Lecwlwe 20

We have now seen a descviption of injective A-modules on precisely the clivisible
modlules for any PID (0 eg.Z ov RIZ], ka beld ) Next we use #is o show
that the categowy of /L-modulen has “enough” /'Vy‘ecﬁ'ue/) fovany dng A This
is essential for s fo vontinue cleveloping homnlogical clge bre beyond Ext®
The discussion willle phvased in fevms of jujective cogenemton which are a dyal
nofion 1o pigjective ﬁewemfor: (N is a pwjective gene ratorin A-Mod ) Houwever,
we should be caveful notfo think of ijectiver as “cofvee” in a naive seuse :

Ex | A funclr F:ﬂt’e/B with o left [w‘ghf) ad/'m'wf presewes limifs (oohmi}r)

Ex2 The forgelful funchor F: A-Mod —> et oy aving/L hev a left adlppint
but no viglnf adja)’wf (+here are no “coprea” miodules).

Leb & be a cafegmy withall pwduch and copducts (e these [imib 4 co limib exigl)

Def" We say & ha emDMgvﬁﬂw,‘ecﬁve/) f for evewy ijecf X theve exish an
epjry;oyphifm P— X with Ppmjecﬁme. Dually C has el/)ow\?% injective)
if fov evewy X theve is a monomoghiom X— T with T injective.

Cleadly A=Moc hay enough puojectives for any ving /L. Quv aim now is fo puove

Theovem (Baer) Tor any ving A, A-Mod has enough mjea’iv@.
_+_
Def” An objedL GeCisa geV)eVa?‘Dr if Homg(G,-) ‘B Jetf s 7%#1/\&4); Mhat s,

whenever uv: X— Y ave dristinet (XY avloiltvmy) Theve is o WIDU[,o?/H'Jh/]
g: G— X with ueg Ve which "witnesses " he distinction.



Defd” An o@ec" Ue G 15 a oo%emewﬂ‘or iFitisa genemﬁ)v in G °F re.whenever
wy * X =Y are distinch there exish g /= Q wifh goaF gev.

Remarks (1) T E=A-Mocl then C(is a genevahor &= Homg(G,~) sends
noNnzew objeds 1o nonzewo olojec‘:f}} and dua“}j .

(2) A\ s agemarah)v fr A-Mod.
Lemma @/Z IS an mjed‘m mgememfov 7451/ Ab.

Foof Let A bea nouzew abelian quap, and OFa€ A. Lonsider the map

foZ—A, rAa)=a

I ahas /'Ylﬁ'nfk order ,704 induer Z g(q)_ Df;{ine \E (01) — @/Z bg
choosing any nonzeto (). I a has ovder n, Then £ induws Zjnz = ()
and ¥:(a) — @/Z/ fla) = 7 is welkdefined. Tn ejther ccve, N Ay
is )'vjecﬁ/e Plith b ¥V A—®7 with Ha)#0, 0 F+0O, ardwehave
shown HOVW,_LL(/IJ 8z)+0.0

Lemma Tf Ciis a pjective generator for & then for any o/zy‘acvt X there
is an epimmob);rm _U_ie]‘_ G > X for some set T -

Rocf Take T =Homs(G,X)and fr ce T sef G == C and f-:C— X

1o be ¢y ﬂflcﬂ‘if) 7[;‘ = ¢ Thi I'ncl uee 78’_/2(*(_1 G — X with
fodi =4y foral s (hweu;: Gc— L) 7 G avethe moyohisms info

Ww?wdud).%rea £is epi, suppore af = bL. Then precornposing with
U; we hawe afc = bfy frall c. Buf then a=b sine G js @ geneyafor.

|



Lemma. 1 G har o ijechuaggnemfoy it haw emou@h )D]/Djedﬂ/*éw.

Dualising , we hawe

Lewmma  If G has a ogenereior () hen for evew object X theve ic a
monomoyphiom X— Tliex U for some inclex et L.

Lemma. & G han anin /'ec{{ms cogeverator ¥ hou enough /mjea@‘m.
Coro//ag ﬁé haw eMouyh /‘mj’ecﬁm~

ackually in theend T didnture
To puove Baer's theovem vecd||: / nally in

s, ainck staded Ynings divectly,
buttnis lemmoy is still wovi eeping

Lewmo. A A-moclule T is ivnjecﬁveiﬁawc{ onb%ﬁweveuj exacteqyenc
00— A A—A"—> O the requenc

0 — Homa (4" T)—> Home (A, T) — Homa (AL T) = O &)
is exact.

Roof The exadnw o (¥) i ec/u;\/alemHo Homa (A T) — Homa (A1) be;‘nj epe.
I Lis injechive fhis is clearly twee, and f @ is exact for evewy sequane and
we are given . MHo A A, apply this 7 0—=A'9A— loker (4> 0. [

Remark Let (i be an abelian guoup A aving. Then Homgs (A, C) s natuvally
o et L-module v/ Hu ackion, v Ae A and FEHomp (4, G ))
(A9 ) p) = F(pA) . nis defines afunchr Homa (A, =) Ab - A-Mod.



L emma The funclovr Homas (/l,—) is Viglﬂf‘aa\lj()fﬂf%o #he 76r9e7%1/ Ffunchor
F: A-Mod — AL .

Pocf  Defineafunchion, $ra A-module M and abelian guoup oy
% Homa( M, Homa (A,C)) —> Homa, (F(M),6) (&)
bg Weﬁ)ymula @(ﬁc)(‘”‘) = ]C(m)(i/i). Sinee £ is cadc\htive/ P (F) is
an elem eVH‘O‘I»D f'{b}’l’lﬁlz ( FM/ G } We de’ﬁne

€ Homm (FM,G) —> HOW\/L(M) HDVV\A__L(/L)&))

bj §’(ﬁ)(m)(25 =9 (q"”)- Atjain ifis cleav E’(S) (W‘) is h‘neay N )/ and.
that B(3) is additive inm. To ree £(9) is A -linear, obsewe ~br ué /A

() pm) = g Apm)
= (e BFEHE ()

% §'(‘7)(/W‘) = M- &'(5)(m) oo requived. We need| only show % is vatyral
(which weleave a2 gyt eany exercise) and that & =i, Te3'=dd.

Fra-ud] T(2))O) = 20 = FOn)(11)
= (2 ) (1) = F(m)(2) - T(F)=f

@2 -d B(29)(n) - 85 ()(10) - g () 0 5(89)=y

B3 Check 2 is natualin M, G



(’/he vederence for Tocay's lectuveis Mifchell ([meog aygcafegéw'eo T ‘5)
Nofie fhat (4.1) s an isombyohiem of- abelian goups, moUu/ﬁJefrﬁ

Rood of Baer's theovem  Take Gi= Q/z in the above fo geta natural o

HDW\/L<M) Hom&(/&)@/z» = HDMﬁ_L( FM, @//Z), (¥)

Set E = Homuw (A, %/7 ). e claim this is an injective wgenerator for /- Mod,
whena /L-Mod hoy ewomghmj@cﬁm) ancl we ave clone .

« Eis awogeneralor sine fora. A-podule M, by ()

M=0 «> Homg (FM,&/2)=0 «— HOVV\/L(M)E) =0
T@/ngewemkw/%

« Eisinjective. STne (%) s nodwval, fov a movio u: M — M’ we have

o commutative diagram

Homa (M), E) > Homa (11, E)

i l

Homas (M, 8/2) ———> Homgy (4,92,

(b
2

Sine C/z 1 )'mjea’-z'ue +he botfom vow is J’(/fy"eoﬁup ), henc so is the 7'1)70 ww,
whane £ s m/“ecﬁw. []



