Lecture 28

Our afm I'n 'h%{ay'; Jechuve is To plove one hall ot +he theorem U‘/—O Jewe f]l/wk@/
af the end of |ask lechuve. Specifically, we aimo prove

Theovem  Let (Am, k) be a Neetheian local ving. Then gl-clim (A)= pwoj.dima (R).

Some veminders : in his lecture all vings ave commutahive, a [oal nhg 15 ing with o
ungoe moximal icleal, a ving R 75 Noethevian if evew chain of ideals =& An€ Hon € =7
satisfien An = Anri for 1570 . When wesay “let- (Ayrm k) be a Noethean local ving !

we mean M €A is fu unig e maximal ideal and k= A/m . The dimension clim (A)

s thelength d - of #elongesk chain (. € 1, €+ € pd of pime ideals in A. T A= O
is the ving ufgevmmf mgularﬁmc#iom al x on an algebraic Vam'e{vf X then dim (A) malthes

the geome}w’c nofon a’fdimemlbmof Xat x.

Remavk Mostaf what follows is fom Modsumuia's book on Lommudative Algelva,
anc my woles on his hook Fom thevis ingsen-on -

Fom now on /ef [A,m,h) be a. Noethevian /D(a/ V/'Vlj. Ms%mlegyb prove Theovem L is
exXpuess _3].&.’»%/4 inJevms of Tor against R | then compule invavianh o k.

Theovem. | et M be a #m’lellj ﬂehemlted A-wocule. Then M is Flod. ifP- it is /DDDJ‘QC#W i, i isfree.

Rool  Let m= climk(M/MMB. By Nakayama's lemmo. we can find l\‘,jev]emi'om Uy o) Ui
q(:v Meaw an A-wodule (- W\ap'h)o\k_bwn‘s(rﬁ ﬂ/mm 3 [of € /,\@"‘”‘_9 M have
ith wowponent A—>M, L= Ui sothat we have an exad sequenut

em ©
0O— K— AY —5 T1—0 [.1)



Now suppose M is flat (in foct Tora (M) =05 emomg%) . Then ave hawe
exachnus ofthe frst vy of

0 —> Keyh — A®"@nk sHMesh—> O

(12 el (It
> K/mK

o > k& MM — O

/UL

By z,om}wch’on/m inThis diagram is an isomowhiym, so Kimk =0 and hanw
by NO\V{C{QQWW\ K':O) So Hg/}@mﬁ free - []

PVDEDS)?”iDn I Misa 1[|~5-/4‘MOC[ML€ hen for nz0
proj dimsM <. = Tovl (M=) = O.

M 83 dlmanjlomdhf%"nj i 0 93 K>F=2M20 rexact with F flat-then
Tov i1 (K,N) = Tov; (M,N) for 221, anclsina pwjectives are flot we
wm wonclude (= Iholds by a\rguVV)em}r similavto Yhose m Lecture 27.

for (<= mppoxe—(bvv'\t\(”/—) = O andthat 02>K=3h. 2 2h-oH-=0

isexact with Py puojective and {-3. By e foumiliar arguments K s flok, hene
pupjective, so pwo)-dima M<I-

Exd gldim(A)= nf{nr =1 Torfl (=) = O}




®

(ser Lemmen \23 of my Mahumua oles )

Covollawy Tf Mis a{.g. A-module then for n0

Pt/oj.c{{mAM < & %YVfH(M) h) = 0. 29

Pood  we prove by inclucHon on n, fhe stadement 2 V{.9. M holds. The base
cone B wan our Theovem ecu/[l‘elf) Jo iFremains ‘/D)DLOL/EW Mduchwd(ep, Let
M be af.g.mocmle with Tormz(fv'; R)=0 and suppore B holds. Fom Hne
long exack Ext- sequana of (1) wehave Ext (k) = Ext'(M, =) for i1 and

onj,d/'mM N ,Dv?j,dl'mK + 1. &P

for 1ha sume climension shitf reapons,

TDVHH ( M}IQB = %Vh (K, }2)

Henw if B holds, sine (=) in @ isalieady proven, o prove fri wve need
only show Torsz (M, R)=0 = pj_dim M < n32. But i Torma (M, k)=0

then Tornti (K,}Q):O CmC[bed ﬁ 7C3V K) ij—d"mﬁé VH']) wlfwn& ""j &0

]m/o]‘rdim/"] €N+2 and we ave done . N



Theorem 31-01)‘m/4 = [DvoJ‘-c[i'mA (h)
Rodd Wepwve#w}%mlfm n> O

3]C{IYV]A$V\_ & —rDVm—| (}2))2\ =0D.

The implicadipn => Bllows fom our earlier obrervations. Suppore Torme (R k)= 0.
Then Pv@.dim[k&)én by €O. Compu#nﬂ Tora+1 (M, &) uoing a }Due/‘ecﬁt/e
resoluhion of R of Ienﬂﬂl €W we see thot 1 vanis hes for any roodule M/

and Yhiu PV?).O”I’V) (M)<n ap wel]. Henea 77.0})mﬁf}’\ ) claymed.

Sinte. proj.dim (k) <n &= Torar (R R)=0# follows hat gl-dimA = pw]-dim (k). 7

So atleart we have reducedfhe caleulation of. gl-dimA 4o that-of puj.dim (k) for
Noetheron local Vings, avd it remaivis 7o showw Fhat iy number pw) dim (R) han

sowe ge pme it wnlent. Recall | hat xe A i veqular or a. wm-zewdivisor

i e mm!/ip}fra fiom map x:A— A is /'V)J'ecﬁt/t’. Theve is o geverlisafion o

sequenws whiclh we need .

Def" Let Mbe an A-wodule and ai, ..., om e A We say this is on (1-reqular
sequence  if (ay..,an)M == ™ ond

- a:M—Mis \‘V\/‘edfvf
« forall (€L <n, The mop

At

M/[QD.»-)QL)H > m//a,/...}qc')N

s /V\ljec{iuﬂ.



®

Remark (1) T asequena Ay - 0n i A~veqular (re-M=A) we simply ray it is vegular.
(&) If {q./.../o,h} S and M is F-g. then ay..,0n is H~m3m{avfff.
Gg(1),-- -, e (ny 1S M’mgulwﬂwany pevmm'aﬁbn 3 (this nof olyvioars,
see Mabumura for the prosf ) .

(3) If Ay-.,Qn (s N-r\egulavm is Ay, 0m for men .

Example Thevanables Ay -, An € R[[’fv'-/iwﬂ =A ﬁvvm a vt'@u{ar requena ,

a; Cn
o do any powers Lo, T fov a7 | .

Example  Suppose A i mgulaf/ Jo Hhat dime(M/mz)=dimA =d. Then any
setof genevaitdrs 2y, 34 for M as an ideal givesa vegular requence
(for context see e stalement about G (A) on PO ot echre 2P
oncl the modenial on 7u0w;“—m9u’01v3y in NMakhumura ).

Undewtancling the velationship betureen reqular requenwes ancl pmz/‘ecy%f olrmension
% e hey valfoum\g Sewels Theovem. Note that pwjective dimension measures
[’LM”—" a.module is from be/’nﬂ pv?/'ed?‘u& While R faxy..., 207 i obw‘omlw Okpw\}‘eu"t'we
kfxlj.../zh']—moc[uu) Ry, .. -)Jh—l—] = H"‘/--v?m]/(xh) = nok, an i is forzion,

ongo;/ﬁvn L Lot beafy. A-module. TF pvoj,ch'mM =< 00
and xem i M-regular, PI/O],olfm[M/xM) =r+/.

froct By p.@&) of Lecture 28 it suffius to pLove
Torry, (MM, R)=0, and Torer (MM, k) 3O

oL
The long e xact Tor sequence associadeclto 0— M — M—Mxq— 0
PamL TB;; looks as fﬁ)/low)/ ijnﬂ that TOQ (MJ k) =0 {;f (> r



() O

T —[Z)V;‘-H(M/ h) —; Tors (Mz)&>

>_[2)P’r+ [ (“/:(M, h))

G o M1) — 2 Tor, (1) —

Srom uwhich we dledlue TDYL(H/J(M/ h)= 0 for ivv), and Tore (Mlxem, )
is isomoyphict Tore (M1, k)F 0 - 1)

Aoposihivn L Let M bea fg. A-module ancl ay-, a5 an M-Vegu{ar requnLe.

hodt By incluctionons. (J

Roporifion T Suppore m. can be geneinled by ovequlow sequence ay ..., ad . Then
9l dim(A)=d.

fuo_mQ We have R= A//TL = /4/[01,---/ ac{) hence by Pwp I ancl the Theorem

ql-clim (A) = p).dima (k)
= P""jtcl/’m/‘}( A/(q'/"'/ad))
= Pw]‘.cll'WLA (/‘U * d

=d. 0
TIn this case d"C[l'm(/‘l) so we have moveover shown that j]- dim (4) LOV}"PU’ZM e

9¢ omebvic dimension, which is Hhevefpve an inhinsrc hon/lo/og/'(a/ invaviont of
the abelian wkgow AMed. This is comohivating example of the. paradigm

dulen hom-alg.
Spa(,e —Tii—% | Coxfegovg Lag Imvaw’amh\

X Ox,x'ﬂ’i Exjf*(‘/ ), Tove (=, -)




