| ochure 21

We now knowthat A-Mad has emough infectives. Building on this one puoves that
any Cuothendieck abelian cateqony hav enough injectives (e-9. quoni-colerent

sheaveson a scheme ) This is o fundamental imporfanie becouse while ppjectives
mayseem move “natural "o wa, in practice (ot least in algebiziic geomety ) itis
the injectives thal one endsup utm'ngjtocleﬁ'ne devved funcloa like Ext) fov the
vew simple reason that while evewy Giothendleck abelion categow A hos
enongh injectives, S may fuil fo hawe emomgﬁp_vod‘ecﬂ%:

Ex| (Hard) Rove thal a quasi-oherent sheaf on P'(C) is IJVDJ'QC'HU\E
i Qeoh (P') if and only i if-is zew.

This 1s ypical of non-affine schemen. With this in mind, theaimof {‘oday's lecture

is o better undentand imfecfiue modluler ovey commutadive Noethevian ngs. We begin
however with svme general Theowy of injective enveloper, following Mifchell Theou
dfcafegoviw” 1. 2.

Ex2 Pove that ExH®, Z) =R as abelian quoups.
Let /A beaving, &= A-Mod.
Del” An essential extension of a A-moclule A'is a monomoyohiam

w:A'— A sudrthat for any nonzew submodule B £ A we havre BNA'FO.
Equivalently, forevew Ot a€A theveis A6 with da€eA; Nato.

Apwper extension is u: A=A whichis imono but not an iso moyphism,



Lemma L Amono w:A'— A is an essenfial extension if-and only /Feveu//z
movphism :4—>B such that fu is wmono, £ dself is ynovo.

Rock £ nof mono = Kow (F1£0, 50 if w 15 escentiol, Ker(£)NA'+0, hence

3((/\ iwwzl Mmoo .

Tf wicnof esential, let C<A be a submodule with CNA'=0, C <0,
ancllet foe 4 L8)c Then A'—A—> Alc 15 mono but £ is o} - O

Leyma 2 Q is r’nJ'ec%'ve F-and only i i admifc no puoper essential extension.

ook f Qic :’vn‘edw'\/t and. w: ® — Aessenticl then w is splif wono, fay A=Qet’
But then RINQ =0 implien Q=0 Jo Wis not pLopev:

Suppose evew essential extension of Q is anivo. Since - od has enough
injectives, let ® —> T be mono with T fVleC‘Hl/Y- We show L is splif,
Hom which Wegef X /’VU‘eCﬁ'ws.

Let G be the set of submoduler MET with MNQ 0. Then  is a puref,
end if { Milez is eichain then U M: = 2 Me subishien

(U:M)n@ =U: (MR ) =0

so evew chain in & has av uppev bound. By Zom's Lemma there is o

maximal element M. Now, sine FION® =0 +he mop @ T /7 is mono,
but notepi (ifitis, @ =T is spliF and we ave done alveady ) hena by hypothers
et an essential exdension. Buf i 0 B< L/F sofisher BOR=0 +hen

R = T7"'(B) Olmlomodutw‘f T with B gﬁ and BOQ=0in T, ooml\rudl‘chr\vcl
maxima\ilq «E M. 0



Def” A d}'m&famihjj of submodules {Hi}('ef[ of a AL-module M isa ﬁrlm/'(‘(/
ot submodules Mi €M™ i forevew paiiv c‘,j‘éI thewe is R € L with
both M; € Mk and NJ'Q Hk

Lewma3 If evew element of o divect fami(ﬂ of submodules Mz of M
is an escenfial exlension of some fixed AEM then U; Mi =M

s aloo an e srenhial extension of A.

Lemma ly If u:A—B and v: 8 — Care mono, fhen vu is an essential

exlension iff. both ( and v arve essenhal exlensions.

_EL% vae Lemmm 3 aMC( L@WN’HQ LF

Det” An iﬁm’ecﬁme evvelope fora A-module M is an essevtial extension M— L
with T r'VU'ecHUE.

E:cavngle Z < Q is an /'V)J'ech‘ve ewvflope In ﬂb_

Ex 4 forp apume let wa c Ql7. depple Hie subgioup of cets [%] with aeZ_
ond S |. Rove that ZPOD s an mJediue envelope of Zp =Z/pZ n Ab.

Lemmad o u*M—7T, and y,-M — T, awzz'mj’ecﬁ'w emvelopes then there
is an isomoyohism O I— T with @ 4y =Us (O is yot unique! ).

Foof Stne T m’v\\jechve) theveis O with O°u, =Us. Now, @ smono 1{‘/
Lemma 1, and an esrential extension by Lemma Lt henw an iso by Lemma 2. ]

Even though D/U“ecﬁve enveloped ave Ny unique up fo NoK-uniqUe iso, ue so mefimen qbuse
notation and souy “the injective envelope.



Theovem  Evewy A-module M has an injective envelope, clenoted E(M).

Roof Let M— T be monp with T ivU‘ediue, and G e pO/eH‘ﬂ all sulomodules A< T
which ave essertial exdensions of M. Aqy chainin G s audivect fomily , 5o the
wAion is Iolj Lewma 3 again an esrenhal exdention, 5o by Zovn G har oo moximal
element A. We claim A is MJ'edime. It suffiws )aj Lemma 2. o chow A admiks no
PmPevleeV\’Ha, extention. Suppoje fora.conbadiction urA — T were such

anexkension. 89 fnjgd%m’/j fhere s -,[)/Vlolkﬂ’\)g

— r
Ae—— 1L Nefe Hhis ctlsoshows Yhat
\ ;‘“jo  MET with T injechive, Then
TS —[ MESEM)CT,
poperly undenafood |

commude. @y Lemma 1, F is movo. Buk then by Lemma &4, M— A—T
is anesrential extendon loiggﬁvyhan A, awonbadichon- [

Theovem (Matlis) Suppose R is a commutative Noethevian fing. Then evew injecﬁwe
R-module ;s o copvoducfo‘f fn\]ecﬁue R-modules of the fovm E(R[p),

o) Qvavies pver all prime icleals p cR.

Ex & BRove c{imcﬂj (1e-without fhe Theovem ) Fhat Ay = @p)vvime ZP‘” = 61339 E(Z, )
As wealmeady know R=E(Z), we have eﬁemﬁa{(g accounted for all the infed-i(/t
(= divisible) alaelTangI/ouPs. Dbsewe hat 0 2 Z— B —8/Z =D canbe

wrilken now aw

0— 7 —EzZ)— B E(zp)— O
P

This is acﬁlalfg ﬁjpfcai: Wr’n\/‘ecﬁuxe mo/uﬁonoﬁa (nie ) ving R puh e (_—'(R/,a)';
in orcleracoovdmg fothe dimension of R Ik



Example  Sine R= Cl=1isa PID, injective = divisible. Cleayly the field
of Pactions C(=2) is divisble, an is @("’)/Gj[f(/ whence bojrhavwemjecﬁw.
The prime icleals awe (0) and (x=X) for e € and with Cx= q’[ﬂ/{l_m

E(c)=CE)

E(C) - {(““‘* Recl, s 11 O /epq

By Matlss, any mJ'@_cHuer; a wpreduct of wpien of these. Tn Pa\A'Tw\lav)

(Il(x)/@f,] % E(C))

Obaere that in tiu exact sequanie.

T
0 —> Clx] — C(=) > =) /e — O
P()
covodional funchon F = /7 () issent o wmpon@n}s T(F )7\65(@>\)
with TTF)A=0 <= Fisdefinedat A, andothevwise if T(F)y~ 7 )
in lowrest common denominator, s s the ordev P the pol pole e T al ).



