I-acyclic objects in [B, U]. Since J is additive it is
enough to check this claim on functors R= KUPU U—A. But then
J(KyPy)=K,y Py (by 5.14) which is not only J-acyclic in [B, U], but
even projective. []

We give the following application of Theorem 6.1. Let U = G, where
G is a group regarded as a category with just one object, let B=Q be
a quotient group of G, and let W=1. I, J are the obvious functors. Let
A be the category of abelian groups. Theorem 6.1 then yields the spectral
sequence

Ep=H,(Q,H,_,(J, =)= H,G, -). ©4)

In order to discuss H,(J, —) in this special case, we note that [B, 2] may
be identified with the category M, of Q-modules. If M is in EIRQ J*M
is M regarded as a G-module. It then follows that for M’ in M.
JM'=ZQ®;M'. since J is left adjoint to J*. We thus obtain

H,(J,—)=TOI',.G(ZQ,—);H,.(N,—), rgo,

as functors to M, where N is the normal subgroup of G with G/N = Q.
The spectral sequence (6.4) is thus just the Lyndon-Hochschild-Serre
spectral sequence for the homology of groups.

We would like to remark that the procedures described in this section
are really much more general than our limited tools allow us to show.
Since we did not want to get involved in set-theoretical questions, we
have had to suppose that both ! and B are small categories. However,
one can show that under certain hypotheses the theory still makes sense
when U and B are not small. We mention some examples of this kind.

(a) Let U be the full subcategory of I, consisting of free A-modules.
Let B =9,, and let J be the obvious functor. Thus J* : [B, AJ— [, A]
is just the restriction. It may be shown that for every additive functor
T:U-A

H,(J,T)=L,T. nz0.

where L, T denotes the usual n'* left derived functor of T: U—9.

(b) Let U be the full subcategory of &, the category of groups, con-
sisting of all free groups. Let B = ®, and let A be the category of abelian
groups. Again, J: U— B is the obvious functor. Let R, : U— A be the
functor which assigns, to the free group F, the abelian group

IF®FA=Fab®A ’y
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for A a fixed abelian group. It may then be show that
Hn(J~RA\'G=Hn+1(G~A). ngl,
Hy(J.R)G=G,,®A.

Thus we obtain, essentially, the homology of G with trivial coefficients.
However, more generally, we may obtain the homology of G with coef-
ficients in an arbitrary G-module A, by taking for U the category of free
groups over G, for B the category of all groups over G, and for J : U— B
the functor induced by the imbedding. Then we may define a functor
T,: U—A by

T(FLG) =1F®;A
where A is regarded as an F-module via f. One obtains
H,(J,T)1l¢=H,.,(G, 4), nz=1,
Hy(J, T)15=1IG®RsA.

Proceeding analogously, it is now possible to define homology theories
in any category B once a subcategory U (called the category of models)
and a base functor are specified. This is of significant value in categories
where it is not possible (as it is for groups and Lie algebras over a field)
to define an appropriate homology theory as an ordinary derived functor.
As an example, we mention finally the case of commutative K-algebras,
where K is a field.

(c) Let B’ be the category of commutative K-algebras. Consider the
category B=B'/V of commutative K-algebras over the K-algebra V.
Let U be the full subcategory of free commutative (i.e., polynomial)
K-algebras over V, and let J: U— B be the obvious embedding. Then

H,(J, Diff(—, A))

defines a good homology theory for commutative K-algebras. Here A
is a V-module and the abelian group Diff(U-% V, A) is defined as follows.
Let M be the kernel of the map m: U®xU— U induced by the multi-
plication in U. Then Diff(U-5 V, A)= M/M?® A where A is regarded
as a U-module via f.

Exercises:

6.1. State a “Lyndon-Hochschild-Serre” spectral sequence for the homology of
small categories.

6.2. Let A be an abelian category and let U, B be small additive categories. Denote
by [U, A], the full subcategory of [U, A] consisting of all additive functors.
Given an additive functor J : U— B. define the additive Kan extension  J* as

a left adjoint t
oo J*:[B,9], -0, .
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6.3.

64.

6.5.

IX. Satellites and Homology

Along the lines of the proof of Theorem 5.1, prove the existence of J* in
case U has colimits. Prove an analog of Proposition 5.2.
In the setting of Exercise 6.2 define an additive J-homology by

H'(J,-)=(85J*):8—-A, n20.

Show the existence of this homology if 2 has enough projectives.

Let W=/ be an augmented algebra over the commutative ring K regarded
as an additive category with a single object. Set B=K, and let J: A—K be
the augmentation. What is H,! (J. T) for T: A— b an additive functor, i.c.,
a A-module? (H, (J,T) is then called the n™ homology group of A with
coefficients in the A-module T.) What is H," (J, T) when (a) U=ZG, the
groupring of G, K=1Z; (b) K is a field and U= Ug, the universal envelope of
the K-Lie algebra g? Dualize.

State a spectral sequence theorem for the homology of augmented algebras.
Identify the spectral sequence in the special cases referred to in Exercise 6.4.
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