MAST 9006 8 — Lecture ||

Now we Rnow Cafegov(y heous ancl it 7s fime fo fuvn fo homological a(gp/n a

(our main app//‘caﬁ on), wheve the cafegom‘e» df inte vestave C&fégomﬂ of modules
over vings, and move genem//y abelian cafe(/on'eg. The mbjecf is prima n’/y

toncewned with complexen and theiv cohomology , and we will feke the ﬁ/&ow;‘ng
W ouv maip motvations:

© The theowy of homelogy Hi (XY and cohomology # (%)

oag oJpoD\Daical spa & X> defined as whomolugf/ 0‘,0 ceviain
oOVV\pleX@J associnted fum chDn‘al\g +o X

() The Auslander - Buchsbaum-Sevre Fheovem, which chavacleiives
requlavity of [ocal noethenian vings (1-e. smeothness of point on
algebyaic vaehier) a finidenens of @\Dbal dimension  (an invarant
balonging fo homelogical algeboe )} cend. Hilbedls 3y24qy theovem

which shows Weﬁ(o(oaidimemiom O}g IZ[“!/'--/IV\] o R a ]Qe(cl
I eglal o n.

These examplen show the fundamental role homolgical algebra plays in
algebvaicfopology vesp. alge biaic geomehy.

Conventions  All nng< aire assoclafive ancl unital, nng Mo hisms presew units.

Recall # R\‘sam‘ng, o left R-module is an abelran quonp M with ving mouphisim
$1: R — Endz (M), whae Endz (M) denoher mowphisins of cihelion quoups
M— M. (e wouadlly wike ¥-m or rm for Irm (D) (m) - A moyohism of
left R-mudules p: M— N is a movphism a#abelfamymu/n Lt forall rek,
meM wehave @ (rm)=r-3(). A rght R-module v o let? R F-module,



where R°P is the abelian guup R with mu/ﬁ‘p/icqﬁbn r*s =sv.

The Lallego;,yo—f left Remodlulen 7s denotecl R-ITod ancl the cafegm/y 07414}/1')}‘
R-modules is denoled Mod-R. e write for lef R-modules M) NI

Homg (M, N) = Hom rrtod (1T N)
and m‘/\m'}avlg for nﬁl/n‘ modulen.

Note Z-Mod =Ab, Mod-R = R”-Mod. (fowevxudomg chkfommingfom)

Note  Wewill asrume banic Fami/l‘avﬁy with the theow o moduler, for a
refresher see e.9. Hillon& Stammbach.

Ec_l In R—HodL) mono = |‘vl]eoﬁwe and ePi=5\A\jeO‘HU€.

D™ Ina cateqory G a 2ew object {s anobject O whilnis bothh
an inital and fevminal objeclr/ e forall Ceob(§) we have
both HDW\@ (0)C) and HOVV\B(C/O) ng]e*bm. We denole these
movphisms also by O er Oc:0—>C, 0,:C—>0 anc(w%rang
A B e ohb(B) urte Opp fov the w:ov}o]/mm A—0—B.

Ded” Recall that for a moyphivm of R-moduler ¥: M —NJ,

Ke\/(“{/) ————{ meM ) “f{vn) :O} < H
Im(¥) =13 ¥(w) JW\GM}S)\/ (2.1)
lokev () = N/ 1),

areall R=modulen.



M Le’r 6 be a ca’re\Cjo»\tj with zews ob\/‘eoL) amd f-‘ C—cC'a mmol/)ffm.
TheRewnel of £ (tFitexish) is the pu]lloadeo*@

O
l (2.1)
C— c'
The (/DIQQVWEI o’{ljc (l]( ;)"QXth) s ‘H/|Q PW}'}UU!‘(J‘#
R S
L (3.2)
@)

Thatis, the Revnel is a pair ( Kev(£), u ) consisting A an obje ck Ker(£)
ond wohlsm w:Ket(F) — C s3. = w= 0 and for any other

Vi X — Cwith fov=0D fhepeira uhique h: X — Ker () mak/‘nﬂ
e cliagram

Y C——’ (33)

ommule . If keynels (verp- cokemels ) exist fov all moyphiam, we jay
B has Remels (vem. hao cokernels ).

Ex 2 (Wrle down a similar explie/tfovm ot the univenal pwpehy of the cokevnel.

Ext2 Check thatin R-mod | for any V<M= N, theinclusion Key (¥) — M
is the kevne| and mquph‘em N — Gokev(Y¥) s Hre cokeynael.



Do) Let S [?eaca*egmy. AIMbDbiGEOLmP an olgect Cis amono uz S — C.
Wesay w precedes another subsbject u’: §'— C if there i o facforisation
dl?u,ﬂ/uvowgln !, e hepe exish w: § — §'with u'w =0, and we wrik.
usu’ oy by cibure df notudion S < 8’

Def” Let & heacateqony, and £+ C—C' a moyphiom. The image of f 7s the smallent
subvhiect o C’ fwough which f fachw, Yhat is, i#is asubobject u: L = c/
“/tvokajl/\ which  fackon (ol this fachovisatoom I €= T with £=we L MVWC(MQ)
whidh precedes any othev 3uloolojecjro£ C! with fhis )Dl/opevbﬁ TIf e image ot
£ exishs 1 75 unique up fo uniguie isomoyphism and we deydfe i+ Im(£). If evew
movphism in 5 hov an image we sy it hap images.

Ex & Suppore € hovequalisew, then the fuchorisation £ o8 f foough i image
is alwaws epc.
Def™ We say a categewy Gis balanad i epi + mono => iso.

y N
Ex 1 If Uis balovwd and f:c—C' has a fuchrisation € — Toc with

h mono and 9epl then h rsmrmagwf £ (assume £ hoy an image ).
Ex6 In R‘/\(oc{) e inclwim Im (“{’) < N j WWV\C{WU/Q FN =N

Ded™ A complex of R-modlules is a collectionof R-modules T‘CK} nez. and R-lineqar
maps ]( 27 Ch— )fnc—l such that "% =0 —ﬁwa) n GZ) e .

L — CV\-' 5 C“—acv‘ﬂ_).,. /avf(}tO.

We tend o umte (¢,2) ov jut C fo stand for i dah, and call 2
the diffevential of Yhe complex.



S,

Nole This is called cohomslogical indexing Anequivalent clef™ but with homological

fnd/ev()ﬁgh [{Cm}v\(-z with {Qn: C.,\—*Cw\}nez si. Dna®Mm=0 ﬁwaHVt{—[Z)

Ont\ )
. —) CV\+\  —) C“/L N )Ch_(ﬁ.-.

Sometimes one says Tochain wmp/exﬂ%y o whomo/ty]‘ca//y indexecl Lomp/EX
anc “chain complex” for o homo/%fmﬂy indexed complex.

C
Nole Eqw‘mlenﬂy, o omplex is a Z‘jméed R-module with o degvea +1 R-[Mmeqy
map 3:C—C S(AH&@)‘nﬁ 27=0,

Def” Let C,D becomplxes f R-modules. A moyphiom o = ! isa ﬁmﬂy
of moyohitms o R-moclles { &+ C" = D" Jnez such that fovalln ez
The dragram

commule. With wvmpoﬁv"z’uh defned for S c'—=c’ by (/" )= e o™
ﬂVIC\ )\Clc tC—>C 71'UEV] 107 (I\C‘ C’)V\ = Td'CV\ M\'S cleﬁV)@ﬂ ‘/’he (Cdéggkg' CTP
complexes o R-modules Ch(R).

Deg” [COhom°/099) Lef CC/B) laeaoolmp/exdf E‘Vhodb(&z/)) then

Z" ()= Kev(97:C"—=c™ ) € C7 called cocycles
g(C ) == Im (Zh-'iC""—IV‘) < C" called coboundavies




Sipte D" D" =0 we have BNC)= 2(C) and. The i o homolvgy
F C isthe 7u,o79'emf

HV\(C> L ZV\(C)/BV\CCB- (é.l)

Lemma For each neZZ thewe is o j@mdz)r H(=): Ch (R)— R“HOC()- defined
on O@QU‘? by /6-/).

PooR et ot C—D  he c mogohism. Then there 1s a commutative diagram

fa\/\

ZV\<C3 c s CV\ 5 Cw~)—/
Z“("() ‘(: O\V\\l/ \[/O(WH (é?_)
Z"‘(\D)M Dv\_/_%DV\H
230

Sing 2" ()= d™'3"(x) = O for xe27(C), K™ reshict

fo a mop 2% () 27°C — 2"D makmg Wdfagmm ommute
Moveover " D" (9) = 0" "'x"'(9) s0 o also verhich ﬁozma/o
BY(«): B"C — B"D, and th }ef%l/\analxc(uamo'ﬁ

inc
B¢ < y 2N > H"C inc means “dnclpoion”

[
5378 l lz“oa K (¢.3)
B'D «——2"D —> 1mp

commudtes, o Theve Is aconique movphism H "o o Hu c/(/uoﬁ"en/v
making the vight hand cliagram Lommue . Loncvefely, A x € 27(c).

HY)(Z) = o"(x)



His 'quveﬁ)re clear H (=) is a'ﬁAHC]LDV sy

H(A)(D) = 16 = 5 H(L) = Ly

H*(pec)(z) = (fo%)"(x)
= ﬁw(dhm)
- (e ()
= H(B)( #"(x)(Z) )
= (H(p)oH"(=) ) ()

)

Examples (1) Let R= Rlf)jer — h1@h-e for some field R,

ancl let (C,3) €Ch(R) be C" =R fral n<O, and all nonzew 0
be multiplieation by €

€ £
- —R—5R—0—O ---
©
Then for any n<o
3
H"(c)= Kex(R—>R)
Im(R—> R)
= ke/pe =

Ho(c) = Ker(R—>0) = R/pe = k-1
Im(R —5R)

O wu+o
C(ea\/lg H'(C)=0 Horalln>0, 5o HN(C) = { N
n=0



(2) lef R= h[x,ﬂ) R a field, and wonsidev the complex

= , (x9)
> R <)>R® —R—— O (2.1)

)

c- O

with degvgz o0 gy mavhed  Then

HOCC)-: \W(ﬁ—%b} = R/(xly) = ,1 (wa?/)ﬂf\zjv\;yacﬁng
T () ) )

70 = (5)er IHWO}/{ [ ) [hery

Fom 2f=-y3 wedidue g=-zh for ome b, butthen xyh==xf

implies jC:j-)'\ So (g) = C’l‘MB and Wena \:\‘(C\:O.

H7(C) = kv (X ) =0

Nok The complexes C in (1,(2) are examples aﬂ,pvo[ecv%e resolutions o k-
By the Auslander - Buchsbaum-Seme theovem evew pojective reso lUTion
of kover R = RIE]c> (#hat is, a omplex nonzeco only 1n degrews n< O
with each degreea projective R-module and only cohomo/oyy R in d@j‘O)
; must be infinile . By Hilher’s syzygy theovem any pujective resolution 4
kover kx4 which s longey than (£1) mwt bhe “Hivial " part 7he
second diffevential  (ove will see details later ).

becawe R is nof a megular ing



®

Ex7 |et G be acafegox»j with zevo, whith has Rewnels | cokevnels, image andequalisevs.
This exevcise wi(’ﬁmde\goq f’hvoagh ﬁ/yiny%odeﬁ‘we a col/romo(oglj ﬁmcfor
H"(-): Ch(8) — €, ay we did fov 8= R-Mod.

(C{) De’ﬁ'r)e (wchain) ‘/DW‘P,@XGA {C"‘j O“:CV‘——\ CV\H}WGZ, n g_o) fl/;'/’h( ObViO(/Io
way, os well oa their moyohisms, and check these fovm < categony Ch(5).

() Cuiven o commutzdive ch’agravm n G

_f_
A— R

w J/ l vV
“ 5 P
Show that
(1) Thewe isaunigue w - Kevf — Kerg maRking

Kerf ——= A

w \{/ l‘*
erg — <

vommule .

(it) theve is a uniqie w = Goherf —> Cokerg making

R —— (okevf{

(
ULJ/ ;W
A7

C — CD}Le\fﬂ

commutke



(i) by Exy the fuctorsations

¢ 9
A > B C > D

have both ],37 ep(. Com[clermdl'agmm

> B
> z
9, 1
/ IJ
\),D

J

TIs H~ C{[WS’}WQ ‘J/I/|C{++l/|e\/‘€ 15 :rVV\'(: — I“’Vlﬂ makm?%w +UL/O iVl/lP]l\C”‘
squaes @ commuke? Obsewe that withoutthis wecannot produce
an ama(ogue O]Q (6.3) ancl s commnof c[ef[;’m coho MD(OQy ZFE

oomlcﬂexe/) in G.



