MAST 1006 8 — Lecture 1 24 [7]6

The 514@8(3‘]3 of this counre are

. Cafegow'w and functors

. Homologz\cal algebra (inc. gvoup 60100%40{09%)
* Noncommutative algelom

Tou ave assumed 4o howe o wo/k/hg Ruowleclye of linear algebra,

group Theows and m'njs modules. We begin with an nhoduction 7o
categony theony, and the puvpose of This fint lecture is fuofold :

on the one hand fo glve e bowrc de;é’n/'ﬁbm’) ancl on the other

hand o e xplain gﬁy cafego:y 7%20& is useful. As Avthur C. Clavke said:

/ for abshachion

>

h Anjsmy%‘(,fem”y advanced f-ﬁchl/)o/cgg

<Y
s indistinguichable fiom mag ‘category theowy

Exaple L Let X, Y, Z be J-Dpo/ogl”ca/ spaws ano/mppoze T, 0O ave contrmmowus -

X
lﬁ (r.0)
Z

YV —

lg

The $bev pwoduct of. X Y over Z (via T,8), denoled X *z 7, is

){Xz\/ = {(X/VBGXXY I W(chg(ﬁj} (.2

with the JMbJP ace poo/oij, Theve are obviows maps (ﬁu pvgjecﬁom)

Px'- ><\<a7l—>X) PyZXXZV——)Y (1.3)



which make the following diagiam commute  (meaning: T px =(9P\/)

P
Xy ——

SR

4 > L
o

Forinctona if Z=1{*% then X2V = Xyz 1 Z=1[0] ad we e
XL_ t= 7[”({')) 7’6:@-'0') %/W%’éewoupr O<t<] then (aoJe}z)

X:MX{?) y:_\._l.\/t— X*z\/:M_Xfxyé

o<t oetei o<te |

Xt
(1.2)
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So X2 i ‘f'l/m(;%ev-wﬁe” PwolMd‘cHD X, ovev Z.

_/\@U .SU[/DP()JQ we //|a,u~e /0 \V/— \/ mwo/’her oonﬁm/wm W)Ol)DJ aV)C( ﬁwm

Vxy (X2 ), anin the diagram, with pujections Py, v

qX\/ Px
Nx (XY ) — X Y —— X
| L lﬁ (23)
N b - Z

P o



Lemma Thave is a. homeomonphism

f: \/YY(Xxl\/>i\/XZX (3.1)

with the second Fiber product wing (7, Op )
Bocf  Rewll

V(XY ) = { (v, w)e Ve (xe7) | py(W = p) ¥
= 1!
={(v09) e VX3V | y=_p(v), 7(x)=0(y)}
(v,,9) (v,p(0)
1 1 (3.2)

(v,x) (vx)
Ve X = { (wx)eVaX | m=0p0) }

v, 1,9 ) €\ xXx Y ' oy (19) = L(V), 7[(x)=@(7)}

E>cample 2 Let X, Y, Z be abelran guoups and suppore T, 0 ave group homomoqahmmr

X
lTL (2.3)
Z

y lg

The f'éergmclucfm@ XY over Z (via 7/;(/0)/ denoled X*z 7, is

XY = {G)e Xy | T=00) ]  (2y)

This is o mbgwup)ﬂneueﬁ)m an abelian guoup, and the puojection s

Px, Py ave homowoyohisms.



fou can check that fhave is an fsomovphiom o guoups, given another

%DmovmompMJlSW\/ V=Y, av before 50 of guoups

£V (XY ) —= /s X (5.1)

jc V/I/\f> C\//JLB

The point: This is tediows. The same definifion leads o the same lemma
for ‘h)pblogfcal Jpaws, abelian goups, modules vver a ving , sheaves, ... In
Sfact 1his lemma s alwoys twe ( for Tre “Gght” potion of fbes product ).
But yre clo viof wam"fojowme it again and again.

E)(amg/e 3 Le/f’ /}g B/ S EZ be Cfbe//h/) yWM,DJ’. Wlen wz&a[/( /UDW(ZV}J

second Tsomoyphiam Theorem

B. /A
= 2 2
5/ /s, (4-2)

Recall the proof. We define L B1/A — Be/A by L(Z)=X and check Hrak
(2) L s Wechve and (b) the map T Bja — Befp  w(3) =9 is suyective
and hon Reme) Im (L) so () by Noetherls fint isomovphisim theorem
Im(m) = (@2//4)/;(01,(7) and we're done .

Excample 4 Let X be a bpolog}\cct/ J/DaC,QOIVIC{ S cb5< B SWQWU}Q
abelian Juonps on X . Then it is hue thot M ide: o wkrlua@LT oL abeliar

woups on >< s an abelidn gvoup

Po /X% >~ )BZ/ Tlu) for evew open U € X and

ﬁ;/uv/' }/ tﬂomomomhumr T(v)— T(V) for
61”/0110’ vedo, Iaﬁr/ymy an obvious

wm/) b//lé‘/l




but while the puocf is “morally” The same as for abelion guoups,, it iy mof
//’kra“g the same, because for sheaves _rbufgcﬁ‘m’@ (onrectons ) makeo Sente
but s the “wong” nofion a#ep/“mumb/}rm} and

(7/ 4 ) #+ PVsu) (1)

So theagument dves not naively veduw fo the cane of abelian goups

The point + there are many Theovems aboutabeliom groups (l/%ee Nocther's
isomonphism Teovems ) which ave also twe for shpaves of abelian groups,
[mp, R-modules and sheaves 07”//Vlodu/€5) and we want a fowma/l}swl

that will gllow as fo prow these theowms one and “reuse” them.

That formalism s cafegow Weolg. In outing

Z obelian auoups

_  dbelian guoup:

-

2
&
/////// .

Lo e

21 al}\ a‘a e\ioh

abs%mel’ (/m‘h
/ TO\\\.K Io ]
abelian cajrea ovien y ‘S}Afmjffffi @ T/VF )
(axiomitise cevtiin Fm}aeer'e/;)

of- abelian ououps

[

N oethey's isovmovasm Wmvems%old )
n OM:\j abelian cajre«aong. .



Reﬂaw{/’ﬂg ouzfﬁwfemlmp/e) e velevant abshaction is a (afegm/g with Iom((bades
(a pullbacle is the axiomifised /aloﬂlmcf venion of o £ ber louodz/tcf)

ecialise

sp N
/ Hhuse ave
cafegot(y w?ﬂ\ Pu”bOlCzQS caregovie)

% w{figpul(bacéfo,
Z > (abelian guoups

Vg (X5 7) & Ve X
Lolds leve

‘pro(og/'coxf spaw)

s dime for definitions. We assume given jome sef-Theovefic oancation in which
it moikes sense Fo falk (J}ﬂiez] and  clasres (eve«ﬂ sef is a dous but not \/fce-vewaj
such that Fheve is o claus of all sefr. See AT (meons appendix 1)

MN A ccﬂteaovy G Lomszs/'xa'/-p

(1) A dass ob(8) whote elements ave called object oF the cafegoy

(2) For ead/\paira}p objecﬁ A,B a sel E(4B) whore elements
are called vnovyphisms from A+ B and ave wwiblen £:A— E.
(alsocalled guows ﬁom A B )

(3) For eveyy ﬁfiple ()ﬁd@‘QC?/? //4/5/C) a funchion

Cpoc * E(B,C)xCIAB)—E(4 C)

ca//edwmgon%‘z?rl and wnillen jO;C = Cusc(9,f).



(4) Foreach Dlojecf /J/ a mowphism 4 € 514, A) callocl fhe /‘c/ewﬁ'é, on A .

Sech s{ging The ﬁ://owmg axiows -

(1) /\s&ocfghv@ For ang Tuple [A/B/C,D) a;go@‘eaﬁa//)d moyphjsms
o fndicated in Wd/‘a@mm

h
£ > ﬁ%C > D

A

we have
ho (g-F) = (h=3)-f
(Y Vails  For any mophism f:4 —> B we have
lgef = F=Fola

Def” A diagvamn of movphisms

in acalef}o@ G is said o commule if &"’Jp = f/"ﬁ/-

Note 0ffen jO//'salobzfevmlL(’c/ fo 57/



Above Example 1/ Example 2 suggeoled Hhat the comca)ofc/f a ﬁéer—lbdeC/L
could be ufeﬁ)//g abJ/mclt’d/ while Exaz/np/e 3/ Examp/e éé Sugg,wf‘we abshact

(among pom‘b[y other 7%/"/)3& ) The concepf-of quotiont by o Jﬂb&'fw#p. We dp the.
Fint abshaction im mec//'a/f(y :

D™ (Giivena ‘ua;‘roaé moyphisms in a cafegoyy G
X
l X (&.1)

V5 &

a fiple ( U, Px, ?v) comisﬁ‘ng 0}0 an obJ‘ech U and moyphisms
pe: U= X, py U=V is called o pullback of (£.1) i

V—X

* thedlogam \ \ commuler, ve. Tpx = Opy.

N —2

* for any pa\‘ruf momhl‘alfm oA N — X, «y:V—=Y with

A Tlkx = O oly thore is a um\ﬂue mowhmm NV —> U such thaf
/ PXOQZO(X ahd Pyo(:O(y_

wre call His the
“Ynivenal /OW/%@”
dﬂﬁupu/lbmk

(».2)




Lewma | A /aulllmde, h[{fexijk) s uniglie (/1/0'/'0 uniqire iso momh/ﬁrm
Pbome Nex{-ﬁme. 1)

So we may Lpeak of “the” pullback, pbupevt\t/ undevitood,

Def Let Top denle the cafegovy whore objects cie fopolgical spaes,

cnd uhose VMDW/’I/UVWS ave continuoun maps.

Lewmma> IF (81) sa diagvam i Top, the pullback is the frher puoduch
(XXZVJ PX/ P\/)

_?uo_cre What we meanis that Px, PY have ﬁmumivewaf/owpe»%j Suppore Y, olx,oly
ore gil/f’n with Ndx = (90<>’, and cfefim

d: V—> XY
£ () = (), o9 () )

Wqﬁacfﬂva* 7(_0(x(‘/) =670(V(V) nuans this f:wt’(/-d!&/{ma'/ anc it s
C[€av£7 continuoun, and safisfies Pxod =ox, Py = oy, BuFis &
unique with thesze /Dcopen//'r'cw? \/&) laecawe/f o' were another Vnomhﬁrﬁfz
with prx'=dx, py A= oy then for all v, by duf™
T sine A (V)EX]
< () = (P, pra'(v)) N
= (dx(v), aty(v) )=t (V) A

Hene o = o 0



This shows that pullbacks gire an abstact nofion £ 45 ber pwd,ua[r. I vemarn s
to avyue fhat the Jemma  about frher produck, which we obsewred fo be fue

in Top and the (afegovy of-abelian guoups, is the shadow of a theorem about
Puﬂbaclzc:

Theorem. Leb & be acajregolﬂ ancl consider o commutative d/‘a@ ram

A

5 2 means both rquares

X Y tommute Jepamie(j
L= | = |
A > B C

L
_—

in which I is a pullback. Then L is o pallback i and omly il the outer
squave (%, 2, A,C) is apul/laack.

We will prove Hhis next-fivme. Bufohsewe that ao o Jpecfa( come in Ep )

\/XV(X"ZYJ = \O(A\\loac\agrf Xy —— X
S L \
L&VHWW\Z \/ \y > Z
~
byt = pullback. o s
N — 2

Lemmql N
= \Vx. X

o daimed .



AEKW dix

Refevenes o nofes on my wvebsite thevisingrea.orq ave often by
Gcvonyms (e9. FCT).

JAT] See my (FCT) notes and #he inhoducton o Bovceciux

1)

« Hanc(boo/zdyﬂcafegom‘ca/ a/geblfa



