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Lectured

We have defined the left derived function LNT : R Mod → S Mod for n > 0 and
any

additive fun dor T .

Rtdd
→

Stlod
.

In the next two lectures we examine the

example of Tor
,

which is the left derived fenctov of the #put Throughout

we fix a ring R (not necessarily commutative )
.

D# Given a right R - module M
,

set T = MQR -  
:

Rtlod
→

AI
and denote

the left derived function by

Tory ( M
,

- ) = LNTH : RMOI → Ats

so that Tory ( M
,

N ) - Hn( -
.

.  → MORP ,
→ Mar Po )

where P → N is a projective resolution of N
.

Examine If P is projective then Torre 1 M
,

P) =O for n > 0 as we
may

take

Po =P
,

Pn=O for n > 0
.

Example The tensor product is right exact so for any
N

MORP ,
→ M or Po → MORN → 0

is exact
,

hence there is a natural is o To KIM
,

N ) ± MQRN of

abelian
groups

1 at this point, we claim naturally in N only )
.

ExampI If 12=2 then Torre ( M
,

N ) = 0 for n 72
,

since
any

N has a

projective resolution 0 → P
,

→ B → N → 0
.

This is a consequence

of sub modules of projective modules being projective ( in fact this

vanishing for n 72 is true over
any

PID for the same reason )
.
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This means for a PID R we need only worry
about Tore ( M

,
N )

,
and naturally

we start with N f. g .

( in fact since
any N is a direct limit of  its f.

g.
submodules

and Tor commutes with direct limits
,

this is
essentially enough to compute any

Tov over

a PID
,

but we will not use this )
. By the classification of f. g. modules over R and the

fact that

EI Prove that if T : RM_od→51701 is additive then TC Oil
,

Mi ) ± QI
.
,TCMi )

for any
collection { Mi }ieI of R - modules

.

Lemm= For
any ring

R and non
- zero divisor re R there is a natural isomorphism

Tory ( M
,

R / ( r ) ) ± { xe M I rx = 0 }
.

(a)

Roof The
sequence

0 → R rn R - Rhr,
→ 0

is exact since r is a non
- zew divisor

,
and gives a projective resolution of

Rkr ) . Hence we compute Tora from

.  . . - o → MORR
# MQRR

1h
.

" 2

R → R

.  . . → o - M - M

�1�

i. e. Tory ( M
,

Rkx ) ) = Kev ( M =3 M ) as claimed . D

Nod This explains the notation : To #( M
,

Za ) computes the

atosiouof
an abelian

group .
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Examine Withthenotationofthelemma
,

there are canonical Rtineavmaps

y : Rkry -7 Mcr ) Y : Rkr )
→ Rkry

y( 5) =5 YCJ ) =

rswhichlifttomapsonthe
resolutions

0 → RIJR-%z)→0 o -> RJR -

Rkr
,

→ O

rt
,

t ' t '

it
.

1

: 14

O - RI , R - Rkr ) → 0 o → R
=

R - R/(rz)→O

andhenuinduamapson MQR - of the resolutions

✓
2

0 - Tor 'E( M ,R/rz) - M - M

)
, . e.

Torlmis ) wmupondsundercz .
1) to

↳ Torl Mis ) fr 11 { xeM1r2x=o} ax

0 - Tor 'I( M
,

Mr ) - M - M t
,

f
r

{ x←M|rx=0} rx

0 - Tom 'YMMr)→M= 'M

} ,

etorlmitlwmespondsto
l, Torn ,4 ) { xeml rx=0} ⇒ x

o - Toren,Rk)→i¥ -

¥
t

,

I
,

rz { xeM|r2x=0}
x

Thisraisesa natural question : foruhatr . module ( ifany ) Qrdowe have

TORIYM ,Qr ) = { xemlrix - oforsomeizo } ?
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We will answer this for 12=2 but the same thing works for any
PID ( and even

more generally ,
with suitable tweaks )

.

But first we need a general theorem
,

which

we will

pioneer

.

theorem For
any ring

M
,

right R - module M and exact sequence of left R - modules

0 - N
'

- N → N
"

→ 0

we have a long exact
sequence of abelian

groups

.  -
-  → Tory( M

,
N

'

) → Tore ( M
,

N ) → Tork ( M
,

N
"

)
)

(
Torre

, ( M
,

N
'

) → Torre
, ( M

,

N ) → To # ( M
,

N
"

) →
-

-  .

-
- -

→ Tone( M
,
N

'

) → Tore ( M
,

N ) → Tort? ( M
,

N
"

)
)

(
Mar N

'
- Mar N - MORN

"

→ 0

theorem If this commutative then Torre ( M
,

N ) ± Tory ( N
,

M )
, for all n > 0

and R - modules M
,

N
.

Exampte If R is commutative and F is flat
,

then for n > 0

Torre ( M
,

F) ±
 

Torre ( F
,

M )

= Hn ( . - .  → For PM → For Mo )

= 0 since For -

is exact
.



SO

Ext If Ris commutative and SER is multiplicatively closed ( i.e. IES and

s
,

tes ⇒ stes ) then S
' '

R is a flat R - module
.

In particular,
Q

is a flat 7L - module
.

Exa_mp1e Take 12=2 and consider the exact
sequence

O → 2 → Q → Qlz → 0

and corresponding long exact sequence

0 → Tork ( M
, 2) → Tone ( M

,
Q ) → Toil ( M

, Qlz )

(
Maez - Mae Q - M 0 >< Qlz →

}

Since Tone ( M
,

Q ) = 0 as Q is flat
,

we obtain an exact sequence

0 → TORE ( M
,

Qlz ) → M -9> Mae Q

where Ylmtm a 1 is Are canonical map ,

hence Tor ? ( M
,

Qtk ) is identified with

Tors ( in ) = { xe M / nx=0 for some n 't 0 in Z } the tense of M .

Examine Lets = { 1,1313 . .
. } for

p
a prime and write 245

'

] for S
- '

2
.

There is an exact sequence
0 -> Z - 7415

'

] - 7<45
'

]/z → 0

from which we deduce an isomorphism

,
can this Torsp ( M )

Tork ( M
,

24712 ) ± { XEM I pkx = 0 some K > 0 }

of the Tor
groups against

2 { Pttk with the p-powertobiono.FM .

If M is

finite this is the unique Sylowp
-

subgroup of M .
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Ex3_ Rove that
2 [ FYIZ

±

Zpo ,
the injective envelopeof Zp

-

7415k
,

so we

may
unite Tore ( M

,
El Zp ) ) ± { xemlpkx = 0 for some k }

.

Ex4_ Rove that for
any

set { Ni }ieI of R - modules that Torie ( M
, QIN i ) ±

OITORFCM ,
Nil

.

From the above we deduce that the decomposition

Q/z ± +0 ECZP )

ppvime

from earlier in lectures
gives

rise to a decomposition of Tors ( M ) for every
abelian

group
M

,

Tors ( M ) ± To # ( M
,

Qlz )

⇐ Tory ( M
, QPEIZP ) )

±

Otp Tore ( M
,

Etkp ) )

±

Ap Torsp ( M )
.

Of course this can be seen much more easily by direct calculation .
But Hu Tor

language allows as to deduce
,

for example ,

that if 0 → M
'

→ M → M
"

→ 0 is exact

then there is an exact sequence

0 → Torspm
'

→ Torsp M - Torsp M
"

*
Pithy ,

→

MCFYM → M
"

[ P

.  '

YM "  → 0

which is less immediately obvious
.


