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IVtﬂ’lfSOema, le chuire we skelh the owfﬂafouv main qpp’fcah‘()lfl O’Pme l/lomo(og]fca[ algebm
fhothon heewn developed over the couvse oF the remerter:

Theorem (Sewe) Let (A, k) be avwetherion loca/w'ng_ Then A s reqular
(1e- mm—smgm/ar) iFand on{y iF j/- dimA <0, and in #h)x cane

jl-dimA = dimA

The part left fo prove isthaf A is reﬂmlow = jl—olimm)<00- We begin with a

reminderon mgufa vf/vj:

Theorew / Defnition  (See Aiyah & MacDonald “ Tnhocluctionto (ommutodive /}/gebm ! 1.22)

Let (Am,R) bea Noethenan /um/w"/)j. Then A is zfegmar # 1he following eqw‘valem}
conclitions ave Ja%’xﬁ‘edj with d=dim (A),

(i) Gm(A) = "Ym e Mm@ isiomophicas a graded
h~algelovm‘o Hiy'--)lo!].

(i) dimi (Mfm=)=d
(iii ) M can be generated by cl elements an anideal
Remark ITf X = Z(ﬁ)...){;) < R™ whe fi€ e P PeX, A=Cx p

Fhen requlaily of Ais equivtlent (for k alg. clored ) Ho the Tauwbiqn (}%6)
having vauk im—dim X at F} 1e.the umal nofion of nomfngulavﬁtﬂ M geomety.



Exampe A = RI[=y--2]]is local o dimension W, and

l’h/ml = (Dly”-}jh)/cxu“./;(h)l = kif@"‘Qk:ﬁL

so dimg (m/mZJ =nand A ve@ular.

Now-excumple A = h[[u’v]]/uv

B kV®lvieg---

M/m> = (M)V)/(M,\/)1 - ( kM@htﬁ@-—-)
ku® -

G RV -

=~ ku e kv

%
So dl'mk(m/n1L) =2 =1 =d|’m14) so Ais hot Vegu/ar. &eomah,f'cal[y) (’”/ml)
is thedangent space fo fhe orgin, and A 1s e ompledion of the cume UV =0 in Al
ot fhu ovigin, 1-e.

<L

oncl the boa's aij Va4 the fangent spaw o vvesponds fothe bwo focal ﬁ:mgem/mf 0.

Rewala afomewta(\tj, A occas an e wVMpfeHom ol the /oca(w‘mgdﬂa nodal cuvre
X

O3

UZ/ x> (k) = O



©,

We. P\/OUEG( lont lecture that i A & V‘C{jU\a\f/ @1 dimA = CLI'VV\A) 5o if om@ remains 7o Shooo

q.dim(A) <oo => A vegular.

Fov awny Noethevigh local ving we have  dim (A) = d"W’k(m/ﬁ?Z) o the shadegy is
usuming j/d/'m (A) <« 20, 40 pwove Fuo inequalitien

ch‘vwk(m/ml) < gldim(A) < dim(4)
)

©

Thesecondis a covisequon(e ol e Awslanclev = Bachshaum 7[0Wnu|01) ahich says
for any f.q. A-module M with /OVDJ’-CI/M (M) <00 we hape

M'C[[M(M) t depth (M) = clepth (4) < dfm(Aﬁj

and jt dim(A) = P"‘ij'd"""‘ ( k) 7401”1 (cut-lecture . We will focwn o ur atle ntzon /nskea d
OVlﬂ/\e,Pw(F)Q AL O T will Bllow fom

Theorem A et s = c{fml&[m/mi). Then

e Tor 2 (k,0) = () 0
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We will skefdh ’f%qovoo:ﬁ W a moment. But-fuf let wo see how if implies e clafm

Pod of Sewels Theorem  As we have discured, ffﬂemoug%h; pove S < gldim(A)
Butrecall ghdim (A€n &= Torer (R R) = O henw Tor, (RiF)FO => gl-dim(A)>c.
Buf

dimk Tovs (R, R) > ( ) 1

o gl.dim (A)> <. ]



Remark  One of the first applications of Jeme!s homologica/ chavacterisqtion of

veaulam'hj wanto pwvethat F A is vegular then so iv Ap forany prime K.
This is not dloviown foom the clefinifion, but s eany one youthinle inteyms
o-ﬁglo&al diwensipns  (an Ap s Aatover A).

Bood of Theprem A éﬂlelrc'n) The pwof leds (rﬁ[ﬁoo complexea. The Lt is q

minimal Free reavlytion , which isa pLejeUqup reoolutron

£R | E
s L s |, —— k-0

in which all Ly are {y. Free onc Fhe maop £ Le—k and L; —> Im 9,
ave minimal for ¢z 1. Amoyahism o~ M—=N of £.9. A-modulen is mramal

if it indns ain BDWIOml/wam M@k —s N@aR. Sinw

Dirt
L-c'+l _— LC E— ImaL

's 2ew0, we decluce tatthe mabian ;=1 all have enbies in fe Le. D oak = O,
and wweqwm‘rlﬂ

O

Tov?(h, R)= \‘\LQ = L@k
L. @R

) L@Ak)
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whiclhimplies dim h’BVLA(b\//’*) = 'G/EE‘WV'}?A ( LLB_ Minimal frex reoofutionrexivt:
iF M/mM han bonis (—A_{/ ..-)‘Jm ‘EW d; €M Fhen A@a — M with ODVVIPOI’IQWIG Ue

1S mim'mal) 5o we can build up minimall reap(utfions w He mt/lq((/my-



The second complex s Hhe Koszul complex  of afefdpﬂememfam A m. dine
drmg Mfm> = s we moy ﬁmemk M by element ay-.-,ds (nof MCMJIQM’/()

oveqular sequente /) and we define a complex K by

<. = N (poe--0A0.)
2 = (5.,a07) 5 )

Q)
covihadion
\-e.
< £\ A
aa( @J,/\""\@J’é ) = (“) Al Qi: A"'A@J{ N n @d}
L=
This complex encla in
EX
'''' — K\ —_— Ke
I\ @ A\
A’@(@ @A@S _— A
COU - QS)

so HoK = A/Cqu~--/af) = Am=k. Byomvagourea://j readls, thewe s g chain
map fk— L \1’9@3 ﬂul“delj on HolK =k— k= Hol_ . Some fechmical
work (wing the fuctthat we undentand Hie Koszud complev vewy well ) leadhunto
tonclude each £; * Ki—=Le is a split mono . Hena

CB - Mm"k(AL (’Af@l@@f}@f))
fre - rank (K, )
< frer-rank (L) = dimeTov(k k). I,

\



