| ecture 27 ®

In thelast week we clew,[op one vt the first and wost impredrive apphtations 07»0

(nowmolocjicm q!gebm o algebiaic geomeﬁw dimension theow . Quraim is
o prove o Yheorem of Sere which chawidenses non-srngulavity of o poinf- <
an algebiziic vam'e@ X inTevms of the bifunctors

Exhn (=) (RMod)Px RMod —— Ab

wheve R = Chox s e 1ing dfﬁewm afmegm)ar Functionson X at x. e
begin with the banic Theony of homo/oqfca}c{/'mem/'ons_

Ded” Let R be g V'A”f] ancl M a nonzew left B-module. Let Dm be the cet d‘;é

all mfegem n>0 fer ahich thepe exists an exactsequence

O—>R—R ,— — —>R—oR—M— 0 (1)

withall P ]Ol/ojedﬂw We ca/l‘fﬁyka/avgjecﬁw reav(ufion ¢f /engﬂ\ n. We define
he pwojective dimension of M to be the length of the s hortest such vesv (ution,

i one exish, and oo othevwise :

oo DM:’(]é

infDm otherw ise .

pwoj-dimg (M) = {

Remarks (1) We ref /owj-d/mg (0)= -1
(’-) o M+ O then /Dl/t?).d/'MQ/M)ZO «—> M )}/OZ/D/'eCAY/‘C
(3) TEneDm then nt1€DM a0 we can make fom (11) anexactrequence

00— P — POPL— i — - 7[0””‘3 Pug/‘ecﬁ‘me F
() (0 o)




Lemma. ( Dimension Jl'lfﬁm@ Given R-modules M, N ancl cin exactrequente

0 —>K—>P—>M—>0

with P pWJ‘ecHw, wehave for all n> |

n+!

Eﬁﬁ(&N) = Exfp (“)N) (2-1)

froof Fromthe long exact sequente for Extt we have for n? | o piece

- — Extp(AN) — Extl (K, N)>

c Exfa (M,N) — EL%V:I[PJI\)) — -
See Exf':(P/ N)=0 for N> 0 we deduwe (2") -

Example Lot R be a. PID. As sulomod uley ﬂaplbwjecﬁm ave pvgjec{me for PID<, evew
R-moclule M oy apv?]echw resolufion of length 1- . Hence P“(/"Cf"mRM <1
fw all N) anc|

- it M=0O
ij-dmeH = { o) £ M FVDJ‘eCEW=‘FM
1

ofherwisre .

Example Lef A= }2[1]/12, and wonsiderthe Fuojem“l‘t/e rernlution A k= R/:cl?)

2C X Sc
- —— R—— R— R— Lk

> 0. (2:1)

We claim +his module k has no finife projective veqolution, so onj,c(rm,R (R) = co.
How %jmh% ﬂm’S? Sl/\ppo!e o the oon’nmg et B did hawre a ﬁ'nife Pwd'ech‘we mo/m%ﬂ)n



Oo—hh— - --- —sP—P sk—0 (3.1)

Define R; = Kev( 3= ie— P with Ri=%, 5o that we have exactrequenies

o —>™R,—@F —k—050O

O — R,‘—') |ﬁRo——_)O

0o—> Rn_‘—) | — R,\-L_BO

93 dimension 5%7141%9 we howe for any module N and m =)

0 = Ext™ (R, N) (Re=fy 75 pgfective )
= Ex-\-MH(Rn-L/ N )
=~ By \_mwu—l( Ro) N)
= BExt mHL( R, N )

S

Thw Ext (RyN)=0 frall i7n and R-moduley N.

But now consider (21, which is made up #Jhw/exacfﬁsqm’mw of the form
O-—?‘QLR > k. > O where Y(i)ZJCC-R.

Fom whiclh we dedua, again by dimendion Shﬁ%\ng, Mal Ex{'m(k/N) = Ex ™Y 1’&/7\))
for any m7 \. But-then we ave led 4o a contradliction, sine Hhis uould imply in pavkicular,

Ex+i(k/N) = Eat(kN) = = Ext" (h,N) f‘= O
I S
clirvamsior\sl/\ﬂ/('/ Fom B
which impl/w k% Pb\z)ecﬁ‘m (a,h/‘c{r\ is fale, for instane 0 — k— R—k—0 o lowve 1*
not J}DIH’_/ ) This oom‘vuoh‘cﬁ‘on pLoves ij.dfmg k= 00.



What we have dont aloove in @ clicln'} depenc| on h, 50 adua|l9 we have proven

one direcHion in
Le/vam The ﬁy”f)w;’ng are eclui\fa\el/l} fl;r an R-module M and w7z 0O

(i) pv\vj.dimam)s n
(i) Exta (M,=) =0 for c>n

n+)

(i) Exto (11,-)=0

n¥l

Poc? (e have done (3() Suppose Exta (M,N)=0 £ evel R-module N/,

anclt} 0 —K—R_—---— L —-5M—0 ke an Qxada—eqlﬂ_@l/luz with

P PUOJ‘P_CHU’E and R aylo,‘—}vwg, Then by dimendon Jhi%‘mﬂ

Exli(K, =)= Exfy (M,-) =O
a/J’ﬁAnC{'OV), 1o K is ijecﬁ’ue and ij.d/mﬂ(f\’])g w1

Upshot We have for MF0,

Puz}.d/'mg [N> = mg{ n / exisht & pVQ)‘ecﬁm vesoludion i M of /enj% V)}
= /’MC{ YLI Exv‘?:}(ﬂ,-)—_— O}

The Ext-characterisation of dimension is much eaziev o use :

Ext Use Exty(N@M,N)2Z Erfi (M, N) & Ext (1)) 4 povethat
puo).dima (M@ M) = sup] pwj-cimM, pre] olim M')



Ded” We\cjoba\d,-mew51'on of a ving R, denoked 3f.dim(R)) is

jl.(,{fm(R\ = sup{ pwoj.dimgM ' M isan R-vnoduu} e NU[~} /)

Ex2  RAovethat j(.d\'m(R)=\‘nF{ w7 -1 | EAR ()= 0t where Ha infimum
aﬁ'meew\pﬁ,f&h 0.

Ex 3 Tovethol gl-dim (R) =sup{ pwj-dime M | M s oufinilely cjemamkcfl K—lmodu]q}_

Examples (1) If Riso PID then ¢-dim(R)="1  (eg- RE], k o freld |
(2) TF R is a field then j\-d\‘m(@) = 0.
(2) gldim( RDD)x2) = oo

/inimportanttheovem that we will not hewe Fime 4o prove is
Theorem (Hilbevts 532333 meomm) f kis a ﬁeld) 87~d1’m(€[%~—-/%\7 =n.

This says that if you shul—wmz‘mcv‘v‘ng a pwjecfive regolufion wf&mg k/[2y- 20 [-modul,
- 2 PR> R—=M >0 Hien the kevnel of Piey — facs w5 al c pvojed'fve,(

The ahove examples sugget that at-leout for smooth things  (identrfy R[%y--, xn’]

with ﬂ\“h) m&lobql dimension recovew the quomd'n\c dimension 'Fvom\)‘uo}‘

The category RMed . This doesn't work for k[x]/x>, whichi ngu\(ar. Tndeed,

a beautiful theoremm of Sewe puoves thot #his (s 7he cone

Theorem (Jewe) Let (A;m, k) be avwethevian focal ving. Then A s reqular
(ve- non-singular ) if-and only 7F gl-dimA <03, ancl in 7hyy cane

jl.clim/-} = dimA



