MASTI006 8 — Lechure 2 f 76

Last fime we defined categories, pullbacks and avgued that fhe fiber product

in “lop is an example 4 a}yu)/bac/«. We b@g/m fvday by prouig fuo statements
Foom loat lectuve. ButHintsome definifions.

Def Let G beacafegovy ond f:A—8 a movhiom. We say

. 7C[5 a monDVVlDV’,O}H;rm i for evew ohject C and paiv o‘f
momh;‘m’)s w\V: C_QA) jcl/(.:j[‘v fmplfe/J u= V.

. f s an gpi‘mmohhm i for evely obJ'eaL C and /)C!/Vd}ﬂ
movphisms qv: B—> C, uf =vE implres u=V.

* fisanisomomphivm if theve exish 7[/5 B— A with both
F£'=1g and £ =14

Ex |

jC is an isomovphism 475 £ &5 mono & epc (t’j\'veoc (,ouy\ﬁvexampie)

Mi : _Sg is the CGJV@E]D@ & ek and functions

© Ab s the afeyony of abelian gwups and group homwmoyo hizms.
. R_n% is the caﬁegov}j 0}0 (muf necmfa,,;/y Wmufuﬁve) n‘mgs a//';% W’If)l/
and (/iyly homomoqohmm ( which ,on%emefhz un/t)

Ex 2 \/el/l"flj these ave ca feyow“t% (and maybe Fret about “ the fe(*afa// refr” )

In Set Ab mono = /'rjecﬁ'vf) eps = suyective , iso = bijecfive

Ex IF Ris a”"”fj and SSR a kulh‘}yll‘ca%\/e[éz lojed J’eJr) R— SR
is an epimowh/}m in e cal. O’P LoV e

e Vings, bt is o suyecfive.



Lewma  Given a c/fa(] am m Q (afe?oyy Zj
X

l T (2.1)
b Y Z
and fuwo pullbacks (U, px, Py) and (U, px, /Dy/) Theve is a unigue
moyohism ¥: U= U such that px¥ = /’x/ ond Py Y= py, ancl
tis F is an isomomhfsm

Node (Ve say “the pullback is unigue up fo unigue isomoyphism ; Nowyemem//y)

aowe will leaw, all limits and colimh ave anrgue in this sense.

forf  Consicler

(2.2)

Bj He univeial pwpewhj of (U, px,pv) theve exish ¥ with /Dx%: D
and. Py kF;,D\/ (andd Hhis ¥is unigue ) Sz’mz'/av/y by the uniyenal /Jmpa@
o (V) pl, Py/) theve exish unigye ¥ inth /D,('W=}9><) Py Y /:Py_

I remains ’JLDanMe mat F¥'=1u, ¥¥=1,. But

¥t = plt = pu=pd,, YR == p Ly

50 by e um’qwen;\m in WM’Uaﬁpq)/loack, ‘f"/"a[uj sz"m;’lan/hj V=[.r =
C ap/)/lcc[Jm e Pa/'/ (PX, Py)



Theorem Let G be acafegolﬂ ancl consider o commutative d/‘a@ ram
b4
B

in which I is o pullback. Then L is o1 Fa//éack if- andl only il Hhe ouder
squave (X)Z, A,C) (s otlau//back.

—_
/

D
H

Z
r J (3.)
> — C

Rodt Suppose 1, I are both pu(lbacks) oand let movphsms T— A, T— 2
[0&91\/9/\ such that (with the obviouns meaning )

T—oA—(C=T—2—C.

Apply the pullbace I Jo the parr (T—A—8 T—2) fo produce
Uniguie T—>Y with T—=Y—=B=T—=A-RB gud T—>V¥—>22=T>2 .
Then apply pullback T o this T— and T2 A produe T X witle
ToXoA=T= XY By constmuction also T—>X—2V>2=T— 2

so for the fonward z’mplx’raﬁon vE-the mwnom) e woionly show T— X
is unique (with T= XA =T=Aand T—X—>Y>D2= T— 2).

Suppose T— K hhea moyphim with these propevhies. Using pull back. I
wededuw T—X—>Y = T—, and then from pullbatcl T wre
conclude that T— X=T—X anclaimed. 0

Ex 5 Finish the Fwo'ﬁ Eff Jhouw’ng Hiat if T & Heouter square
are pullbacks then so is T



Ex 6 The fiber /m/oo[ulczl X<z gives Wpu//back in Ab

Ex7 Lot F: A—2 B bea mophism M&zbe/mnﬁwupr and X <6 a 1ubgroup.
Then the ﬁ;//owmy diagram is o pull bock

PR s (e P =),

X
1 13 (1)

A >
b

In pav}hu\av ﬁw X=0, T”XfKCVY s a pul/loack.

’ﬁl./—

The core “/Jhi'/osophyn of ca feﬁ(’W fheoz,y is ot mowphisms (re. Transfpumations )
ave the cenbval wonce pf of mathematits, vof objeck . This poinf of view is noﬂeq//y
onginal ﬁ)cafrgoy% theovy, it appeaw famouwaly i Kleins £ rlangen pvogram
(which proposed o do c]eoz/nefyy via pansformation 31/00/05) andl arguab/g gves
back fo the Queeks. But ca feﬁovy %eoy (s a /JOUVeVﬁi/ Jechnical tol 7o v
mmk/ny ﬁu“:,uk/’/dmp/ﬁy manitest

So, oloviom?y we Shoald now falk about wovphisms between cafegowl% I These
ave called functors. By the above philosophy, afegony theow is veally “YPunctor fhwy’[




Def" Let & & be cateqovien. A funcor F+ 6—> & is the dota of
(V) Afinction F i ob(8) — ob(P)  witen Ar— FA.
(2) Foreach paiv of objecks AB of & a funchion
Fa

o GlAB) —> P(F4, FR)

wiitfen jC — F(JC))

subject-to The ﬁ;//Dw/ﬂg oaxioms
(3) For evely olojeclLﬂ 079 c, F(la) = }F{A).

(1) Forevety ﬁ/}aple oﬂ oéje(;}x /4/ B) C c//'aymm

E(B,C) x E(ARB) ———> T(4C)

lFXF lF

P (FB FC)xP(F4F78) > PfA,FC)

wmmutes, 1-e. for £:A—R and j:B —Cin G

Flg-f)= F(9)-F(f)

Nole This is sometimen called o covaviantf Fanchor. We will Sea conbavariont

Sfunchon s kov%/y_

Example <d-T— C dA)=4, id(+)= £ is afunclor, ﬂuafdemfiy Lnchor.



Ex & If F: E;'_’é’z and G- GL—‘-) 63 avvej@l/\dbw, then (o is
GeF-6— Cs defined on o%}ea‘x by

(G- F)(A)= C(F(A))

and on moyphisms by

(c-F)4)=aQ(FH) ).

Nole If H: € — Oy is athivd functor then i is clear that

He(GeF) = (H-G)-F

ond thot £ F: 8 — & is a fundov Then idpe F=F = [Feidg.
So there reems o be a ca fegovj Cat whoie ol\o/”eck ave Cle'eg oriesr and

whore. mowphisms are functow. Howeves, we howe fo be careful withh
sef - theovet issuen (later ),

E;(anE‘e (“) The ﬁ):iel'ﬁxkj/undvr F Aﬁ —> el sencs an abelion COI/OQP
hoik umde\/lgfng set, anda homomovydhism fo itself, 1-e.

F(A+)=A F(+)=F (6.1)

(b) The ‘Fvuguoutp functor V: Set — AL sendy a selto the
frez abelian Quouip o1 Hiof set, 1-e.

\/(5) = {7[ S—Z / 7( ha ﬁ'mflle JMPPOY]L} (6-2)
A\
with opevation (F+9)(s) = FO)+9(3). \ supp(F)=fse S| F(U?EO}



The functor is defined on moyphims by, for €: S —3

V() V) — (s')

f@ .
-2 ~

y/a

Thisiswell-defined (1e.the sum is pver a pacr/’/o’y infinite set, bul only Fritely many
summands an be nonzero),

Exq («) VI(S) % an abelion guoup.

(1) Forall FeV(S), V(FI(F) har finie Juppoit ond thevefve lien in \/(J')

() V(8 isa momhhm o‘ﬂabelfqﬂ guups.
(d) Vis a funchor.

Nefe  Obsear that Hhere is o natuval emloeddm (a function betureon sofs whidh
is Wyecﬁuf) [s: S—> V() given )oﬂ deljraﬁmohom

Ls(=)(s) = {2—) Femx (2.2)

else

Io(el’)})%jfnj S with m,ﬂ /ma% Otg'fhkf EV}’)I,?@C{CIW)‘(} {(-?- U\/V)%f’)? X 7€y /_T /7))
ard wing thatt any abelian quoup s a Z -module, we may wiite any element £
of V() uniquely as a linear combn atron

£=0 s feZ (23)

seS

We call V() Hhe free abe lan quoup on the set S




Note Tn a cafegony G we ofhen wite Homs(A,B) for 8(4,8).
Using categony Hheonywe can give a precise mecuning Fo #his word “free”
Lemma. for anysef S and abelian guoap B thereis a bijechion
E: Homy (V(S), B) = Homgy (S, F(8))
2(y) = Tl (£.1)

whare 2 Ab— Seb s the forgetul funchor, and Fls meors
revict P S, undentoed an o subvet af V(S) via the @m]aeddm? Us.

E{Aﬁﬁ [ C\ea\/(% wel\—dc{'ﬂ/\ecﬂ,

© bis inuiediwe if ’5;(?3‘ z{()ol) fhen F and tf)) agreg own N \/(&)) S0
by lintawity they agven, e for feVv(s)

IF) = F( T80 )
= Zsj"( —F(S‘)S) ({(s)ez veca||>
= ZS £(5)- j’{sj (mecining P( ‘/S(S)))
= D FC)-¥'(s)
= F(T:5:)5)
_ F(f)

Hena ¥= P and B i 1'vt1‘ec1'1'ue.



ks mﬁ‘ah“ let b+ S — B be afunchon, and define

jok? \/(S)’_> B (C( l)
$.(5) = 2.F(5) - hs) |
SES

This)s cleavﬁy lirway n ]E) anc{we“‘deﬁﬂec() and revick 4 I on S) SN
bok(‘s) = 25’6—5 Sgg’ %(S): l’\(\g), S0 &(j}’\\s = L\)CVJ VQC(’VUV‘QCI G

[=x |0 C‘/IQC&L'H’]CU[ ?{2 s V\Q)Vuml n S) B Thaf f\S) ]L‘D( a ‘ﬁ,ﬂqc'}{or\ £ S S )
and homomovphism o@gmu]x p-B— B' show that fhﬂdi‘agmms
below bt cowmmule

SN
Hbm&_( v(s), B) — Hbmg(s) F(8))

le = j o Bk (4.2)
Homa, ( V(S),B") —:—e Homﬁ(s) F(B"))
o (V05 B) s Homgy| S, F(8))
TTHD‘%\/(‘*) TMH heot  (4:3)
o[ V15), B) ——— Homer{ 8 F(5))

(mefjomowh/m B Hogether with natwality (9.2, (9 3) says that \V is

leftadjoint +» £ Tn general, in cak@ vy theowy “free” always
megns ¢ Ie#/‘adjofnfﬁ? aﬁyge?‘"ful fundor”).



Ex || Clonsicler The forgefﬁxl funcor F: Rng — Mon  where Mon denofes
e categouy of all monods ancl monsid homomoyohism., ancl

F:( R) +) . ) = ( R} ') nole, %lﬂulf\d\eu[ldfﬂ_cj
W\uH-fEh\caH\re nonoicl

sends o l/fnﬂ b it unc\ev[&fng rmm‘ndb_ l/smg Fhe above ﬁ)r)“mpfmﬁon,
vonstuct afunchor \J + Mon —> Rng fogether with o natural
[OI'J‘QCJ'!‘OV\ for eaidh monoid G and VMS R

2 - Homgy, ( V(6), R)— Hom,, (G, F(R)).

(Oph‘oylo1l> Whoat is Hhe velation between V(G -modules and
Z~inar representations of Q7



