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MAST 90068 - Lecture 2
2417116

Last time we defined categories , pullbacks and argued that the fiber product

in top is an example of a pullback .

We begin today by pwvingtuo
statement

from last lecture
.

But first some definitions .

Dee Let 6 be a category and f : A  → Bam orphism .
we

say

• f is a monomophi÷ if for every object C and
pair of

moophisms u ,v
: C→A

, fu - fv implies u=v .

• f is an epimophism_ if for every object C and pair of

mophisms a ,v
: B → C

,
uf=vf implies U=V

.

•

f is an isomorphism if there exists f
'

:B → A with both

ff
'

- 1,3 and f 'f= 1A
.

EI f is an isomorphism

<#
f is mono

&
epi ( give a counterexample )

D# • Set is the category of sets and functions

° AI is the category of abelian
groups

and
group homomorphism .

•

Ring is the category of ( not necessarily commutative ) rings with unit
,

and
ring homomorphism ( which

preserve
the unit )

.

Ed Verify these are categories ( and maybe fret about
"

Hnesetofallsels
"

)

E¥ In Set
,

AI mono =

injective , epi
- sujective ,

Iso = bijective

Edt If R is a ring and Sera multiplicatively closed set
,

R→ 5
'

R

is an epimouphism in the cat
. of commute rings ,

but in suujectiue .
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Lemmt Given a diagram in a category

:
i I ( 2.1 )

=L
O

and two pullbacks IU
, px , py

) and ( U
'

, px
'

, Px
'

) there is a unique

morphism Y : U

'

→ U such that p×Y=p×
'

and pxY= pi ,
and

this 4 is an isomorphism .

Note We
say

"

the pullback is unique up
to unique isomorphism

"

.

More generally,

as we will learn
,

all limits and co limits are unique in Hris sense
.

Pw¥ Consider

px
'

V

'←#h
,

:-.
.

→
U - X

4 Px ( 2
. 2)↳Px { t

Py '

Y +

By the universal properly of ( U
, px , px ) there exists Youth p×Y= pi

and Pyle Py
'

( and this 4 is unique )
. similarly by the universal properly

of IV
, PI , Px

'

) lhereexisb unique
4

'

with PIY '=px ,
PIY

'

=

py .

It remains to
argue

that 441=1%44- lu '

.

But

p×44
'

=

px
'

4
'

=

Px
= pxlu , py

44
'

=

Py
'

y
'

=

py
= pxlu

so by the uniqueness
in the dlfnof pullback ,

TY
'

= Iu
, similarly Yhtlui

. D

^\
applied to the

pair ( px
, Px )
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theorem Let 8 be a category and consider a commutative diagram

× - Y -7 2

I±t ±
,

! 13 "

B C

in which I is a pullback .

Then I is a pullback if and only if the outer

square ( ×
,

2
,

A
,
C) is a pullback .

Pw¥ Suppose I
,

It are both pullbacks,
and let Morphis ms T - A

,

T→ 2

be
given

such that 1 with the obvious meaning )

T→ A  → C
= T→ 2 → C

.

Apply the pullback It to the pair ( T→A→B
,

T→ 2) to produce

unique
TTY with T→Y→B=T→ A  → B and T→Y→Z=T→ 2

,

Then apply pullback I to this T→Y and T→ A to produce
T→ X with

T→X→ A  = T→X→Y
. By construction also T→X→Y→Z=T→ 2

so for the forward implication of the theorem
,

we need only show T→ X

is unique ( with T→ X → A  =T→ A and T→×→Y→2= T→ 2)
.

Suppose
Tt X to be am orphism with these properties . Using pullback It

we deduce TJX → Y = T→Y
,

and then from pullback I we

conclude that Tt X - T ' X
,

as claimed .

D

¥5 Finish the pwof by showing that if I & the outer
square

are pullbacks then so is I
.
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Ext The fiber product Xxil
gives

the pullback in A±
.

FI Let Y : A  → 13 beam orphism of abelian
groups

and XEB a subgroup .

Then the following diagram is a pullback

y
- '

X

y

'
- '

'
'

' ' →

Xy

,

(where Y

'GD=T(=

4.1 )
A - B

y

In particular for X=0 ,
9

' '

X=KerY is a pullback .

-

The core
"

philosophy
"

of category theory is that morphing ( i.e. transformations )

are the central concept of mathematics
,

not objects .

This point of view is not really

original to category theory
,

it
appeals famously in Klein 's Erlangen program

1 which proposed to do geometry via transformation
groups ) and arguably goes

back to the Greeks
.

But
category theory is a powerful technical tool for

making this philosophy manifest
,

So
, obviously we should now talk about Morphis ms between categories

! These

are called funders . By the above philosophy , category theory is really
"

functor theory
"

.
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Dee Let 8,8 be categories .

A functr F : 8 → 8 is he data of

G) A function F :  ob (8) →
ob (8)

,

written At FA
.

(2) For each pair of objects A
,
B of 8 a function

Far : 81A
,

B) → 8 ( FA
,

FB )

written f H F ( f )
,

subject to the following axioms

(3) For
every object A of C

,

F ( la ) = Itta ) .

(4) For
every triple of objects A

,
13

,
C the diagram

8 1 B
, c) x 81A

,
B) - GA ,

C )

|
,

FXF /
,

F

81 FB
,

FC )×8( FA
,

FB ) - 81 FA
,

FC )

commutes
,

ie . for f : A  → B and
g

:B → C in C
,

F ( go f) = F ( g) ° Flf )
.

Not This is sometimes called a covariant function We will see content

function shortly.

Eoiample id :C → 8
,

id ( At A
,

id ( ttf is afunctor
,

the identity functor .



�6�

Ex8_ If F :C
,

→ G and G : E- Gave function
,

then so is

Go F :c
, -83 defined on objects by

( Go F) (A) - GLFCA ) )

and on

mouphismsb

of ) ( f ) = GCFH ) )
.

Note If H :C
}

→ 84 is a third functor then it is dear that

Ho ( Go F) = ( Hoa ) . F
,

and that if F : 8 - 8 is a functov then I do . F  = F  
= Foide

.

So there seems to be a category Cat whose objects are categories and

whose morph isms are functob .

However
,

we have to be careful with

set - theoretic issues ( later )
.

Examp= (a) The forgetful F : Ats → set sends an abelian
group

to its
underlying set

,
and a homomorphism to itself

,
i.e.

FCA
,

+ ) = A
,

F ( f ) = f. ( 6.1 )

(b) The fvegwu= functor V : Let → AI sends a set to the

free abelian
group

on that set
,

i.e.

VCS ) = { f : s→z / f has finite support } 16.2 )

with operation ( ft g) ( s ) = ff ) tgls )
.

T
supp ff ) = { SES Ifls ) to }
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Thefunctor is defined on mophdms by ,
for t : s → S

'

V ( t ) : v( s ) - us
'

)
S

'

vltkfks
' ) = [ ff )

Stn
's

'

17
'

' )

SEE 't
' ) f),

z

This is well . defined ( le .
the sum is over a possibly infinite set

,
but only finitely many

summahds can be nonzero ) .

Ex9_ (a) VIS ) is an abelian
group

.

(b) For all fell ( s )
,

VH ) ( f ) has finite support and therefore lies in VIS
'

)
.

(c) VIH isomorphism of abelian
groups .

(d) Visa function

Note Obsewelhat there is a natural embedding ( a function between sets which

is injective ) Ls : s→V( s )
given by delta functions

1 if s=x

↳ ( xxs ) =

{ ( 7.2 )
O else

Identifying S with the image of this embedding ( i.e. uniting x for lslx ) )

and using that
any

abelian
group

is a Z - module
,

we
may

write
any

elementsof VH ) uniquely as a linear combination

f = [ fls ) . s fs EE ( 2.3 )

SES

We call VIS ) the freeabeliangwup on the sets
.
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N± In a category 8 we often while Home (A
, B) for 81A

,
B)

.

Using category theory we can give a precise meaning
to this word

"

free
"

.

Lemmas For
any

sets and abelian
group

Blhere is a bijection

It : Home ( Hs )
,

B) → Hom#( S
,

FIB ) )

F- (9) = Tls ( 8-D

where F : A±→ Set is He forgetful functor
,

and Xs means

restrict Y to S
,

understood as a subset of VG ) via the
embedding

↳
.

Root I is dearly well . defined
.

•

Ioisinjective if EH ) - EH
'

) then Tandy
'

agree
on SEVCS )

,
so

by linearity they agree ,
re . for FEVH )

YC f) = y( Es ftp.s )

= { SY ( ft ) . s ) ( ff ) EE recall )

= Es fls ) . Tls ) ( meaning
Y ( bs ( D ) )

= [ sfcs ) . Y
'

( s )

= T
'

( [ sfls ) - s )

= y
'

( f )
.

Hence Y =P
'

and It is injective .
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•

Ioissuyective let his → B be a function
,

and define

Th : VCS) → B

Ll f) =

,§f(
s ) . h( s )

( 9 '

' )

this is clearly linear in f
,

and well . defined
,

and restricts to h on S
,

since

Yn( s ) = EsaSss , hls ) = hls )
,

so Io ( Yn ) - h
,

as required .
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Exit Check that E is

¥1
in S

,
B

.

That is
, for a function d

:S
→ S

'

and homomorphism of
groups p :B → B

'

show that the diagrams

below both commute

Home ( Ns )
,

B) ¥3
> Homa ( S

,
F( B) )

|
,

ytpoy / hit FCP) oh ( 9.2 )
×

Homa±( Vls )
,

B
'

) = Hom#( s
,

FCB
'

) )
k

:
Is ,B

Homa ( Hs )
,

B) - Himself S
, FCB ) )

T TH yovk ) T hit

hox
( 9.3 )

Homa ( Ms '

)
,
B) t Howlett s

'

, FCBD

( The isomorphismIotogethevwithnalumlity ( 9.21
,

19.3)
says

that Vis

leftadjointn to F
.

In general ,
in category theory

"

free
"

always

means
"

left adjoint to a forgetful functor
" )

.
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EXIT consider the forgetful functor F : Rtg → Men where to denotes

the category of all monoids and monoid homomorphism ,
,

and

F ( R
,

t
,

. ) = ( R
,

• ) dying

-

note
,

the uncle

multiplicative mono  id

sends a ring
to ib underlying monoid

. Using the above for inspiration ,

construct afunctor V :

Men → Ring together with a natural

bijection for each mono id G and ring
R

E :

Homing ( Vla )
,

R )-±>

Hommdna
,

MR ) )
.

( Optional ) What is the relation between VCA ) - modules and

2- linear representations of a ?


