MAST 10068 — Lecture I3 0,

Lot lechure we defined the singular homology  Hn X = Hn (X, Z) ufmbpological
spae X and wmputed HoX =Z fov X path onneced. Todoy we obrewe Hhat
less bivial calculations 9e+harcl font = the impressive edifice of homo/ogf(ai
algebra, whichwe nou begin +o develop poperly , exish logjely Fo facilifate such

calculations. Heve long exact regirenien ave a cvucial fool.

Example Recall that-for aving R, and chain complex Ce Ch.(R),
we defined the homelsg Y

HV\(C) = |<€V(9v1 t Ca— (1 )
T (Bt Cann— Cn)

a0 cycles (elemanbs x with B(I):D) mocl boundaviesr (y with > 5.4
y= F()). Thisferminology onginaterin the coe of The complex
o abelian Guwups associuted To o %Iaolo?f(a] spaw X

Let SC (singular chain wnAPIQX) dencle the funclor
Voo wmp
Top ——> SSeb = [N o | —— [A A} —> (. (2)

jq/om Lecfure 12, o thot SC(X) € Che. (Z) and HV\DQ = Hn SC(XS.
Then cydes and boundavien in SC(X) ave “vea)” cycles and boundavies in X .

Example Let 7™ A'— R he aloop in R, ve. 7(10) = 7(0,1). Cleaily
T isacycle, e TeZiSC(R™). s boundaw & wre can
find some [inear combinodion of sthgulav 2-simplicen (= Hiangles)
in IR" whote boundow s 7, 1e- Fure can £/lin the bop, in the wow



that the sfondaid Z—&l’mp/ex LN e R (L #he indusion ) fills in Hhe
cycle whichis ifs boundaw
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Ttis iVlJer‘J'fvellj clear Mat any |—59d2 in R" (: element ot 24 SCURV\)) is O\bO(/W)C(aVlﬂ)
and thus that Ho(R") =0, by ewecwtfng conw over the plean o Hu l‘cyde A simlav
Hicke works in evewy dimension, to i fuck

. y/a w= O
Hn (R >={

@) nzo




®

But it's fafvf(j olviows That puwving some n-cyde € Zn SCX) in o complreated
spae X isnsth a boundaw) ((and thw given a nonzewe homology dlass [=] € Hn X )
7530;’n3h be houd, i;ﬁwﬁ\y o ougue c{fvec%/y.

Exaw@e Lt W = R*\ {(0/03} and lef € Z1SC(X3 be as slhown
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N\

(3.1)

While ks fnﬁ\?ﬁuﬂlﬂ clear (7140 Ha X, howo plove 1}7
In fuckone can show Hat fov n> 1 and F < R™ arefef m poiw[r/

ya k=0
H (R-F) =4 72" R=n-| (3.2)
O otevunse .

One of the most weful lechniquien ﬁrwmpul#rg homology Guoups H.0%) are
Jong emcheq wencen associtited o subspaes AE X One such long exact
sequente (s e main r'm?wdfet/)/ n?gu/'/pd fo caalculate Hi (IR"=F) (af
lecut, inone standaond appoach, e-g- Dold s “Lectures on Algebioire
Tupo/og\jn). We. tuwn now to ¢t study of juch long exact requenten -




Dej” Lot R beam’ﬂg) and CGCH-[RB,AJumep’ex A Cis aﬁmf(tj 0’£
submoculey Da € Cu st feall n, (D) E Do, waking (D, dn o, )
or womiplex. In this cove Mquwﬁenk Cn/Din alios foum oL wmplex with
differentiail EN CVVD»\ — CH—\/le) denoled C/D

Fxl M 0:A—Xisgn fnJ‘ec#we confinwouws map, then SC (L): SCA— SCX
is injective fneadn degrer , od thus defrnes o subromplex Z SCX.

Ex2 /}Ju[owmp/ex s pvec;ﬁfly a yuéobj'ec%/n Ch.(R). Find the zero
objech‘n Ch.(R) ancl prove fhe 7w>¥7‘emf maps defrne a
monphism of coymplexes C—=C/D which is Fhie cobewel

oF the inclwion D— C.

Def™  The velative singular complex o (X,4), with A<X asubspace, is

SCOLA) = S/ scp € Cu(z)

The velafive hovntlogy s

Ha (X, A) = Hn SC(X,A). (1.1)

M Let (C/'a} bea chain wmp’eXfoe—modM(M. We Jay C s Lacf in c(egre,e
neZ i HWC=O. We say C is exack i HC=0O fovall nez. A
sho#exachequeme s opair f M—=N, ¥:N—P & movphiims
o R-modules with Vo =0 such thal #he complex

b ¥
O—>M >N >SP—> 0O (4.2)

is exadl, That s, ¥ s /'mJ‘eCﬁUf, ¥ s Jl,Hf@Cﬁ‘l/‘E and Im(P)= Kev().



Dt A Sl/lovfeXaOLfequ@l/MQ in Cho(R) is a pairmp movphisms of complexes
$.C—>D, ¥:D—E with ¥+ =0 (mwaning %>R =0 forall n)
and the moyphisms Tn:Co—> Dy, i : D — E, ﬁ)vmmj a shovF
exadfrequente forall neZ,

B =
O—>Ca—>Dr—>E.—/ O.

Inthis cope [/UQ(/I/VII‘Q

0o—C—>D—E—O (51)

7’7}/ He rthoit e xac/'fegawma.

Fx > Pove in e je,H’Mguf /42)7%(%)' P= N/M, and in 7%1/1&7%/‘)9
of (1) thet E= D/C, We'll vetuin o %i;'};wpw/y"oww we

hewveundewtood cibelian caﬁego e .

Theovem A Given a SI/)Ot/)LeXG(C}“MC/MzVJ(l E complexesof R-modules

N ¥
O—> C > D S E —0 (r.2)

+there are R-Irneav maps { Wy HhE — H,\o C }nez called
ooNIea‘v'ng movphisms with The puo pel/)vj Hat the requence

Wn+! Hnw¥ HM\IL

T > HnC ? HhD_—>HhE)

WK T -t (5.2)
> Hh-lC " l-,n-\D >Hh-lE

s an exact oomp‘ex.




This is called the Jomg exact homology sequence ascociated o (1°1).
We will q0 it The pwoot nextlechuve, but#int lef ws ree hoow ureful it rs /

Example Let ASX be a subspace with incluwsion L* A—X. By clefinifun
thove is a shovl exact requence

O—> 54— SX ——X/rq=3(x,8) — O ()

and hene « long exact sequenc

- — HhA—’%HhX_‘—) HK(X,D

mr—%Hn—|X’%Hh—\(¥,ﬁ>j (6-2)

Cé HIA_éH)X

> H‘(X’D
(

HGA—%HDX — Ho(xijy — O

Exampe Letw apply (6.2) o X= R, A=R"—F, Fafiie number of points,
Hie(RY) =0 for k>0 (vhichiseany) and Ho (R)=Z (which
V\N.PVOU*QCI). Then (6.2 bewmen

- — H(R*-F) — 0 >Hh(rR“,na“~F))

S

Hk—\ [R“’F)_—) O HH{K—\(‘RH)}RR—D (é3>

(H\ (@"-H — O -S> H (R \R“-F))

GHR-F) —> Z — Ho (R, R"=F) —> O

o]



Fiom exactinus we d educe

R (R", R™-F) = H,_ (R -F) k> | (7.1)

So i suffies now o compute H g (R™, R™=F) whrch rs done by veducing T
the come | F1=1 whore Hp (IR, R -F) = He (B?, "7') . and Hie lafer
s compuked clivecHy, a He (A, 98" ) See p-56 of Dold's “Lectures on

Algebaiic Topology ”.Wu)ojho%/‘: (n=1)

0 ki

[ n V\_F _
Hk(R ;R ) -

=

A

Hente by (7)) wehave (as staked i (2-2) above )

/A k=0
Hi [R7-F) = z'" hR=n-~|
@) othevuwise

Intecone n=2, F= {(O/D)} Mgemmbrdf He (R*- {0)9}) is e
cloast o e cyce Win (3:1). Sinu Ho(R*{o,00)=Z (genanted by Hx
class of amprihf) and He (R=540,6Y) = Op k> ] s wmplzle/y
cal culolesr e homology.

Lonclupion vaﬂ/lhffa// this is ot that T wankyou fo be able
o compuke Fhase. homology quoups gouvselC T think it 13 impoviant, howevey,

that you have seen o skelch of agenulne application of the homological
methods o The kinel sf Pmbbm i/hey wreve inveniec fo solue .



