Lectyre 24

We have defined tha left devived fundhors LaT : RMod — SHod £, 70 and any
addifive funcor T+ RMod — SMod . In the nexf fuo lectures ure examine e
example of Tov, which is e leff devived funcor of e }emo;;pwducf Thoughout
we fix aving R (o} necerscuily commutedtive).

D" Given aright R-module M, st T= M@=~ < Rlfod —> Al cnd dendle
the left devived functors by

Tora(M,—) = LaT(-): Rited — 4b

sothat Torh (M,N) = Hn(w — M@ P ﬂM@RPD)
wWe P— N isapzz?)'ec}iuemo/qubn@ﬂ/\/-

Exampe TF Fis pjective Fhen T (MP)=0 for n> O an wemoy Yoike
R= P) Pi=0 4 n7O.

Example The fensor ,DUOC(MC?l is m‘glofe xact sofovany N

Morh — Her Y, — MerN — O

s exad, hene theve is a nahal iso Tors(M,N) 2= M@ N d;_D
qbelian Goups (ak s poinl, ue claim naturalify ba N only )

Example If R=7Z then TTJV‘,,%( M,N)=0 for nz2, Sihee any N hon a
pwjediug resolution © —> F—P2 — N =0 This 13 adnsqUena
o subomodules of pwjechive wiodules being pwjective ( infuct Hars
vanishing for n? 2 is pue over any PID fou the sqime vecwoon ).



Thts weans for o PID R we need only wony) about TDVE(H) N)) and moﬁumlw
we stavt wifn N {g. (in fuct since any N is o divectlimif=of ik {.q. submodules
avd Tor commules with diveck limik, this is euenh‘ally evough fo wmpule any Ter over

o PZD, bufwe will not use this). Byt classification of £.9. modules over R and Hhe
~act that

Ex | Rovethat if T: RMed— S1Mod s qlelfve then T( @ie M) = D TM:)
%romy colle chion {Mi};‘el of R-modules

Lewmo. For any ving R and non-zewdivisor veR thereis & naturzl somoyohiim
Tord(M, */)) = {xe M |rx=0] (2)
R Therequente

0 —R— R

>F/iy — O

isexacksme v is e non -2ewdiyisor, amclgimeﬂ a pwjecfive resodtion Uf
R/tr). Hene we vompule Torg from

l&r

- — 0 — M@grR —>MerR
(1 _ 2 e R
e O] > M —> M

0,
le. 7(_)/1R{/‘7/ R/(r)) = K@V( H—>M ) as caimed - [

Nofe This explainsthe noteition TOYZ_{H/ Zo\) wmpuk’o Y a -fowion
ot an abelian guoup.



Excample With tha nétation of #he lemma, Yhwe ave canonical R=lineqy maps

P: Ry — e ¥ Ry — Hevsy
J(s)=§ tHr) = 7

which |if fo maps on the resolutrons

(= -
o —>R—>R >R/(fz)—50 o——%R——)R—HR/(r) —0
o N & S
6—> R —— R— R)—s0 o — R—R—R/42y—0

('L

and heny inclue maps on. M®@r — £ e resolutions

rL

0 — Tog(M,R/) s M ™ Tor (M)¥) voweipprcls under (2-1) bo
L Tor(M)9) I ll ve YxeM| =05 =X
O—H_fBri(H,R/r) > M ™M |

r {1&M] f1=0} v
0 > EVE(M/R/F) > M M M Tor (M,Y) coneoponda Yo
V Tor(M¥) l i e fxeM | =0F 5y
O———ﬂTon’,f(M)P\/rL)__)M—’—%M l I

> 3 xeM ]\rzx:G} X
This vaises a nofural 7w7’7‘0n'~ for what R-module (f"fany) A do we have

T{)r’f(M}Q«)= {XGM I rilzo 'FZDVJDVWQ (20} ?



We will answer this for R =2 but thesame Thing works for any PID (and even
miore 3ememllg) with suitable fweaks ). But fint we need o genewal Fheovem, which

we will /JLOVf[a;fV.
Theorem  For awy ving M, vight R-module M and exact-requanie of leff R-modules

0o— N—N—=N"—=0O

we hawe a lony exact sequena of abelian guoups

- — Torl(M,N") — TorR (M,N) —a?{;rf (M,0")

C TOF,\R_I(H/N )) — BYE;(M/N)'_% Tb{n%l{M/Nﬂ) —
<= = Torg (MM = Tork (1m) = Tork (M,1")

C M@P\N’

Theovem  TF R is commubechive Fhen Tort (M)N) 2 Tork (N, M), forall N> O
and R-moduls M, N.

y M@e N — MeeN' — O

Example I R is commulehine ond F 3¢ Hat, Then for n>0
ToR(M, F) = Tors (M)
= Hv\(~-- — F@&Pt‘\,\‘—ﬂr:'@RP: )

= O st Foa— w exack



Ex2 Tf Ris commulabive cud S R s VV\ul‘)'iP’iCCLHVEly dped (l-e- 1€8 and
stes = sres) Hen SR i a flat R-module. Tn pavheulon, 2\

is aflat Z-module.
Example Jake R=Z and. consider +he exact SeqLEn

0 —>2Z—5Q0—®/zz —>0O

and com%pvz/)d/nﬂ long exact requeanu

0 — o2 (M,2) — Tors(MA) — Tovg (M, 8/ ))

CM@LZ——H M@Z@—%H@’z@/z — O

Sine Erf(H)Q)f—O an & is flaf, upe oblain qn exaCfJeC(wch
b g
0O—> %rf(M)@/z) —sM—Mez R

Whave $(m)=me& L is fu canonical map , hene Tove (1,8/2 ) i identified with
Tors(M) = {xeM | nx=0fvsomen#0ir Z | The Foazon submodule of M.

Example Lt S=1Lpp5 - } 7€’P a pvime and Lwite Z[F’\] o S7'Z.
Theve s an exaC)LJeqMﬂMw o) > L > fo’/‘] — Z[f-)]/z — 0

Jom which we deduce an isomoyphism 1 Hhis Toesp (M)

. €@

_[BYZ(H)Z[F-J/Z) = {JLEM | P)lJL:O Jome k70§

megrgmpjagw‘mf 21z with p—,bowe/)vw/‘um M. TF Mis
Finitethis 15 the unique Sylow p-subguoup of M.




v

Ex 3 Fove that Z&—‘J/Z - ZF‘”) ‘hu'm]ed'l‘ue ev\\/ejvupCoP ZPe’Z/PZ/ So e
may umle Tf)ff(!\’l) E(Z,ﬂ) = { ze™ | Ph)C:O fov rome R }

E 4 P(/OUQ/%\CA‘EJYC(V]& ef 1N Yiet of R-modules ot Tov (M, PN) =D Tora (1Ne).

Rom M alore e deduce that The c{eoomp0ﬂ77’0n

&j7 = @ E(z)

FPvime_

from e alier in lechives gives vire o adewmposifion of Toa(M) for evew abelian
group ™,

Tors (M) = Tor (M, &z )
Tor%z_(N) @PE(ZP))
D Tova (M, E(Z;))
@F TDYJP(N}

e

1

OF coune his can be seen much move eam’/y hy diveccalculation. But+u %
laviguage allows as o deduc, for example, fhat if 0— I '—H=M"20 isexact
Tlon Huwe is anexact cequenc

V)

0 —> TorspM' — Tors, M —— Torsy M
i i y
( -1 ) -1
M'[p J/N, — Mlp J/M —M"[p] g — O

whidh s less 2mmecfz\alely obvious.




