MASTI006 8 — Lecture 12

Tn Hhis le chuve we define singular homology and whomolog}/ oF ﬁpoloyicm(
spac. Recall the simplex categouy A\, the Cafegoyy mQJimP})“cia/ seh

\_Sfif‘: [ADPJ IﬂL]
and thefunchyr S* Top —> Sef

DN (et 5 beaca’regovy. Then [N B is the cafegmfj onJ/mp/fcfa/
ohject in G (e-g. simplicial abelian guoups, ov R-wm odules )

Theovem A simplicial obfectim G s a family [Cq }?7/0 of object of &
Fogether with fuo familier of movphisms

d[" CZ - C7—I S/ ° CZ - Czﬂ =0/ 1

with ?>O in the caxeo’ﬂ dc‘, which saﬁ":ﬁj

dicy = djd (< (11)
508§ = Spnse i< (1.2)
desj = Sj-ide <] (13)
— Si.\da ‘iJ o (1k)
] =], 0=
Sidp—i V2

And a movphism f :C— C' o such s;"mp)l“cfal O(Q/"ecﬁ T a 7%{I/Vll(/y

f/l/'l;)mw‘zn; {{:‘7 Ci_)cll}?/o I'{' dL‘fizé—ldi and JL')[Z:';[Zﬂfc'
ra 1&114 Scstz.



Rodf &iuenasimp”cl\a‘ol@‘ecjr F:N\P— € set Ca’/: 1:({‘7,—\]3 and

T~
do= F(ei 1= (1) P

o= F(70: [gr]—[2]).

Thevelations (1) =14 £ (low fom the relations f1 €, checked in
Ex2 of Lechave . Amoyphiom F—F' 5 by dof M o family {o: =4
m&zk/ng Wappz/opm\a#e c{ragmms wmmmk, r‘nc(udfmgm qul‘md
entrfien with de, se.

Convevely, given e data {G‘z ) SC,di}c(%o,osCstL SMJV\Jﬁdmg (1.1} -(1-1y)
we can define a simplicial obj@(‘/ F: A= 6 Joy F([%] 3“= C'7/ on olgﬂe(ﬂ
andon [97— (] wring the unique presentation

/A: gl‘/___ E(‘S ?J} . r’z\jé i|>)\ls) ]l<<\|’E

from te Theovem of Lecture I, by c\e\{:{m\r\g

Flp) = Sje S Ao

To see F ]Saﬁmcjmr say (9’ [P]H [r] with @ = Eé' f(?ﬂZJl - 7 )
0gain with >-2 7, 54 < Je-Thent G way be putito the
e aller Us™ fovm uning the commuttion s of Bx2 of Lechure Iy
and sinw. by hypothesis the same wiles applyte sc,d: we see
F(Om) = E(®) F(M) , anclimed. O



Lemma Let C beqsfmph‘cfal abelian quoup (Ci,fg,dg asabove). Then with

q/
/9(7/ . ch’ﬂ CCL—] 5 9 = Z;C_\)LdL
W%MCW\E 97—\0 97 =0 «Fpr q” l?/) Y- e. (C/’a) s a ChafV\ (/Omple)( .

fodd  We have

99 = (2;(")£dc)(ZJ' ("}5%’)
= 2 (-0 dedy
= 2 nMad + 20, f)‘”da’

J )+ J (+
= Z'<f '.) dJ \d {—2(7/1 )j[;{d/

- Zi<k+|(“')t+h+]dkd¢ ¥ ij ")H) d(*dj
= Z ek (~l)°.+h“c{,{di + Z:;>,] (_l)t’rj c{;c(j'

;O'D

Ex) The conshuchion C+—>(C,2) exlendso a functor comp [P, Ab ] —> Ch(Z),
ve- comp( 4Gy, Sf,dqus'—(cﬁ - £:0)'de ) and from F: C— !
e oltain g moyohism ot complexen with f7 "G Ch indegres g .



Lef V: Set —> Ab be the free abelian quoup finctor from Lecture 2.
PaswLoomposiﬁ‘on with \V define a functor (522 p-© Lecture 6>

\Jo— * SSet = [ set]— [\, 4 |

Def® Lef C (R), Cho(RY denole vorpectively Hu cafegories of cochain
omplexes of R-medulon and. chafn complexen. Lowt lecture we
defined funclon R () : €' (R)— R-Mod cind &l‘m;’lav(g oNe
defing Hn () Che (RY— R-Mod_; wheve the wthh howmology

ot a choin comnplex

g”“ gm
e e e O
isdefined log
Za () kev(3n)
Ha(c) = =

Ba(CY  Tym(dwi)

Def" (HOVVlle?M groups of a%pologfcal spam} We define a funclor Hu (—,2Z)
o be the composite Ha (=, Z): Top — Ab glven 'aﬂ

\)Q_ ww\P HV\.
Top — > SSeb = [ so | —— [ &) — (@) — Ak

That is, for o topological space X, Hin(XZ) 15 the homology &2 1he
tochain complex with diffevential

\/( imio{;) AV (E)) ——— V(X1 1) )

(=0

I \ (
’av\ Cv\ Cm—l



Now btjdq“
Co= V() = V[ Hmg (50 ) = D Zx )
piciude

Wecall suchx siv\cjulav n-simplies 5o Cin s Yhe ret of fovmal linear combinatrons
of n- sfmph‘w), called n-chains. By def™, V(de)* Cn— Ca-t sendn o enevortor
2 A Xy di(x) = (X)) = x o A% here

AZ‘ : AV\_‘—% A'\ 5 (aoJ...) an) Lo (aoJ.,./ae_\,OJa;J._-/q,\B (42)
/Lﬂ/\isfs‘l’b\amdwﬁowdf%uh"h fuw (rﬂ Av\, dciscalled
e dh o map of Hu simplicialolgjedt SX-

Thw .0 Co— Ga-1 is move (,omcvelelg

I B Zx— D LY (1.2)
A X A X
() =57 (nixe AT

De ™ Asingu\avn—d/\am (re.elementef B, pxZx) in Ker(2n)is
called acycle while a linear combinotion tn Tim (Ore ) 7s called
aboundowy. So Hn (X, Z ) is Yhe gvoupof cycea mod boundaries

Tosee whatthis means, considevthe fo Howing example:



Example (onsicer the inclunion L N = lRZ, N

X\

A N—

hﬂi()_(m)
\\/Ai(\ - )

Then 3.@3 = Lo AT — l/"A&‘ a0 o ll'nzamomlomah‘ov/\O‘PO—sfmpll"co/) inlR2
Bud A= {1y R is JﬂwﬁaPoinb S0 e Moy 7demﬁ@ 0 -simpliter with poink
in which cove 9, (L) = (0,0 —(1,0) (nst wvedon, thisisafoumal liear
sum o poinfs in R™ ). %How\‘nﬂ standavd. convention pe vf‘ewﬂ/ujrﬂ hs

s pwviding an ovientation in H indreated divection, so in summau)

(N7

Lemma TF X is patlh covnacked, Ho(XZ)=7.

P_Wi By c\ep\i HD(X/Z> = @x;bc’_ax ZI/IW\(?P}' Choore a
point 206 X and cefine maps

£
Ho (%, zz) —— L f(Eax®N) = 2,0
7z —1o HolXZ)  g(a) = ax..

Obsewe § iswell-defined sina fov a path y: N—X, we have

flan)=Fyged"— g )= 1-1=0



k
C\ea\llﬂ 'F‘Dﬁ =, and given erx A= ke it an ZL=I AXe gnd lel
0. be any Pod’l/\ in X fom z: o 20, viewed o a ontnuouws map 7 N'—> X
l.
(e cleav, T:(,0) = 2c, T3(0))) =) . Then 2 :c1 AT is @ d-chain in X, with

2(2.7.)

T,

D (7)) P e
= Zg(azﬁ(g -az%)
Sac — (Ja)1o

l

If

This shows thaf in Ho(X)Z\) > A = (ng)xo fo gis on\ecﬁve
and henea \oijed-fon. 0



