MAST 006 8 — Lecture |0

In this lecture we (@na”q) diseuss ad[umcﬁonf) which have ;ecveﬂy been
playing an impovfant wle sinw fhebeg/'nmmg of the couve .

Def” Lot Frl — B and G B — ot be funchow. An edjunchion
with G onthe left and F onthe Vfghf’ is afumily of bv'edﬁom

Ops * Homy (GB, A)— Homyz (B, FA ), Acch(d) Beob(s)

which is naduval tn A, B by which we mean that for evely movphisim
f:A —sANn St e clfagmm

8Y
Homa (6B, A) —————> Homy (8, FA)
fo- L | F= Y
Homa (08,A") > Hom z (B, FA')

Oa'e

commules, ancl for evely woyhism g9 B—> E]fn/B T diagvam

Onar

H()W\ﬂ—(&g,/ar) > HDW\ﬁ(BI F/of)

—o g )[ ’\ e (1-2)

Hom 4 (GB) A) > Homg( 8 FA)

0/+g !

commutes.

If such an adj’u nckion exist we Jay Cois Jeffadpink ko F, that F
is Wq\'\l“aQJ‘oano 5\} and wrke & — F Wecall (FG) anadjoinf pair.




&

_}\J_(_;f_e As we will show) theve is euemﬁo,//y atmostone adjﬂumcﬁbn (1. 7%mf{7 o (! IJ“)
between a pair F, G and the right (vesp-le ) acyo)’mfa-;@ atunchr i emenﬁq”y
uhique fitexivs.

Examples (1) (Lechre 2, p- 10) Theve 15 cin adjm‘n%pa/'r

- >
St T A F=forgeful, V= frec ab.grp.
F

Homﬁ_b(\/s) B )gHDW\_Lgr(S, FB> so \V— T

(2) (Lecture 2, EX”) Theve is an adfo/n?Lpa)'r

\Y}
—

Mﬂkwﬁﬂﬁ
-

F:'%Drf]eﬂu\) N = frecving on o movoid

Hom,@g(\/a, R) = Homm(a, FRB 5o \/— T

3} (Lechure /, {12) Theve is an adjomjrpafr

‘P
&\ragk </_\> Cal U :undevlufng) P= PQH/\ wl .
U

Homge( PG, E)Z Homggy (G UB) 50 P—— U

UESML : jEV‘E’ﬂ is leff acymh}ﬁﬁ 7[0}’387%(( .,




(4) Suppose G is an oviented 3mp|ﬂ) and G « ca’(egovy in which diagrams
Uﬁﬂl()@e C hewre alimit. Then loy Lechure 9 P: / we have gn chumch‘om

=
—

C . [ PG, 6] T = consfemt diagrom lrm= limit
<

lim

HOMEP&,B](IC}O() = H()ymo)(c) )“’Ho?) so 1 — I)’m

(5) G, ar ahove, and evew clivguamat shape G admitting a colimif-
T

G . . [r6,8]

wim

HDW\‘G( wlim « C) = HD}’V\[PQIB]("() IC> so olim — L.

Theovewm Consider funclon F:A—F and G: B— A TFAE
(1) Theve is an adjumd?bl/\ O with G on Huw leftand Famﬁmm\gh}.

(2) Theve exist natural hansformations 7 - Lg — Fo Cand
£ GoF — L sudithat fovall Aeoblot) and BEob(R)

71:/) F(263 CCL
FA—— FGFA——> FA = FA ——>TA
y
&(73) Eae (9 )

ed
C(B——— GFGB ———> B = G —— G5



(3)  There exisk anodual hransformation 1}; — Fo G sudh Yholt
for evewy Reob(B) the yovphiom g B—> FCGB & univewgl among
maqohhmsﬂom R o O@ecjn Fthe form FA That is, for any mo whimm
b: B— FA fhere s aunique moyphism a: B —> A guch that

s
R — FGRB

)
v Fo
\ &/ (Lp.o

FA

commules.

(4)  There exish a nchuval hanspymation €+ CoF —> 1 such thal
r;[prevely Ae ob(H) tie moyphism €4 * UFA — A it univena
among mowhﬁws ﬁom O)Q)'adz 0/47%2 ﬁ)rm GB + A. Thot /s, ﬁramy
moyphlsm a: B —— A Hhewe iy o untgue moyphiim b: 8— FA «.t.

A
O FA > A
LN
Ta (¢.2)
b~

(/OYVWVL[/IL@/).

Qe

Rod We prove e (N (2) and baw (2)= ()S(4)  asanexevise
Fivd, (1) = (3)- Suppoe we hawve natuval bijections

Ops * Homy (€8, A)— Homy (8, FA ),



and ohiewe ‘/?)aﬁmhmg A=GB gives

(9&%5 : HDVW\A_(GB)&B)—: ]"OVVLF( E) FG B))

and we define
g = @GB,B('Q\3> : R——> FGEB.

We ned by check Hirs 15 (2) nechwal and (L) univewal . Fov nednality,
suppnre f: B—B given. By nccurlity of O, both squares in

@ cz,B
Homa( GB, 6B) ——— Homs (B, FGB )
Gfo— [ FG(F)o—

Homa (GB,68") ——— Hom,(8,Fa8') o

Ocp s
—oGf I ‘ —f

Hom + (68, GB) - Homg( 8/, FCB8’)

Ocr'B’

oommujre.wbpom Jays

FC(F)e Oag,8(las) = Garz ( CFels )

e FGH#)oYs = Onpys(GF)



while fhe lootom one says
@4315( las BGF) - @GB',B’( [m') °3(7
ve. Geos(GE) = Tg-f

(We conclude FQ(%)"(YB = 73"’#7 JD 17 franm’um/ ﬁmméxrnaﬁ‘on
1p = Fo G TF remains fo prove the univevsal propevty, but we will
devive this eanily from the following obsewedion: given any a>GB—4
( that is, Jomef’hmg to which Q4,2 may be c{pp//‘ea’) we may apply
noduvality of O fo deduce commutartivity 7

@aBjB

Hom( 6B, CiB ) > How (8, FaB )

ao— l l Fla)o — (6-1)

HDVMozf(C’B)A) > HDM;(B, FA ).

GB,A

Butthis cays in pavﬁ\cm(ar

@ae)ﬁr(“) = @48/‘}(0"’ Jus )
= F(Q) o @aB,B(/c,B)
= F(a) 7

[e2)

T @ is detevmined bL/ 7 ) ]wjfaﬂ 7 s defevmined hy O s cul'y
this implies (3), lef b: B—FA he given, Lonsidenng (6.1) a;;{ He fuct that
CHis a bijection, theve mu! be a unigue a :CB— A rwith Ocs p(a)=b.

But this s the same (by (62)) anr o seuy thewve it a unigiie a Ul th

b = F(=)> s, whichis what we wanked o thog. Heme (1)= (3).




v (3) = (1) suppole we howe 77 - 1)) — Fo (i with #he unvenol p//opel//y
andl define the funchon

(9,4,;3 ’ Homﬁ(cl@//q)—’% HOVW/B (B, FA)
(7.1)
(QA/B(“) = F(C‘)"’)Zg

Te T _
le. B—> FuB——> FA

The univenal propesly of U says precisely that 04,8 s a b//"e(ﬁ‘dn. It remains
to chacke noturality of Q0. Given 7:A— A und 98— B’ we have v chack
ommulahivily of

Op 12
Homa (6B, A ) — Hom s (8,F4) o > F(a) g

jo- | [ ] D I

Homa (68,4 ) — 1072 (8,7 F()= (V76

(9/)"5 "
ra — F(fa)lp
)
Homg (GiB, A) — HDm}g(B; FA) a0 Gg) —— F(a-a3) 7y
H
ot /[ ’X =g Fla)Fa(s) e
, | @ N —"Lis natuad
HDWIJ&(GB;A)M HomP(B/ FA) oL F(a)’jB;g
Gap T
> Fla)7p

So this shows (2) = (). =



Ex | (omplek the pioof of the #heorem by puving ()= (2) and ()= (),

Def” Inan adjuncﬁ‘onﬁu nedural Hransprmation 711} — [
s called the unit and €+ Coo F— At e countt.

Ex2 Wik down i unit and counit brancformations in e examples
(/)‘(f) on P@/@ He\myou w//) e he eXp//"ci)L ﬁls c{eﬁneo!
ineawlier lecture) |

Ex 3 Rowethat if a ﬁmdz)r F’Xfﬁﬁ har o m’g}ﬂl [VM}?- /6/7‘) acyo)'m/,
i+ Unigire up 7o isomoyphicm (and jn fact up To angue Iso moyphitm
i we adel o nahuial conshraint rovolving eithev 7 unit ov counit-.

What s the vigh bomzﬁfcuh/‘?)

Ex&  Givena paic of functon F, Cc ar above, o whatextent is an
adfuncﬁon O hetween them unfgue [} exith) T




