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Lecture 20
.

We have now seen a description of injective A-modules as precisely the divisible

modules for any PID 1 so  e.g. 7L or KKJ
,

k a field )
.

Next we use this to show

that the category of A modules has
"

enough
"

injective forcingring A
.

This

is essential for us to continue developing homological algebra beyond Ext ?

The discussion will be phrased in terms of injective cogeneration which are a dual

notion to projective generators ( A  is a projective generator in A Mod )
.

However
,

we should be careful not to think of injective as
" wfce " in a naive sense :

E± A fund or F : A → 3) with a left ( right ) adjoint preserves limits ( co limits )

F¥ The forgetful functor F : A Mod → Set for a ring A has a left adjoint
but no right adjoint ( there are no

"
co free " modules )

.

Let 8 be a category with all products and wpw ducts C re . these limits & co limits exist )
.

Def we say he has enougtrprojective if for every object X there exists an

epim orphism P → X with P projective . Dually 8 has

ehoughinjectiuesiffor every X there is a mono morph ism X → I with I injective .

Clearly A Mod has enough projective for any ring 1
.

Our aim now is to pwoe :

then( Baer ) Tor any ring A
,

1 . Mod has enough injective .

÷

D# An object G e 8 is a generator if Home ( G
,

- ) :b → set is faithful
,

that is
,

whenever un : X - Y
'

are distinct ( XY arbitrary ) there is a mouphism

g
: a → X with uog tv 09 which " witnesses "

the distinction .
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Def An object Ue 8 is a cogenerate it it  is a generator in 8013 re . whenever

un :X - Y are distinct there exists g : Y - G with gout gov .

Remake I 1 ) If 8=1 - Mod then a is a generator a Home ( G
,

- ) sends

nonzero objects to nonzero objects ,
and dually .

(2) A is a generator for A- Mod
.

Lemme QIZ is

an
injective co generator for Att

.

Pwot Let A be a nonzero abelian group ,
and 0 tae A . Consider the map

Ya : I → A
,

Ya (1) = a
.

If a has infinite order Ya induces 7L ± ( a )
. Define T : (a) → Qlz by .

choosing any nonzero Y( a )
.

If a has order n
,

then Ta induces 74nz± ( a )

and Y : (a) → Qlz
,

41 a ) = tn is well - defined
.

In either case ,
since QIE

is injective 9 lifts to 4 : A  → QIZ with Na ) to ,
so YFO

,
and are have

shown Homa ( A
,

Qtk ) t 0
. D

Lemmas If a is a projective generator for 8 then for any object X there

is an epim orphism Ii ← I G → X for some set I
.

Roof Take I = Home (G
,

X ) and for it I set G. ÷ 6 and fi : 6 → X

to be i
,

that is
, fi - i

.
This induces f : 1

,
.

← , G → X with

foui = fi for all i ( here Ui : Gi - ' Ll ice 6 are the morph isms into

the uopwduct )
.

To see f is epi , suppoe af  = bf
.

Then pre composing with

Ui we have a fi  = bfi for all i
. But then a = b since G is a generator . D
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Lemmas If G has a projective generator it has enough projective .

Dualising , we have

Lemmas If C has a co generator U then for every object X there is a

monomophism X - Tie  ± U for some index set I
.

Lemm= If 8 has an injective cogenerate it has enough injective .

Gnflary AI has enough injective .

To
prove

Baer 's theorem recall : factually
in the end I didn't use

this
,

and staled things directly ,

but this lemma is still worth keeping

Lemmt A A module I is injective ifand only if for every exact sequence

o - A 't At A "→0 the sequence

0 → Homs (A
' '

,
I ) → Home

.

( A
,

I ) → Homs ( A '
,

I ) → 0 ( * )

is exact
.

Root The exactness of H) is equivalent Io Homs (A
,

I ) → Homs ( Ast ) being epi .

If I is injective this is clearly true
,

and if �4� is exact for every sequence and

we are given a mono A 'TA
, apply this to 0→A' → A → Coker KHO . D

Renate Let a bean abelian gwup , having .

Then Homa ( A
,

G) is naturally
a left A . module via the action

, the A and TE Home ( A
,

G )
,

( R . 9) (M ) = YIMX)
. This defines afunctor Home ( A

,

- ) :A±→ A Mod
.
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Lemm= The functor Homa ( A
,

- ) is rightadjoint to Me forgetful functor

F " A Mod → At .

Root Define a function
, for a A module M and abelian group G

,

I : Homs ( M
, Homa ( A

,
G) ) → Homans ( FCM )

,
a ) ( 4.1 )

by the formula F- ( f ) ( m ) = f ( m ) ( 11 )
.

Since f is additive
,

F- ( f ) is

an element of Homa ( FM
,

a ) . we define

TI : Homa ( FM , G) → Homs ( M
, Homa ( A

,
G) )

by E
' (g) ( m ) A) - 9 ( Xm )

. Again it is clear IG ) ( m ) is linear in X
,

and

that IYD is additive in m
.

To lee EG ) is 1- linear
,

observe former

F- ' ( g) ( mm ) ( i ) = g ( Irm )
= ( m

. EG ) ( on ) ) ( i )

so I
' (g) ( mm ) =µ . EG ) ( m ) as required . we need only show E is natural

( which we leave as an easy exercise ) and that I 'ooI= id
,

Ioo I
'

= id
.

1E'oE=c⇒ I
' ( E (f) ) ( m ) ( f) = OIC f) ( tm ) = f Am ) 111 )

= ( i . Hm ) ) ( 11 ) = f ( m ) ( f ) :
. F-

'

( Ef ) =f

1oIoI'=⇒ I ( Ig ) ( m ) = Eg ( m ) ( Ir ) = g In ) so Tee ( Ig )=g . D

III Check It is natural in M , G
.
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(The reference for today's lecture is Mitchell
"

Theory of categories
" It

.

'5.)

Notice that 14.1 ) is an isomorphism of abelian groups ,
not just sets

.

Pwofofbaerbtheoremn Take a = QHL in the above to get a natural Do

Horns ( M
,

Homa ( h
,

042 ) ) ± Home ( FM
, Qt )

.

( * )

Set E : - Homablt ,
QIZ )

.

We claim this is an injective w generator for A Mod
,

whence A Mod has enough injecting ,
and we are done

.

• E is a co generator since for a A- module 17
, by C * )14=0

<⇒ Homa ( FM , Qtk ) = 0 a Homs ( M
, E) = 0

.

Talk
w generates AI

. E is injective .

Since 1*1 is natural
, for a mono u : M → M

'

we have

a commutative diagram
u*

Horns ( Ms E ) - Home ( M
, E)

⇐ f±
Homa ( M '

,
QIZ ) - Homa ( M

,
QIZ )

.

u*

Since QIZ is injective the bottom now is sujective,
hence so is the top ww

,

whence E is injective . D


